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Abstract.

We consider R is any ring with identity and M is a non-zero unitary left R-
module. In this article we study the notions of large small submodules with
ascending (descending) chain conditions on large small submodules. Also, we will
discuss and study many basic properties about this concept that fulfills the chain
condition with its generalization to the ring. Where a submodule X of M is said to be
large small of M denoted by X «, M if for H < M such that X + H = M then H is
essential in M.

Keywords: Chained R -module, Noetherian module, Large small Submodules with
ascending (respectively, descending) Chain condition.

L) By gn L) Bpiaal) L) clualial)

Ol 3ana BALu , *plnl il 3y
el sty el slell S, il

AaMAl

e Lyia ud a0l (i 50 M 5 slae yoaie i ila a R Ljie) Gaadl i 8
Aailiall) Ao Ll Alulidl Jayd e Zacul) spial) Al i) aseie Ay U R e
on sl Ay Lslie: asiius Al il A5l il ge gsdl 1 o( sl e
O ke e clilall e lgaset g ALudud) Ty gons 531 apeiall 138 Jom Al ] (ailiad
olie JS O X K M 3ol 4l Sapy e el (G caw M e (G el saX
M Agpns » Hob X +H =Ml Mo H S

1.Introduction

Suppose M is a unitary left R-module and R is an associative ring with identity. A proper
submodule X of M is named small in M (X < M), if for any submodule S of M such that X +
S =M implies that M = S, see [1] and [2]. A non-zero submodule X of M considered as
essential in M(X <, M) if for every 0 # S < M then X N S # 0 [3], [4]. A non-zero module
M called uniform if all its non-zero submodule are essential in M see [5], [6] and [7]. The
annihilator of a module M is the set ann(M) = {r € R:rM = 0}, as well as Mis said to be
faithful if ann(M) = 0, see these [8], [9], and [10]. A module M is called multiplication
module if for all submodule B of M, B = JM for some ideal J in R. Equivalently if for all L <
M,L = [L: M].M, where [L:M] ={r € R:rM < L} see [11], [12] and [13]. Many authors
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present generalizations of a small submodule, to see more of these generalizations, note the
following sources [14-20].

A. Abduljaleel in [21] and [22] introduced the definition of large small submodule (LS-
submodule) as a submodule X of M called large small (LS) of M denoted by ( X «; M) if for
H < M such that X + H = M, then H is essential in M. And the ideal A is called LS-ideal if
for A € R such that A + S = R, then § is essential ideal in R. Let us recall the most important
definitions which are the essential concepts for our study such as Noetherian module is a
module that achieves Ascending Chain Condition on its submodules. And, Artinian module is
a module that achives the Descending Chain Condition on its submodules [23], [24], and [25].
Remember that a module M is said to be chained module if for each submodules A, B of M
either A <B or, B <A [26], [27].

A.G Naoum in [28] and [29] gives the notion of module that achieves ascending (descending)
chain conditions on small submodules, as a module M is called M with ascending chain
condition (ACC) on small submodules, respectively descending chain condition (DCC) on
small submodules if each ascending (descending) chain of small submodules §; € S, € §; C
....S, C..., respectively §; 2 S, 2 S3...2 §,, 2 ---is finite. That is there exist t € Z™,
such that S, = S; V n > t. Many authors introduced a lot of generalizations of this kind of
modules see [30] and [31].

Our work is to study the large small submodules with ascending chain condition (ACC)
and descending chain condition (DCC). Also, we generalize it on the rings. And discuss some
of these results on finitely generated faithful multiplication modules (FGFM).

2. Large small submodules with chain conditions

This section provides an overview of Large Small submodules that is achieves ascending
chain condition (ACC) and descending chain condition (DCC) on LS-submodules as
generalization on small submodules and study its properties. which also provides remarks to
help understand the topic and the relationships with some other modules. Also, we study the
relation between the ring that satisfies (ACC) and descending chain condition (DCC) on LS-
ideals.

In the following lemma we give the properties the most important characteristics of LS-
submodules that we needed it in our work. For more characteristics, we recommend referring
to the source referred to below.

Lemma 2.1 [22]: Let X, B be submodules of a module M then:
IfX<B<MandB < M,then X < M.

IfX<C<M,Xisclosedin MifC & M,then C/X < M/X.

IfX; « ;M and X, & ;M,then X; N X, < ;M.

Let X <B<M,if B/X K M/X,then B K M.

If Mis uniform module then each submodule of M is an LS- submodule in M.

Nk W=

Definition 2.2: An R-module M is named M with ascending chain condition (ACC) on LS-
submodules, respectively descending chain condition (DCC) on LS- submodules if for each
ascending (descending) chain of LS- submodules H; € H, €...C...H, €..., and H; 2
H,...2 H, 2 -, respectively is finite. That is there exist t € Z*, such that H,, = H, for all
n=t.
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Remarks 2.3:

1. Each small submodule is LS- submodule [4]. So, if M with ACC (DCC, respectively) on
LS-submodules then, M with ACC (DCC, respectively) on small submodules.

