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Abstract 
       Let R be a prime with characteristic not equal two, σ,τ : RR  be  two 
automorphisms  of R. and d be a nonzero derivation of R commuting with σ,τ .It is 
proved that : 
1) Assume U ba a(σ,τ)-left Lie ideal of R. 
   (a) If  [U,U], C,     and   [U,U]=(0) ,then    UZ(R). 
   (b) If   [U,U], C, , then UZ(R) . 
   (c)  If (v)+(v)Z(R) ,  for  some  vU ,then there exists a nonzero left ideal  A of  
R and a nonzero  right ideal  B  of   R  such  that  [R,A], U  ,    [R,B],U  but   
[R,A], Cσ,       and     [R,B] Cσ,  .   
   (d) If ))0()(()0()(  aUdorUad  for Ra , then    a=0     or    

(u)+(u)Z(R) ,  for  all  uU. 
2) If U be a(σ,τ)-Lie ideal of R for  

,))(()(, ,,  CUadorCaUdRa  )(RZa , then    a=0     or        

    .  )(RZU 
Also, in this paper we study some results when characteristic of R equal two and we 
show that the condition characteristic of R not equal two can not be excluded. 

 

 الخلاصة             
    d: R R وكانـت  دالتـين متكافئـة تـشاكليا  و σ,τ: R R  2لايـساوي  حلقـة أوليـة ممثلهـا Rلـتكن       

  σ ,τ.  تتبادل مع الدالتين   Rتمثل مشتقة  في  
   .Rمثالي لي يساري في U ( σ,τ)-   ليكن  ) 1

   , [U,U] )=0  ( ,     فانهU )Z(R   .  إذا كانت      )    أ[U,U],    C,

,    C,[U,U]إذا كانت   )     ب  .   U )Z(Rفانه      , 

v U     ,   لبعض, (v)+(v)  Z(R)  ان بحيثRمثالي لي يساري في U ( σ,τ)-    ليكن  )    ج

  
   غيــر صفــري B  غيــر صفـــري ومثالــي يميني Aيوجد على الاقل مثالـــي يســاري      فانـه 
 ,   , و  C[R,A]     فــــــان   ,    U[R,B]    و,    U[R,A]بحيث انــه 

        [R,B],    C,  .  
    ad(U)=(0)بحيث إن   Rتمثل مشتقة  في    d وكانت Rمثالي لي يساري في U ( σ,τ)-   ليكن )     د
u  U   .   لكل, (u)+(u) ,  Z(R)   أو    a=0   فانه   أما  ,  , d(U)a=(0)  أو

RUad  ),(,

U)

C    aلأي  ,R  تمثل مشتقة في  d وكانت Rمثالي في U ( σ,τ)-   ليكن ) 2

Z و  .  U )Z(R  او           a= 0فانه    اما       ,  )(aR    أو     adC (, 
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وسـنلاحظ إن  ,   2  يـساوي Rخلال هـذا البحـث سـندرس بعـض  تلـك النتـائج عنـدما يكـون ممثـل الحلقـة ,أيضا 
                                                                . شرط لايمكن الاستغناء عنه 2 ي  لا يساو Rممثل الحلقة 

                
Introduction Lemma (1.3):-[5] 
        Let R be a ring, U be an additive subgroup 
of  R ,σ,τ : RR  be  two mappings .Then 

   Let  U  be  a (,)-Lie  ideal  of  R.  If      
  ,   then    .  ,)( CUd  )(RZU 

1) U is called a (σ,τ )- right Lie ideal of  R  
Remark (1.4):-[2]      if   .          URU  ,,
   Let R be a ring and let U be a nonzero (,)-left 
Lie ideal of  R. We shall define the set T(U) = 
{aR / [R,a], U}. Clearly U T(U) . On the 
other hand, if a,b T(U) and xR, then                  
[x,ab], =[xσ(a),b],+ [τ(b)x,a], U. That is, 
[x,ab],U . Therefore, T(U) is both a subring 
and a (,)-left Lie ideal of R. 

2) U is called a (σ,τ )- left Lie ideal of   R   
     if   . UUR  ,,

3) U is called  a (σ,τ )- Lie  ideal  of  R  if    
    U   is both  (σ,τ )- right Lie  ideal and       
     (σ,τ )- left Lie ideal of R . 
    Let R be a prime with characteristic not equal 
two, d : RR be a derivation of R.In [1] Aydin 
N. proved that if U  is   a (,)-left Lie ideal of   R   
such   that  [U,U], =(0) and  [U,U]=(0) , then  
UZ(R),and if for (v)+(v)Z(R) ,  for  some 
vU ,then there exists a nonzero left ideal  A of  
R and a nonzero  right  ideal  B  of   R  such  that  
[R,A], U  ,    [R,B],U but [R,A],Z(R) 
and  [R,B]Z(R).In[4] Aydin,N.,Kaya,K. , 
Golbasi,O.proved that if U is a noncentral (σ,τ )- 
left Lie ideal of   R and if  ad(U)=0, then a=0 or   
(u)+(u)Z(R) , for  all  uU .In [5] Aydin ,N. 
and Soyturk,M. proved that if U is called  a (σ,τ )- 
Lie  ideal of R for    

,     then   

a = 0   or   . 

