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Abstract

In this paper, we introduce and study the concepts of hollow — J-lifting modules
and FI — hollow — J-lifting modules as a proper generalization of both hollow-lifting
and J-lifting modules . We call an R—module M as hollow — J — lifting if for every

submodule N of M with % is hollow, there exists a submodule K of M such that

M=K @® K and K Cyce N in M . Several characterizations and properties of hollow
—J-lifting modules are obtained . Modules related to hollow — J-lifting modules are
given .

Keywords: Hollow-Lifting Modules, J-Lifting Modules, Hollow-J-Lifting
Modules, FI — Hollow —J-Lifting Modules.
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1. Introduction
Orhan , Keskin and Tribak introduced the concept of hollow-lifting modules; An R—-module is

hollow — lifting if for every submodule N of M with % is hollow , there exists a direct summand K of

M, such that K is a coessential submodule of N in M [1]. Following Kabban and Khalid [2] , an
R-module M is J-lifting module if for every submodule N of M , there exists a submodule K of N,
suchthatM=K@® K, K€ Mand NN K «; K.

Throughout this paper, R will denote arbitrary rings with identity and all R—-modules are unitary left
R-modules . Let M be an R—-module and N is a submodule of M . N is called J-small submodule of M
(denoted by N <<; M), if whenever M = N + K, K € M, such that J( ——) =, implies M = K [3]
Let K and N be submodules of M , such that K € N € M, then K is called J-coessential submodule of
N in M (denoted by K Sjc. Nin M) if %«] % [2] . Recall that a submodule N of an R—module M
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is J-supplement of K in M if N+ K =M and NNnK «; N [3] . A submodule N of M is fully

invariant if g(N) € N for all g € End (M). An R—-module M is called duo if every submodule of M is
fully invariant [4]. In this paper, we introduce hollow-J-lifting . An R—-module M is called hollow—J-

lifting module if for every submodule N of M with % is hollow, there exists a submodule K of M,

such that M = K @ K and K Sjce N in M . Also, we introduce FI-hollow— J-lifting . Let M be an
R-module . M is called Fl-hollow-J-lifting module if for every fully invariant submodule N of M

with % is hollow, there exists a submodule K of M, such that M = K @ K and K Sjce NI M .

Several characterizations and properties of hollow —J— lifting modules and FI — hollow —J-lifting
modules are obtained .
2. Hollow — J-Lifting modules

In this section , we define hollow J-lifting modules and some of their basic properties . Also we
prove some new results .
Definition(2.1) : Let M be an R-module. M is called hollow-Jacobson-lifting module ( for short

hollow-J-lifting ), if for every submodule N of M with % is hollow, there exists a submodule K of

M, such that M =K @ K and K Sj Nin M .

Examples and Remarks (2.2) :

1) Z4 as Z—module is hollow-J-lifting .

2) Q as Z—module is not hollow—J-lifting, by following Proposition (2.3) .

3) Consider the module M = Z, @ Z,. Clearly, Z, and Z, as Z-module are hollow modules . Since
M =1Z, @ Z, is a J-lifting, then it is hollow—J-lifting, by following Proposition (2.3) .

4) Every hollow-lifting is hollow—J-lifting . The converse is not true in general . For example, Z as
Z—module .

Proposition (2.3) : Let H; and H, be J-hollow modules . Then the following are equivalent for the
module M =H; @ H, .

1) M is hollow—J-lifting module .

2) M is J-lifting module .

Proof : (1)=(2) Let N be a submodule of M . Consider the two natural projection maps 7;: M — H,;
and m,: M — H,. If m;(N) # H; and m,(N) # H,, then by our assumption, m;(N) <«; H; and
7, (N) «; H; . So according to a previous work [3 , Proposition (2.6.(6))] , we get , m1(N) & m,(N) «;
H; @ H, . Now, claim that N € z;(N) @ m,(N). To recognize that, letn € N, thenn € M =H; @ H,
and hence n = (h, , h,) , where h; € H; , h, € H, . Now , m;(n) = 7;((h; , hy)) = h; and m,(n) =
m,((hy , hy)) = hy. This implies that n = (r1(n) , m,(n)), and we get N € r;(N) @ m,(N) and hence

N «; M. Thus, M is J-lifting module. Now, assume that 7r;(N) = H , then 7;(N) = ;(M) . So, it is

easy to see that M = N + H, . Now, by the second isomorphism theorem, N +NH2 = :; . Since H,
2
Hy

is J-hollow , then N H is J-hollow, and hence % is J-hollow . But M is hollow-J-lifting , therefore