2. Each Noetherian (Artinian) module M, is M with ACC (DCC, respectively) on LS-
submodules.

3. Every uniform module M, with ACC (DCC, respectively) on submodules of M, then M
with ACC (DCC, respectively,) on LS- submodules. By Lemma 2.1(5).

4. ACC (DCC) on LS - submodules closed under isomorphism.

Proposition 2.4: If M is a chained module, and X < M such that M satisfied ACC (DCC,
respectively) on LS- submodules, then X with ACC (DCC) on LS- submodules.

Proof: Let M with ACC on LS- submodules and X; € X, € -+ is ascending chain of LS-
submodules in X. Since M satisfies chained condition, so X is an LS- submodule of M then
by Lemma 2.1(1) X;is LS- submodule of M for all i =1,2, .... Hence, X; € X, ... be
ascending chain of LS- submodules of M. Since M with ACC on LS- submodules, thus 3t €
Z*, such that X,, = X, for all n > t.Thus, X with ACC on LS- submodules. The similar proof
for (DCC).

Proposition 2.5: Let M; and M, be two R-modules and R = ann M;+ann M,. Then
M.:®M, with ACC (DCC) on LS-submodules iff M;, and M,, with ACC (DCC) on LS-
submodules.

Proof: Since R = ann M1 + annM,, let D;® X, € D,® X, S D; P X; € - S D, DX, be
ascending chain on LS- submodules of M; & M, hence, Dy € D, € D; C....€ D, C... is
ascending chain on LS- submodules of M; and X; € X, € X3 C... X,,... be ascending chain
on LS- submodules of M,. Since M; and M, with ACC on LS-submodules that is 3r,t €
Z*such that, D, = D ,.; =....Vi =1,2,3, ... and X; = X,;; Vi=1,2,3,.... Put s =
max{r, t}, therefore, Dy + X; = D ¢+ Xy Vi=1,2,3, ...

On other hand, let D; € D, € D; €....€ D,, € --- be ascending chain of LS- submodules of
M,, thus D;@® {0} € D, {0} S D {0} < .. €D, P {0} < - is an ascending chain of
LS- submodules of M; @ M,, then Ju € Z* such that D, @ {0} = D,,; & {0}, Vi =
1,2,3,....S0, D, = Dy4; Vi.

Similarly, for (DCC).

We can generalize the proposition above for finite index of direct sum of LS-submodules.
Remark 2.6: Let M;....,M;, be modules and R = ann(My)+...+ann (M), if M;, with
ACC(DCC) on LS- submodules, (Vi = 1,...,t), then M1®.... M, is with ACC (DCC) on
LS- submodules.

Proof: Clear by induction.

Theorem 2.7: Let X{, X,,....X;, be R-submodules of a module M such that R = ann(M)+
ann (My)+...+ann (M), if M/X; with ACC (DCC) on LS- submodules, for each i =

1,2,...,t, then — M iswith ACC (DCC) on LS-submodules.

X{NXzN...0X;
Proof: Let XE with (DCC) on LS- submodules, for each i = 1,2,...,t, then by Remark 2.6

t

Xﬁ@xﬂ@ .. ®© XM satisfies (DCC) on LS- submodules. Let ¢;: M — Xﬂ be the natural
1 2 t

t

epimorphism, for all i=12,...,t. Definegp: M — XﬂlGB...GB Xﬂt by ¢@(m)=

(p1(m),....,p:(m)). By the First Isomorphism Theorem [32], we have M /Kerp = Img.
We can easily note that Kergp ={m € M:p(m) = 0} = X; nX,N....nX;, but Ime

satisfies (DCC) on LS- submodule, therefore with (DCC) on LS- submodules.
Similarly, for (ACC).

X1NX2N...NX¢
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Theorem 2.8 [22]: Let M be FGFM R- module and let I be any ideal in R then I <« R if and
only if, IM «<; M.

Theorem 2.9: If M is finitely generated chained module with ACC (DCC) on LS-
submodules, then an:(M) with ACC(DCC) on LS-submodules.

Proof: Let M = Rm; + Rm, +...+ Rm;, where m;..... m; € M. For each i = 1,2,...¢,
define: ¢;: R — Rm;, by ¢@(r) = rm, for all r € R. Notice that ¢; is an epimorphism. By

The First Isomorphism Theorem Lﬂp =Rm; Vi = 1,2,...,t. But Kerp; = {r €RR; ¢;(r) =

0} = ann(m;), so = Rm,;. Since M is chained then every submodule of M is small,

ann(m;) ~—
hence LS- small and M satisfies DCC on LS- submodules, then by Proposition 2.4, Rm;
satisfies DCC on LS-submodules, for all (i = 1,2,...,t). Since by [33, Proposition 2.3(4)],

ann(M) = ann(m!) n ann(m) N...n ann(m,), so by Theorem 2.7, n:(M) with DCC on

LS- submodules. Since DCC on LS - submodules is closed under isomorphism. Similarly, for
(ACO).

Proposition 2.10: If M is FGFM R-module, then R with ACC (DCC) on LS- ideal if and only
if M with ACC (DCC) of LS- submodules.

