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Abstract

The aim of this work is to survey the two rows resolution of Weyl module and
locate the terms and the exactness of the Weyl Resolution in the case of skew-shape
(8,6)/(2,1).
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Introduction
Let F be a free module over a commutative ring R with identity and D,.F be divided power
algebra of degree r that underlies the free module F.

A partition of length n = [(4) is a sequence A = (44, 45, ..., 4,,) of non -negative integers in
non-increasing order 2, > 1, > --- > 4, > 0. A relative sequence is a pair (4, 1) of sequences
such that < 2 means that y; < 4; for all i = 1. We shall use the notation %to represent relative

sequences. If both 2 and x are partitions, then the relative sequence % will be called a skew
partition.

Author in an earlier work [1] started the use of letter place algebra and differential bar
complex. While the authors in another study [2] described the Weyl module Kj,,F associated
to the skew-shape, which has the image of

F| P
| a

For Ky, F = Im(d'y;,) where d’;;,: DF >AF (Weyl map), so we have
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A

2 Dp11®Dg— —Dp®Dy —— K3/, — 0
And, by using letter place, the maps will be
(w 1(;7%)) Y (w 1@ z(k)) ( Wy |1(t+1) (¢ +2) ...(p+t)’>.
’ — ’ - ’
w'|@—#) w'| 2@-#) WA\ W () 1'2'3"..q' ’
where  w®w' € D1y ®Dyi , O =2i_i1q 62(';) v and  d'y, =045 0120 p4ey1 - Oernyns
is the composition of place polarizations from positive places {1,2} to negative place {1', 2',..., (p +
t)'}
Specifically, o sends an element x®y of D, ®D,_, t0 ¥ x,®x;y; where ¥ x,®x; is the
component of the diagonal of x in D, @Dy, [3].
The author in another article [4] introduced these notions as follows:
Let Z,, be the free generator of divided power algebra D(Z,,) in one generator. The divided power
element Zg;) of degree k of the free generator Z,; acts on D,,,,®D,_, by place polarization of degree
k from place 1 to place 2.
The graded algebra with identity A = D(Z,,) acts on the graded module M = D, ®Dg_i =

X M,_i. Hence, M is a graded left A-module, where for w = Zg';’) € Aand v € Dg, ®Dp,, SO We have:

w(v) = 2P (v) = 9§ (v)
If we take (t*) graded strand of degree g
ds Os Os

M.:0 —— M, M, M M,
of the normalized Bar complex Bar(M, 4; S,»), where S = {x}.
We illustrate some important standard concepts which are needed in our work.
The maps {S;} are defined as follows [2]:
S0:Dp®Dg = TksoZ“*xDy 4k ®Dg--k

w| 1@ W 0 JIf £<4
, (p+h) . : : .
(w |2(4—k) )—> Zz(f)x (w’ 1@ ) Cif > tAnd for the higher dimensions,
w'| 2@+
they are defined as
t+k k k-
Si1: Zamo 28y DXZyPx 1 251V x Dy @Dy pi

t+k k (k- kp)
- Zél l)nglz)x Ly Vi Z§1l X Dprevik)| ®Dg—t-k|

(t+41) o (£2) (ho-r) , (W] 1@FEHED  20m)
25, VxZyVx .. Zyt x(w, S(a-t-1I-m)
0 ;if m=0
—— L (t+h1) () (Bo1) . o(m) (W [1@HEFIRIEmM)N While the modules
Zy MxZyYx 2]V x 25, x(w, 5 (a=t-11-m) ;if m>0

of the resolution were written as [2]: M; for i = 0,1,..., q —¢t, with M, = D,®D,, and M; =

28D zED s 28V % D) ®D gy for i = 1.

Hassan [5] studied the resolution of Weyl module in the case of two-rowed skew-shape (p +
t,q)/(t,0). While another study [6] exhibited the terms and the exactness of the Weyl resolution in
the case of partition (8,7). In this work, we locate the terms and the exactness of the Weyl Resolution
in the case of skew-shape (8,6)/(2,1).

