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Abstract
In this paper we introduce a class of operators on a Hilbert space that contains

properly the classes of normal operator,

operators, *-

hyponormal operators, M — hyponormal

paranormal operators and dominat operators. We also give some

properties of these operators. We call these operators Pseudonormal.
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Introduction

Let H be a separable a complex Hilbert space
and B(H) be the Banach algebra of all bounded
linear operators on H as is customary, we refer
toT*T as the self commutator of T, and is denoted
by [T*,T] the operator is normal operator if
[T*,T]=0.and T is hyponormal if T*T — TT* > 0.
Or equivalently | T*x || < || Tx || ¥x eH. The
operator is called a dominant operator if for each
Ae¢ there exists a number M, > 0 such that
I (T*- 2 x|l <My [l (T-2)x|| for all xeH.
Furthermore if the constants M, are bounded by a
positive number M, then T is called M-
hyponormal
Operator [4], finally the operator Tis called a*-
paranormal operator if Il T x || *< || T || for
every unit vector X in H,[5].
In this paper we introduce a class of operators
that contains the class of* - paranormal operators,
dominant operators properly. In particular, it
contains the class of normal operators,
hyponormal operators and M- hyponormal
operators. We call the elements of this class
pseudo normal operators We study the basic
properties of these operators of these operator and

Ll yigall

we give some sufficient conditions for a pseudo
normal operator to be normal.

1 : Difinition 1.1

Let TeB(H). We call T a pseudo normal
operator if Tx =Ax for some x €H, Ae¢, then
T*x = AX. ie., if x is an eigen vector for T with
eigen value A then x is an eigenvector for T* with

eigen- value A .

Examples 1.2

1. It is clear that if o,(T)= ® then T is
psendonormal operator where o,(T) is the
point spectrum of T.

2. Let H= £,(¢) ={x:x=(X1, X3 , X3.....
© 2
Z|Xi| < oo} the unilateral shift is the

i=l
operator on H defined by U(x;, X3, Xs,...)
=(0,x1, X2,..). It is known that U has no eigen-
values hence is pseudo normal operator.

3. Let H=L*[0,1]= {f; £:[0,1] — R such that

Jl-|f(x)|2< w}  the

operator v is defined on H, as folloews:

Xn,..):

Volterra  integration
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X
wh. = [ fly)dy [3.p98],

0
It is known that every Volterra operator
isquasinilpotent operator i.e (T ) = {0} and
6 ,(v) = @ . hence v is pseudo normal operator .
Now we give an example of an operator that is
not pseudo normal operator.
4. Let H={,(¢), define T: H— H as follows:
T(X, , X; ,X3,...) =(0, X;,0,0,0,....). It is easy to
check that
T*(Xl, Xz, X3,..) = (Xz, 0,0,0,...) and T is
nilpotenet operator, o(T) ={0}.
If we take X=(0, X,, X3, ...) such that X, # 0
then TX = 0 but T*X = T*(0,X;,, X3...) #0
Therefore, T is not pseudo normal operator .

Remark 1.3

1. It is easy to see that every dominant, in
particular, every M- hyponormal normal
operator is pseudo normal operator.

2. Every * paranormal operator is pseudo
normal, to see this let Tx = Ax,we my assume
[ xIl =1, then || T*x[*< [ T> [I[=A]" .
Now || (T*- ADx||°< || T*x |- A< Tx,x
>-A<x,Tx>+|A"<0. Therefore || T*-
Alx || 2= 0 which implies
T*x = AX.