2
there exists a J—coessential submodule of N in M which is a direct summand of M . Thus, M is J—

lifting .
(2)=>(2) Itisclear .
Proposition (2.4) : Let M be an R—-module . If M is a hollow—J-lifting module , then % is hollow-J—

lifting for every fully invariant submodule N of M .
M

Proof : Let % be a submodule of % such that % is hollow . Then by the third isomorphism
~

is

theorem , 51— = M is hollow . Since M is hollow—J-lifting module , then there exists a submodule K

N
N
of M such that K ;. AinMand M=K & H , for some H € M . Now, clearly, K + N € A and
K+N

hence c %. Letf: % — % be a mapping defined by f(m+ K)=m+ (K+ N), forallme
M . One can easily check that f is an epimorphism . Since K ;.. A in M, then by a previous study [3,
Proposition (2.6.(5))] , f () < = and hence f (<) = —— & —"—. S0 K+ N Sy Ain M . By
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the third isomorphism theorem , we get KN Sice % in % . Now , since N is fully invariant
submodule of M , then by an earlier study [5 , lemma (5.4)] % = K;N ® - Hence, is

a direct summand of — . Thus, — is hollow-J-lifting .

Corollary (2.5) : Let M be a duo hollow—-J-lifting module . Then every direct summand of M is
a hollow-J-lifting .

Proof : It is clear by Proposition (2.4) .

Theorem (2.6) : An R—-module M is hollow—-J-lifting , if and only if for every submodule N of M with

% is hollow, there exists a submodule K of N, such thatM = K & B ,where BC Mand NN B «; B.
Proof : = Let N be a submodule of M with % is hollow . Since M is hollow-J-lifting, then there

exists a direct summand K of M such thatK €, NinMand M=K @& B, where BEMN=NNM
=NNn(KeéB)=K & (NnB), by the modular law . We want to show that N N B «; B. Where

XCSB,let(NNB)+X=B, WithJ(i):l,toprovethatB:X.ThenM:N+X.Now,%z

N+X _ N X+K M . M _ K+B _ (X+K)+B _ B _

K~k T » 10 prove that J(X+K = xex N 3k T X+K B X+K - Bn(X+K) -
B B _ _ M

KA - X by the second isomorphism and modular Iaw Since J(—) — , then J(X+K) oK

XK soM=X+K.SinceM=K® B andXCBthenB X.

N M _
and —— «j ——, therefore T
Thus, NN B «; B.

<) Let N be a submodule of M with % is hollow , then by our assumption , there exists a submodule

K of N such that M = K & B (where BE M) and NN B «; B Let —— + —— = ——, with J(o—) = ——

and X is submodule of M containing K, to prove that% = % Thus M =N + X. By the modular law,

wehave N=NNM=NN(K®&B) =K@ (NnB),andhence M=N+X=K+(NNnB)+X=(Nn

B) + X. Now , since N n B «; B, as shown in an earlier study [3 , Proposition (2.6.(4))] , N N B «
M M M X N M . .

M and ‘](T) =5—-SoM=X and -~ - Then ~ S therefore K Sy Nin M. Thus, M is

hollow-J-lifting .

Remark (2.7) : An R—-module M is hollow-J-lifting , if and only if, for every submodule N of M

with % is hollow, there exists a submodule K of N, such that M = K & B, where B€ M and N n B

& M.

Proof : As clearly shown by a previous article [3 , Proposition (2.6.(4))] .

Theorem (2.8) : An R—-module M is hollow—-J-lifting , if and only if for every submodule N of M with

% is hollow, N has J-supplement K in M such that K n N is a direct summand of N.

Proof:=) Suppose that M is hollow-J-lifting and let N be a submodule of M with % is hollow.

Then there is a submodule K of N such that K €. Nin M and M = K & B, for some B € M. By the
modular law , N=NNM=NN (K@ B) =K & (Nn B). Then (N n B) is a direct summand of N
and M = N + B . By the same argument of Theorem (2.6), we have NN B «; B . Therefore, B is
J-supplement of N in M .