2. Results of the case (8,6)/(2,0)
In this section, we find the term and the exactness for the resolution of Weyl module in the case of
the skew-shape (8,6)/(2,0).
The terms of the Resolution Weyl module are:
MO = D6®D6
M, = Zx Dy®D; ® 7 x D1,®D, ® Z3)x D1, ®D; ® Z9x D1, @D,
M, = 23Px20x D,;,®@D, ® 2P x7Vx D, @D, ® 2x22x D1, @D, ®2x2 % D, @D,
® zZPx7Px D,,®D, ® 2P x2Px D,,®D,
My = Z0x28 %7 x D, @D, & 2P x2x2Vx D,,®D, ®
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723 x2Px70x D,,@D, ® 253 %2V xZPx D,,®D, ®
M, = 230x20xz 0%z x D, @D,

Thus we have the complex
3y Ay Ay Ay

My, — sy -, s, -2,
id - - 5
Jj é%ﬂl /ml ; mJ/ 5%11
~ -
de T . y: . Max
My My M My My

The constructions of a contracting homotopies {Si }.i=1,2, 3are:

So:Dg®Ds = Yo ZS T x Dg 4 ®Dg_y such that

w16+ ) 0 if £ <2
S0 (W ) -

(6+4£)
2 (6—4) 1 ) Jif £ =345
S1: Y0 Z P x Dk ®Dyye = 28 x28D x Dy @D, such that

w
Zz(f-l—Z)x (wl

2(6-#)

0 ; if m=0
(8+4) (m) ’
S, <22(4f+2)x (;lf’ 1 2\m )) = { w 1(8+lz+m))

#+2 .
2 (4—k—m) Zz(1+ )ng”)x( o (4—hi-m) ;if m =123

w'

k42 k k{42 k k
Sp: Yki0 Zo D xz8D % Doy @Dy = ZS P xz8P %7283 x Dy 1 @Dy i such that

sa (0o (1

1(8+141) 2(m>>>

w'|(4—k|-m)
0 ;if m=0
= (£1+2) (#2) (m) w 1(8+|’k|+m) s _ ;Where |k| = kl + /&2.
Zle x2212 x221 X (w, 2(4_|k|_m) ; lf m = 1,2,

ki+2 k k k{142 k k k
S3: Tkmo Zox " PAZII %2 % Dy @Daopy — 295 P x2EP %28 %2V x Dy @Dy

BHAD  o(m)
s, (Zz(fﬁz)sz(fz)sz(fg)x (w 1 2(m ))

w' |4 141-m)
0 Sif m =0
=1 (k1 42) o () o (B3) o (m) (W |1(BFIRI+m) . _ . where || = £q + £y + £3.
2,0 x 2,V 22, %2, x(w, S (4=I£l-m) ;if m=1

Now, we have

Sods (zz(f“)x (Z‘:

_ (/& +2+ m) Zz(f+2+m)x (w,
m w

1(6+£)  p(m)
2(4—/&—4%) )

1(8+4) z(m)> _s a(/z+2)(’w
2(4—/@—m) 0~12 w'

1(8+/&+/m)
2 (4—#—m) ) !

16@+£)  plm)\\ (h+2) o (m) (W |1B+A+m)
o (4—h—m) ) =0,| 231 %25 x(w, 2(4—&—m))
1(8+/&+’WL) (/&"'2) wr
) +2,] “x (

1(6+#)  p(m)
2(4—/&—4%) w' 2(4—/&—4%) )

and

0,5, <z§f“)x (;"

_ (R +2+m\ (kt24+m) (’W
- ( m )ZZl x w'
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Itis clear that $y0, + 0,8 = idy,.

w| 1@+&D  2lm)
w'|p(4=1#|-m) )

(8+|%D (m)
s [_ (Ifal + Z)ZZ(|1/L|+2)x(w 1 2(m ) N Zz(fﬁz)xaz(?) (w

510, (285 x2fi

1(8+ID) 2<m)> ]

} £, w' |5 -1l-m) w' |5 @-141-m)
:(lk/lé:_ 2) ZURI+D) g (m) (er’ ;Eii:ﬁ:i;’g) (kz + m) ZZ(fL1+2)xZZ(fL2+m) (err’ ;Zt:ﬁ:izi) |
d
05 (P (S 2 2o, (ot (|10
= (" )2 Az () - (P ) 2wz (] )
+
Z{FatD g ko) (::, 2(14(512@@ Z(M)) ; where |£] = £, + #£,.