3. Note that if A is an eigen value for T and A is
eigenvalue for T* then it is not necessary that

T is pseudo normal operator, see
example(1.2)(4).
For any operator Te B(H). we set Re(T) =

Yo(T+T*) and Im(T) = %i(T-T*)

Propositin 1.4
Let T be a pseudo normal operator, then

1- if ®# 6 ,(T) <R then

0 € o, (ImT)and 6 ,(T) c o, (ReT).
2-Re 6 ,(T) cop(ReT) and Imo,(T) < 6,(ImT)
3-1f 6,(T) #¢, then Oeo ([T *T])
Proof
1- Since 6 ,(T) #®, then there exists A € ¢ such

that Tx=Ax forx # 0
Now

—i _T* :i _T
(ImT)x= 5 (T-T*)x 2i(‘I’x T X)

= %(ix — AX) = 0 hence
|
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Oe o ,(ImT), let Ae o ,(T), then TX= Ax for x #
Now(ReT) x= 12 [T+T*] x = WB[Tx+T*x] = YA(A
+ 1 )Ix = Ax, hence Le o ,(ReT).

2-Ifo ,(T)= ¢ there is nothing to prove.

Let Le o ,(T), then Tx = Ax for some x # 0.

Now[Re(T) - ReA] x = %[(TJrT*)- (A + A)Ix]

= N

[(T+T*) x — (A + A)Ix]

[(AX+ AX)- (A + A)Ix]=0

Therefore, Rele o ,(ReT)
[ImT —(ImA)I]x= %[(T—T*)— (- MIx
i

—% [(T-T*)x-(A- X)Ix]=% [(AX — AX )-Ax+ 2x]
=0, hence Im(A)e o, (ImT) .

3. Since 6 ,(T) # ¢ , then there exists Ae¢

such that Tx = Ax for some x # OeH
Therefore [T*,T]x = (T*T — TT*)x

— T+(0)-T( ) = A X =2 x =0

Hence , Oe o, ([T*, T]).

Recall that if T is an operator and A is a scalar,
the null space of the operator T-Al is called the A-
th eigenspace of T and is denoted by Et(A), Et(A)
= {x eH : Tx= Ax}, it is easy to check that E1(})
is closed linear subspace of H, moreover,E1(\)#
{0} if and only if A is an eigenvalue for T . A non
zero vector x is an eigenvector for T if x belongs
to some A- eigenvector of T.

Proposition 1.5.
Let T be a pseudo normal operator , then :
1- Er(A) L Er(M) whenever A # M.
2- For a fixed scalar A, Et(A) redues T and
T | E1(, is normal operator, morever

Z @E; (4) reduces T.
Aeo, (T)
Proof
1. LetxeEr(M) and yeEr(X) then

M(x,y) = (Mx,y) = (Txy)= (x,T*y)= (x, A y)=

AX.y)
Thus(M- A)(x,y)= 0 but M # A then (x,y)=0
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2- First we prove Et(A) reduces T . We show
that Et() is invariant under T and T*.
T(T*x) = T(/lx) = l(Tx)— A = MT*x).
Hence E(L) = A(Tx) and E() is invariant
under T.

T(T*x)=T( Ax)= MTx)= Ax= A(T*x). Hence

Er(}) is invariant under T* and Et(A) reduces T.

To prove T | Etq,) isnormal , Let xeEr(L)

T*Tx=T*(Tx) = T*(Ax)= MT*x)=|A|'x

On the other hand

TT*x = T(T*x) = T(A x)= A (Tx) =[A|’x .

Therefore.

TT*x=T*Tx Vx €Er(A) and T | Etq, 1s normal,

we leave the proof of the last assertion to the

reader.

Before we give our next result we need a lemma.

Lemma 1.6

Every *-paranormal operator T has an
approximate eigenualue A such that |/1| :”T”,
Proof see [5].

Now by the above lemma. It is clear that
example(1.2)(2) is not *- paranormal operator but

it is pseudo normal operator.

Proposition 1.7
Let T €B(H) such that for all Ae o ,(T)

|/1| = "T || then T is pseudo normal operator.

Proof

Let x € H such that Tx = Ax

Now || (T* - 21 x[" = <(T* - A1) x, (T*-
A x>

= <T*x -T*x> - <T*x, Ax>-<Ax,T*x>+

</1x /1X>

—A<xTx>-A <Tx X>+W Hxﬂ
< |Tr I =127 I A K

Therefor T*x = Ax hence T is pseudo normal
operator.