<)Let N be a submodule of M with % is hollow, then by our assumption there isM = N +K, N n K
K K,andN=(NNnK)@®L,where LEN.Now, M=N+K=(NNnK)+L+K= L+K.lItis
clearthat LN K=0,soM=L& K. Let% + % = % with J(%) = % , Where X € M containing
L.ThenM=N+X.SoM=(NNnK)®L+X=(NnK)+X.Now,since NN K «; K, and by
a previous study [3 , Proposition (2.6.(4))], NN K «; M, and J(%) = % . Then M =X and % =
% , thus % & % , therefore L S N in M. Then M is hollow-J-lifting .

Theorem (2.9) : Let M be an R—module . Then the following statements are equivalent .
1) M is hollow—J-lifting .
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2) Every submodule N of M with % is hollow can be written as N = K & L , with K is a direct
summand of Mand L «; M.
3) Every submodule N of M with % is hollow can be written as N = K + L , with K is a direct
summand of Mand L «; M.
Proof : (1)=(2) Let N be a submodule of M, with % is hollow. Since M is hollow-J-lifting, then

there exists a suomodule K of M, such that K ;.. N in M and M = K & B, where B € M. By the
modular law, N=NNM=Nn (K& B) =K & (N n B) . By the same argument of Theorem (2.6) ,
wehave NN B «<;B.LetL=NnNB,soN=K @ L, where K is a direct summand of M and L «; M.
(2)=(3) Itisclear.

(3)=(1)Let N be a submodule of M with % is hollow. By (3), N can be written as N = K + L, with K

is a direct summand of M and L «; M . We want to show that K ;e Nin M . Let K< X and % +

X _ M . M,_ M X _ M _ _ _ .
?—T,wﬂhJ(T)—T,toprovethatT—T.ThenM—N+X—K+L+X—L+X.S|nce

M M X M N M .
L «; M and J(T) == then M = X and ~ - Thus, ~ S therefore, K ;e N in M
and M is hollow—J-lifting .
Proposition (2.10) : Let M be hollow—J-lifting . If M = K + N, where N is a direct summand of M
and % is hollow , then N contains a J-supplement of K in M .

Proof : Since M is hollow-J-lifting and % is a hollow module , then by Theorem (2.9) , KN N =

B @ L, where B is a direct summand of M and L «; M. But N is a direct summand of Mand LE N,
therefore by the same study [3 , Proposition (2.7)] L «; N . Let M = B & H, where H < M. By the
modular law, N=NNM=NNB®H)=B®&(NNnH).LetC=NNnH,soM=K+B+C=K+C.
AlSOKNN=KnNn(B®C)=B® (KnC). Let m;: B C — C be the natural projection map. So
we have KNC=m(B® (KN C))=m;(KNN)=m;(BD L) =m(L). Since L «; N=B & C, then
by the same study [3, Proposition (2.6.(5))], m;(L) < C, and hence KNC «; C. Thus C is a
J-supplement of K in M and C is contained in N.

Proposition (2.11): Let M = M; € M, be a duo module . Then M is hollow-J-lifting if and only if
M, and M, are hollow-J-lifting.

Proof : =) Itis clear by Corollary (2.5) .

<) Let N be a submodule of M with % is hollow. By a previous study [5, Lemma (5.4)] , % =

N;Ml ® M2 since % is hollow , we can assume that ———* = % , then M, < N . Since
NJ;IMl =S :[;4 , by the second isomorphism theorem, and M; is hollow-J-lifting, then there exists
1

NN M,

a direct summand K of M; such that & 1\;[(1 .SinceN=NNM=NnM; &M,),thenN =

(Nan)EB(NnMZ),WegetKGBMZ <<]K€BM2
summand of M . Thus M is hollow-J-lifting.
Proposition (2.12) : Let M be an R—module . Then M is hollow-J-lifting module if and only if for
every submodule N of M with % is hollow, there exists an idempotent f € End (M) with f(M) € N
and (1-f)(N) «; (1-f)(M) .

Proof : =) Let N be a submodule of M with % is hollow . Since M is hollow-J-lifting, then by
Theorem (2.8) , N has a J — supplement K in M such that N n K is a direct summand of K. Then M =
N+K,NNKKKandN=(NNK)® X, XEN.ThenM=N+K=(NNK)+X+K=X+K
and NNKnX=KnX=4{0}, and hence M = K & X . Now we define that the following map
f: M — X is the natural projection map. One can easily show that f is idempotent and f (M) € X .
Since XS N ,thenf(M)S N.Now, (I-f)M)={(I-f)(m),meM}={(1-f)(a+b), where
aeX,beK}={(lI-f)a+b)=a+b-a=Db} =K. Wewant to show that (I —f)(N)=Nn (I -
(M) . Letx € (1—f)(N), then thereisn € N, such that x=(1-f)(n)=n—f(n). Thus x € N and
XE(I-f)M).SoxeNN(I-f)M).Hence, (I-F)Y(NSNN(I-f)(M).Letde Nn (I-f)(M),