Proof: Let Ny € N, € N; ©...C N ... is an ascending chain of LS- submodule of M and
because M is multiplication module thus, N; = I;M, for some ideal I; of R for each i. So,
Ml ©€ MI, € MI; €...MI, < -, but M is finitely generated then by [25, Theorem 1.7] and
IS, S I3 S-S, .. is ascending chain of LS- ideals in R by Theorem 2.8. And
because R with ACC on LS- ideal, then 3s € Z*, such that Iy = I, =... hence MI; =
MI;, = ... thatis Ny = Ny q = --- which is M with ACC on LS- submodules. On other hand,
let Iy €I, € I3 € -+ € [ ... is an ascending chain LS- ideals of R, so through Theorem 2.8
Ml € MI, € MI; €...MI; < ---is an ascending chain of LS- submodule of M. But M is
originally with ACC on LS submodules then 3s € Z*, such that MI; = MI;,,=.... And
because M is FGFM module thus, Iy = I, = -+, [34]. So, R with ACC on LS- ideals of R.
Similarly, for (DCC).

Proposition 2.11: Let M be a module, with ACC on LS- submodules and X is a submodule of
M, then M/ X with ACC on LS- submodules of M.

Proof: Let X;/X < X,/ X € ---be ACC on LS- submodules of M/X then X; € X, C ---.
But X;/X &, M/X then X; &, M for all i by Lemma 2.1(4), thus X; € X, € - is
ascending chain of LS- submodule of M. Hence, there exits s € Z,, such that X;=X;,; = -
therefore M /X with ACC on LS- submodules. Similarly, for (DCC). Therefore, we get the
following outcome:

Theorem 2.12: These statements are equivalent if M is FGFM R-module.
1. M an R-module with ACC (DCC) on LS-submodules;

2. R with ACC (DCC) on LS- ideals;

3. W = Endg (M) with ACC (DCC) on LS- ideals;

4. M with ACC (ACC) on LS- submodules as W- module.

Proof: 1 =) 2 Clear through Proposition 2.10.

2 =)3 Acording to M is FGFM module, thus R = W by [35, Theorem 3.2] so, R with ACC
(DCC), W = End (M) with ACC (DCC) on LS- ideals.

3 =)4 Obtained from Proposition 2.10.

4 =) 1 By Proposition 2.10, R with ACC (DCC) on LS-small ideals, R = W [35]. So, R with
ACC (DCC) on LS- ideals and by Proposition 2.10, M with ACC (DCC) on LS- submodules.
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Proposition 2.13: The sum of any two LS-submodules of an R-module M is an LS-
submodule. If X is LS and closed submodule in M such that X and % with ACC (DCC) on
LS- submodules, then M with ACC (DCC) on LS- submodules.

Proof: Suppose B; © B, C --- be ascending chain of LS-submodules of M. Then by Lemma
2.1(3), B; N X is LS-submodules of M, for all i =1,2,..but (B; N X) € X, so B; N X
K X, foreachi =1,2,... by Lemma 2.1(1). Also, B; + X is an LS-submodule of M (by our

assumption), hence BiXLX is LS-submodule of % Vi = 1,2, ... by Lemma 2.1(2). Now, the two
following ascending chain of LS- submodules are for X and % respectively. By N X C

B,NX < -,and B; + X/X S B, + X/X € -+, but X and % are with ACC on LS-submodules.

So there are ti,t, € Z*, such that B, N X = By NX, for each n > ty, and B, + X/X =
By, + X/X, for each n > t,. By Second Isomorphism Theorem, B + X/X = B/B N X, so
B,+X/X =B,/B,NnNX. Hence, B,,/B, N X = B;;,/B;; N X which means B, N X = B, N
X, foreachn > t,. Let t = max {t;,t,}. Thus, BN X =B, NAforeachn > tand B, N X
=B, N By, foreachn > t. Now, foreachn > t, B, =B, N (B,+X)=B,Nn( B, + X)=
B: N ( By + X) = B;. Thus, M is with ACC on LS-submodules. By similarity can be prove
that, M with DCC on LS- submodules.
R

Proposition 2.14: Let M be an R-module and R = pg then an R-module M with (DCC)
on LS-submodules if and only if an R-module M with DCC on LS-submodules.

Proof: Assume that the R-module M with DCC on LS-submodules. We want to prove that M
as R-module with DCC on LS-submodules. Suppose that X; 2 X, 2 ..., is a descending
chain of LS-submodules of an R-module M. One can show easily that for all n € Z*, X,, is an
LS-submodule of M as R-module. Since M as R-module with DCC on LS-submodules, then
3s € Z*, such that X,, = X,, for each n > s. Hence, M as R-module with DCC on LS-
submodules.

By the same argument of the proof, we can prove the converse

3. Conclusions

We defined large small submodules that is with ascending chain condition (ACC) and
descending chain condition (DCC) on LS- submodules by generalization on small
submodules and large small submodule, respectively. We also presented several key
properties and illustrative examples, which will serve as a foundation for future research and
establish a connection between our work and previous studies in our field of work.
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