A =0

Theorem 1.8

If T is pseudo normal operator then T can be
expressed uniquely as the direct sum T =T ®T,
defined on the space H=H,;® H, with the
following properties:
1. H; is the closure of the space spanned by the

eigen vectors of T.

2. T, is normal.
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3. 0p(T2) = ¢

4. T is normal if and only if T, is normal.

Proof

1.LetH, = Z@ E; (1) Since H isa

Ao, (T)

closed linear subspace,

Then H=H,® H, where H, =H; LetT, =
Tl 1y
And T2 = T| H2

Then T =T, @ T, uniquely.

2. Let H, =E; (/11)(-9 E, (@)@ET (/13)@
and x € H;. Then x = Xy T Xy, +X, +o
for any

X,; € Er(Ai),ie,x= ZXM for each I

reoy(T))

and Z|X|j,| <00,

T, *T[ >

Jieo, (T ),

vz

=AT X, + 4T, %X, + AT X+

= |ﬂ1|2xl] +|/12|2x12 +|/13|2xZS fo

And
TT,*x =TT, *(xﬁl +X,

=4 Tx, +4, Tx, +4, Tx, +

+X, +..)

:szﬂ1 +\/12\2x22 +\23\2x23 Fo..

hence T, is normal

3. Suppose that, 6,(T,)# < and let Mec,(T>)
. Then there exists

x#0 € H, suchthat(T,-M)x=0
Now T(0+x)=Trx=Mx=M(0+X).
H,=H, and x#o therefor ,c,(T,)=J

and T, is pseudo normal operator .
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4- Since

T, 0 N
T= eB(H; ®H, 7) and
0 T,

s

0 T,T

T, 0
TT*= .
0 T,T,

Thus T*T=TT* if and only if T,*T,=T,T,*

TT, 0
ThenT*T = and
2

2 .Recall that a family of closed linear subspaces in
H is said to be a total family in case the only
vector x in H, which is orthogonal to every
subspace of H belonging to the family is X=0.
[Lp.167].

The following theorem gives a condition under
which a pseudo normal operator is normal
operator.

Theorem 2.1

Let TeB(H) be a pseudonomal operator,
if the eigen spaces , E1(A) of T form a total family,
thenTisanormal operator

Proof

Let Hy be the null space of TT* -T*T, the
problem is to show that Hy=H or equivalently Hé
={0} claim Er(M)cH, for all M.
Let x € Er (M), thus T* x € Er(M). therefore
TT*=M(T*x)=T*(MX)=T*Tx.
Thus (TT*-T*T)x=0 and x € H,
It follows thatif x | Hy,then x L Er(M) for all M
But the eigenspaces form a total family.
Hence x=o then
(TT*-T*T)x=0 V x € H, thus T*T=TT* and T is
normal operator.

Corollary 2.2

Let T be a *-paranormal or dominant
operator. If the eigen spaces, Et(A)of T from a total
family then T is normal operator.

Lemma 2.3 [ 3,P 96]
Let TeB(H) be a compact operator and
A #0 eo(T) Then A ec,(T)
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Theorem 2.4

Let T be a pseudo normal operator which satisfies
the following conditions, then T is normal operator

1 - T is compact.

2- If T1=T/y, where My is an invariant subspace
of Tthen
T}

n c .
= HTI H for every positive integer n

Proof

Since T is pseudo normal operator , then by
theorem 1.8
T = T1®T2, where T1
Gy (T 2 ):Q
It is enough to show that T, is normal operator
since T is compact then T, is compact. By lemma
23 andtheorem 1.8.
o(T2)={0}
Hence

0=r(,)=lim|r;
lim "T2||:“T2 [2,P.5]

n—o

Thus T, =0 and T is normal operator .

is normal operator and

1
n =

Remark 2.5

If T is a pseudo normal compact operator on H
it is not necessary T is normal operator, in fact, in
example 1.2 (3) we see that V is a pseudo normal
compact operator but V is not normal operator.
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