Itis clear that 8,0, + 0,8, = idyy,.

w
wl
— oy + Fey + 2\ L (hithyt2) o (k) (W | 1BFHED  p0m)
=5, [( £ )2211 2+2) 3 7 (s x(w, bl )_
(’&z +4’&3) S (R142) o (Rt ) (w 1(8+1£D) z(m))
fe3 21 21 w' |9 (4=|#]-m)
1(8+|£D) 2(m))
2 (4—|#]|-m) ]
_(Pa Ry 2\ (ke that2) o (Re) o (m) (W |1EFIRIEM)
= ( £, )Zzll 22, 22, x(w, 2(4_|/&|_m)) _
Ry + R3\ o (h1+2) o (Byths) o (m) (W |1BHIAI+mM)
Z N a2 xZ x +
( oy ) 21 21 21 (w’ 2(4—|fa|—m))
foz + MY o (h1+2) o (R2) o (Rgtm) (W [1(BFIRI+m)
and

0,:53 <z§f1+2)xz§f2)xz§f3)x (

8+IAD  (m)
5,0, <z§f1+2)xz§f‘2>xz§f‘3)x( 1 20m )

2(4—14|-m)

+ Zz(ffﬁz) sz(fZ)xaz(f3) (;LUV,

w
w'

18+1%) 2(M)>
2 (4—|#|-m)

(@+181+m)
0. (28 Pzt 22 22 (1) )

2 (a=|kl-m)

Ry + Ry + 2\ (ki thy+2) o (hs) o (m) (W |1@FHI+m)
== Z T Y x 2 xZ x
( £ ) 21 21 #21 (w’ 2(4—|&|—m)>
oy + K3\ (51 +2) o (Byths)  o(m) (W |1@FEI+mM)
( feg )2211 €2yt xzzzn * (w’ 2(4—|/z|—m)) B
fez + m) (Ba+2) o (Bp) oy (egtm) _ (W |1(BFIRI+m)
( Zy1 X2y XZg '
m w 2(4—|/&|—/m)
(B +2) o (B2) ey (Bz)  A(m) (W |1 (BFIEI+mM)
S (w’ 2 (4=|k]-m)
foy + Fog + 2\ (it hy42) o (hs) o (m) (W |1@HEIFm)
== Z T 2 xZ x
( £ ) 21 21 #21 (w’ 2(4—|&|—m)>
oy + K3\ (51 +2) o (Boths)  o(m) (W |1@FRI+mM)
( foq )2211 XZy1" X2y x(/w" 2(4—|/z|—m)> B
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Pz + M o (B1+2) (B2 o (h3+m) (W

(34% )Zz1l 22,7 %20 U x w'
1(8+14D

o (4=|]-m)

1(8+|£[+m)
2(4—|/@|—m))

(m)
2 ) S where [ £] = £, + £, + ;.

w

2Dz (1

Itis clear that S,0, + 0,53 = idp,.

S,.S,,S

From the above, we get that o 3} is a contracting homotopy [7] which means that our

complex is exact.

3. Results of the case (8,6)/(2,1)
In this section, we find the resolution of Weyl module in the case of the skew-shape (8,6)/(2,1)
whent=1.
The terms of the Resolution Weyl module are:
MO = D6®D5
M, = Zx D@D ® Zx Do®D, ® Z{Px D,,®D; @ 287 x D, ®D,
M, = 22x2Px D@D, ® 2 x 75V x D, ,®D, ® 2¥x2{?x D,,®D, ®
ZMx20x% D1, @Dy @ 2Px2Px D, @D, ® 2x28x D1, ®D,
Mz = Zz(i)xZﬁ)xZg)x D1y®D; © Zg)ng)ng)x D1, ®D, ®
2P x2Px70x D, @D, ® 7P xZVx7Px D, @D, ®
M, = Z§0x2)x23))x25) x D1, ®Do.

Thus we have the complex
f= ] = = . =
M, — M M MMy Mo
J/id _j% dl / Hl / dJ/ 5/0%1\\/
“'Jax R . ""fax
A, Ty s My Ny

The constructions of a contracting homotopies {Si }i=1.23are:

So:Dg®Ds = oo ZotVx Dg,x®Ds_;  such that

s (w 1(6+8) 2(&)) B Ow 6ot pif £<1
o Lup'| 55— (L ;(S_k)) if A =345

S1: Y450 25V 2 Dy 4 @Dy — 25 Wz B2) e D, ®D,_, such that
0 ; if m=0
1) (W] 10+ 2<m))> ’
E 4 x( =1 h+1) o (m) (w|1(7+k+tm) .
1< 21 w'|p@—k—m) Zy0 TxZy, x(w, 2(4_k_m)) ; if m =123

S350 2V aZUD 2 Dy @Dy oy — 2 PV az 8Dz D,y @D,y such that

s, (zgf1+1>xz§fz>x (“

17+1£D) z(m)>
2 (4=|#|-m)

0 pif m=0
(h1+1) o (R) o (m) (W |17 HIEI+m) s _
Zy0 " a2y Y x5, x(w, S (a-Il—m) ;if m =12,
£yl £ £ £+l £ # #
S3:a50 Zort DaZi w20 Doy @Dy —— 25 a2 a2 22 2 Dy @Dy