. Moreover, it is easily seen that K @ M, is a direct
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thende Nandd e (I -f)(M). Thereisy € Msuchthatd=(1-f)(y)=y—-f(y). Thusd+f(y)=y €
N,thend € (I -f)(N). So (I -f)(N)=Nn (I-f)(M) =N n K «; K. Hence (I - f)(N) «; (1 -f
Y(M) .
<) Let N be a submodule of M with % is hollow. By our assumption, there exists an idempotent f €
End (M) with f (M) € Nand (I - f )(N) «; (I - f)(M) . Claim that M = f (M) @ (1 -f)(M) . To show
that,letmeM thenm=m+f(m)—f(m)=fM)+m-f(m)=Ff(m)+ (I -f)(m). Thus, M =f(m) +
(I=f)(m).Now, letwef(M)n (I-f)(M), thenw=f(m,)and w = (I —f)(m,), for some m; , m,
eEM.Sof(w)=f(my) =f((I-f)(my)=Ff(my)— f(my)=0.Thenf(f(m,)="f(@m,)=0, hence
w=0.Thus, M=f(M) @ (1-f)(M). Clearly, N n (1-f)(M)=(I1-f)(N).Since (I-f)(N) <« (I
—f)(M), then N n (1 -f)(M) <; (I-f)(M) . Thus M is hollow-J-lifting .
3. FI-Hollow-J-L.ifting modules

In this section , we introduce the concept of fully invariant hollow J-Lifting modules and we
illustrate it by some examples . We also give some basic properties .

Recall that an R—module M is called Fl-hollow-lifting if, for every fully invariant submodule N of
M with % is hollow, there exists a direct summand K of M, such that K =.. Nin M [6].
Definition(3.1) : Let M be an R—module . M is called Fl-hollow—Jacobson-lifting module ( for short
Fl-hollow-J-lifting ), if for every fully invariant submodule N of M with % is hollow, there exists
a submodule K of M, such that M = K @ K and K Sj Nin M.
Examples and Remarks (3.2) :
1) Itis clear that Z as Z—module is FI-hollow-J-lifting.
2) Q as Z—module is not FI-hollow—J-lifting .
3) Every hollow-J-lifting is FlI-hollow—J-lifting.
4) Every Fl-hollow-lifting is Fl-hollow—J-lifting . But the converse is not true in general . For an
example of Z as Z-module, assume that Z as Z-module is Fl-hollow-lifting . Since 2Z is fully
invariant submodule of Z,, such that % = 7Z, is hollow , there is a direct summand K of Z,, such that
K Cce 2Z in Z . But Z is indecomposable Z-module, so K = 0 . Hence 2Z <« Z, which is
a contradiction, since 2Z+ 3Z=7Z,but3Z + Z .
Proposition (3.3) : An R—-module M is Fl-hollow-J-lifting , if and only if for every fully invariant
submodule N of M with % is hollow, there exists a submodule K of N, such that M = K @ B , where

BEMandNNB«;B.

Proof : =) Let N be a fully invariant submodule of M with l is hollow . Since M is Fl-hollow—J—
Ilftlng then there is a submodule K of M such that K <. N |n M and M = K @ B, where B< M. Let
®: E — B, be a mapping defined by ¢(m + K) = b with m =k + b, where k € K and b € B . One can
easily observe that ¢ is an isomorphism. Since % & % , then ¢ (g) «; B, [3, Proposition (2.6.(5))].
Also g (2)={@(x+y+K)|xeKand ye (NnB)}={y|ye(NNB)}=NNnB,soNNB
B.

<) Let N be a fully invariant submodule of M with % hollow , then by our assumption , there exists
a submodule K of N, such that M=K &B, and N N B «; B Now , we want to show that K ;.. N

in M . Let % + % — , with J(—) = —, to prove that — = ——, where X is a submodule of M
containing K. By the modular law, N N n M= N NnK® B) =K 69 (NNB). Then M = N +X=K+
(NNnB)+X=(NnB)+K+X,since J(—) =—, by [3, Corollary(2.3)], J(X+K) = oK ,and N n

B «; B .Also, by the above cited study [3, Proposmon (26.4)] NNB <« M.SoM=K+X.But
KQX,thereforeM=X,hence%=%,and%«]%.ThusK;]ce Nin M, soMis

Fl-hollow—J-lifting .
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Corollary (3.4) : An R-module M is Fl-hollow-J-lifting, if and only if for every fully invariant
submodule N of M with % is hollow , there exists a submodule K of N, such that M = K @ B, where
BEMandNNB K M.