(B +1) o (By) (kg (W | 17+HED  20m)
% (Z“l *21" #201 x(w’ 2 (4=1fe|-m)

s where || = £, + #,.
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0 s if m=0
= (B,+1) (£,) (#2) (m) w |1 (7+|#I+m) s 4 where |/c'/| = /&1 + f&z + &3.
Zy0 X2 P a2,V xZ ) x(w, (4= 1fl-m) ;if m=1
Now, we have
(A+1) w 1(7+/L) 2(4%) _ (r+1) [ W 1(7+’&) 2(m)
_ (/z, +1+ m) g ht14m) (W 17 +A+m)
= m 21 X\w! 2(4—t—m) )
and
1) (W] 17+ 2m)\\ (h+1) o (m) (W [10T+R+m)
0,81 <ZZ1 * (w’ o (4—h—m) =0\ Zor Az QW= A=m)
(B 1+ mN o h1am) (W |1THRAM) 1) (W] 17+ p0m)
= ( m )221 * (w’ sa-temy) T 221 % 1|5 (ampom)

It is clear that $40, + 0,8, = idy, .

5.0, (20 Paz{f ()

1(7+14D) 2(m>>>

w' |9 (=1l -m)

S Ifc|+1) (I£1+1) (w 17+1eD - p(m) (f1+1) (kz)(w 1(7+14D 2<m)>

|%|+1) (1£1+2) , o () (w 1(7+|"|+m>> oy + MY 5 (k1 41) o (o +m) (w 1(7+"&'+m))
_( B, )Z2r FZa0 E\ | aipl-m ( m )221 251 w'|p@-1kl-m))
and

(hy+1), o (k) (W | 17+£ED  20m)\) (fa+1) o (R3) o (m) (W |17 HIRIFm)
0,:S> <Zzl1 meZx(w' 2 (41A|-m) =0, (251" %251 %2y % w' | @—1kl-m)
_ (1 + 1\ a1+, o 0m) (W 1(7+"&'+m))_ foy + MY o (Ry+1) o (R tm) (w 1(7+|’¢|+m>)
_( tey )ZZl 2 x(w’ 2 (4=1|-m) ( m )221 251 ' pa-181-m)
+

(Bi+1) o (By) (W] 17+I£D 20(m)\ _

2211 x2212 x(w, 2(4—”&'—4’}1) ,Where |%| - %’1 +'k2

Itis clear that 8,0, + 0,8, = idyy,.

w

w'

=S, [(kl +Z¢22 + 1) Zz(f1+k2+1)xzz(il’ag)x (;’::, Zé}(j|;||liljn) 2(””)) _

(4, )zttt s (] Ay )
et (2] 170 2)

_ (kl +Za22 + 1) ZArHRAD (k) ) (;4: ;Zi:i:fz) _

(kz/;kg)Zz(fﬁl)xzz(fz%s)xzz(;n)x (Z‘:I ;Zi:i:’::i)

R B e

and

17+1£D) o (m)
2 (4=|k|—m) )

sud (240202 80
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]

N ]

foy + fop + 1
:_( 1+ 4, )zﬁf‘l*"2+1)xz§f‘3)xzz(§”)x(w

(
(

R

foy + fop + 1
:_( 1+ 4, )zﬁf‘l*"2+1)xz§f‘3)xzz(§”)x(w

(
(

2

fo, + R
2 3)Z§f‘1+1)x2§f2+/‘3)xzz(§”)x (w

# + 4%) ZUatD) g (k) g (hatm) (w

f, + R
2 3)Zz(fé1+1)xzz(ffz+ka)xzz(’;n)x(w

#3 + ) g g () g (Bt (w

w
w'

1T+HAED  p0m)
2 (4= |#l-m) )

17 +|£|+m)
2(4—|/a|—m))

w
w'

1(7+|£[+m)
#; w' 2(4—|fa|—4n)>
1(7+|£[+m)

fos w' 2(4—|fa|—m)> -

17+ #l+m)

w' 2(4—|k|—m))
1(7+|£[+m)

2(4—|fa|—m)>

m

wl
1(7+|£[+m)
e w' 2(4—Ik|—M)>
17+ £[+m)
2(4—|fa|—m>> B
17 +kl+m)
2(4—Ikl—¢n))

(m)
2 ) S where [ £] = £, + £, + s,

w'

3

m w'
1T +AD
o (4=l ]-m)

w
w'

Itis clear that S,0, + 0,53 = idp,.

From the above, we get that $50:S1:S;: S5} is a contracting homotopy [7], which means that our

complex is exact.
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