Proof : Itis clear [3, Proposition (2.6(4))] .

Theorem (3.5) : An R—-module M is Fl-hollow—J-lifting, if and only if for every fully invariant
submodule N of M with % is hollow, there exists a J-supplement K in M such that K n N is a direct
summand of N.

Proof : By the same argument of the proof of the Theorem (2.8) .

Theorem (3.6) : Let M be an R—module . Then the following statements are equivalent .

1) M is Fl-hollow-J-lifting .

2) Every fully invariant submodule N of M with % is hollow can be writtenas N =K @ L , with K'is
a direct summand of Mand L <; M.

3) Every fully invariant submodule N of M with % is hollow can be writtenas N =K + L , with K is

a direct summand of Mand L <; M.
Proof : By the same argument of the proof of the Theorem (2.9) .

Proposition (3.7) : Let M be an R—module . If M is Fl-hollow-J-lifting module , then % is

Fl-hollow-J-lifting module, for every fully invariant submodule N of M .

Proof : By the same argument of the proof of the Proposition (2.4) .

Corollary (3.8) : Let M be a duo Fl-hollow—J-lifting module . Then every direct summand of M is
Fl-hollow-J-lifting .

Proof : It is clear by Proposition (3.7) .

Proposition (3.9) : Let M; and M, are Fl-hollow—J-lifting modules if and only if M = M; @ M, is
Fl-hollow-J-lifting .

Proof : =) Let N be a fully invariant submodule of M with % is hollow ,thenM=M; @ Nor M =
M, @ N . Suppose that M = M; @ N (the case M = M, @ N being analogous), where NS M, , M =

M; @ N, then % = Mll?N = MM;N is hollow . Then M; N N is fully invariant submodule of M .
1

Since M; is Fl-hollow-J-lifting, we have M; N N = L;® S;, where L, is a direct summand of M, and
S1 «j Mj. In a similar method , we have M, N N = L, S,, where L, is a direct summand of M, and
S; &M, . ThenN=L @& S, where L = L;® L, is a direct summand of Mand S=5,® S, «; M.
Therefore , M = M; @ M, is Fl-hollow-J-lifting ( by Theorem (3.6)) .
<) Itis clear by Corollary (3.8) .

Recall that an R—-module P is called projective cover of M, if P is projective and there exists an
epimorphism f: P — M with Kerf K P [7] .
Proposition (3.10) : Let M be a projective module and J(M) = M. Then the following statements are
equivalent .
1) M is Fl-hollow-J-lifting module .

2) For every fully invariant submodule N of M with % is hollow, then % has projective cover .

Proof : (1)=(2) Let N be a fully invariant submodule of M with % is hollow. Since M is Fl-hollow-—

J-lifting module , then by Proposition (3.3) , there exists a submodule K of N, such that M = K @ K ,
for some K € M and N n K «; K. Now, consider the following two short exact sequences .

l , T1 N+K
0—>N> N+K =

—0

, 1 , T %
0—>NnK3K—2>NK, —0

NnK
where i, , i, are the inclusion maps and T; , T, are the natural epimorphisms . By the second
isomorphism theorem , % = N;K = NKW . Since M is a projective and K is a direct summand of

M , then K is a projective . But Ker T, = N n K «; K and J(M) = M. By the above cited study [ 3,
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. . . . L K . M _ K
Proposition (2.5)] , N n K « K. Therefore, K is projective cover of e Since ~ SNone thus

% has a projective cover.

(2)=>(1) Let N be a fully invariant submodule of M with % is hollow, and let ¢ : M — % be the
natural epimorphism . By (2) , % has projective cover . Thus by an earlier article [ 8, Lemma 17.17] ,
there exists a decomposition M = M; @ M,, such that (p/MZ: M, — % iS projective cover and M; <

Ker ¢ . This implies that M; € N and Ker (‘p/MZ) =NNM, K M, .ButJ(M) =M, and by the above

cited study [3 , Proposition (2.5)] , NN M, <«; M, . Thus M is FI-hollow-J-lifting, by Proposition
(3.3).
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