))0()(()0((,  UadordRa
)(RZ

)aU
U

Lemma (1.5):-[7, theorem2] 
   Let  U   be   a  (σ,)- right  Lie  ideal  of R .If  
[U,U]σ,Cσ,  , then either U Z(R)   or UCσ,    

. 
Lemma (1.6):-[7, theorem3] 
   If  U  is  both  a nonzero (σ,)-right Lie ideal  of  
R  and a subring of  R, then one  of   the  

 .(iii) U  contains  a 

 
(R)   or   U C, .  

R such 
 or UC, . 

nd a,bR. If a U b = 

 .  Then      =     or     R   is 

   
UZ(R). 

  
and d b

,then R is commutative or    

following  holds:- 

(i)UZ(R).(ii) U Cσ,

nonzero  ideal  of   R . 
Lemma (1.7)[2,lemma2] 
   If U is a (,)-right Lie ideal of R and aR such
that [U,a],  C, ,then    aZ
Lemma (1.8) )[2,theorem1] 
   If U is a (,)-right Lie ideal of R and a

In this paper, we generalized and extended these 
results, and we study some results in 
[1],[2],[5],[6],[7],when characteristic of R equal 
two and we show that the condition characteristic 
of R not equal two can not be excluded. 

that [U,a] = (0), then aZ(R) 
Lemma (1.9)[2,corollary2] 
   Let U be a nonzero (,)-Lie ideal of R such 
that UZ(R) and U C, a
(0), then  a =0   or      b=0. 

 Lemma (1.10)[1,theorem5] 

   Let U   be a nonzero (,)-Lie ideal of  R   such  
that    UC,

§1 Basic Lemmas 

     In this section we recall some results that 
interesting in our study. commutative. 

Lemma (1.11)[1,theorem2] 

   Let U be a (,)-left Lie ideal of R, such that

Lemma (1.1):-[1] 

    Let U  be both a (,)-left Lie ideal of R and a 
subring of R, then either )()()( RZuu   , 

for all uU  or  U contains a nonzero left ideal 
and a nonzero right ideal of  R . 

[U,U], = (0)   and    [U,U]=(0). Then    

Lemma (1.12)[5,theorem1] 
   Let    U    be    a (,)-right  Lie  ideal  of  R 

e a derivation of R. If     

 ,)( CUd 

 ,C . 

Lemma (1.2):-[1] 

   Let  U   is a  (,)-left  Lie ideal  of  R  such  
that )()()( RZvv  ,for  some   Uv    and    

. If  ,then      a=0   or    b=0. R )0(aUbba,

U
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Lemma (1.13)[5,lemma5] 
   L  U be a (,)-Lie ideal of R d on 

 Ra . If 
et  be a derivati

of R and )0()( aUd
)(RZ . 

or  

, then   =0  or   

d generalized 
ive their details. 

   Let U be a (,)-l
 and    [U,U]=(0) .  Then   

 

for all   u,v have        

)0()( Uda a U
 

§2Extensions and generalizations 

    In this section we shall extend an
some results and g

Theorem (2.1):- 

eft Lie ideal of R such that 
,[)0( UU  ,,] C

UZ(R).

Proof:- 

    By assumption      ,,],[0 CUU   ,  then   

U,  xR,   we 
       ,]),([ vuuxC    ,,, ),(],[, uuxv ,

       
  )(,],[)](),([],[

,,, uvuxvuux 
 

  et  .   Since       [U,U]=(0) ,          we  g
    ,,, )(,],[ Cuvux  . That is,       

  0),
,



(],],[[ ,,   ru  , for all    rR. vux

This   implies        

  
 

  0)(,],[)(

)()(,],[

,,

,,





uvuxr

ruvux








  

Then  

 
 
  0)()(,],[

)()(,],[

,,

,,





urvux

ruvux








                

and   we have   0)](),([,],[
,, ruvux 
  

, for all   u,v primeness of   U  , x,rR.  By a 

R   and   0,],[
,, 
 vux  , we get  

  0],[ ru

 

 .   This implies    uZ(R)   , for 

all   uU.  Hence,    UZ(R). 

 can exclude the condition 
low. 

   Let U be a (σ,τ)-left uch that 
.Then UZ(R) . 

Remark (2.2):- 

   In Theorem (2.1), we
[U,U]=(0)  as   be

Theorem (2.3):- 

Lie ideal of R s

 ,,],[)0( CUU 

Proof:- 

     Since   ,   then   for   any     ,,],[ CUU 
Uu ,   we have  

 ,,, ],]),()([[ uuuu







=





,C



,,

,,,

)(],]),([[

]),(]),([[

uuuu

uuuu


 

That is,   for all   Rr
]), , 

,   we have    
0(],]),([[[ ,,   ruuuu  . This 

implies 

0)(],],]),([[[

)](),([],]),([[

,,,

,,





uruuu

ruuuu







  

Also, we   have 

0)](),([],]),([[ ,, ruuuu  

,[)0( UU
0]),([

. Since  R  

is  a prime  ring     and     ,then    ,]

ru     for  all   .  Thus,   RrUu  ,
0],[ ru RrUu  ,for all  . Hence,  

UZ(R) . 

Theorem (2.4):- 

   Let U be a (,)-left Lie ideal of R such that 
)()()( RZvv  , for some . Then 

there exists a nonzero left ideal A of R and a 
nonzero right ideal B of R such that 

 and   but  

Uv

UUAR  ,],[

 ,,],[ CAR

BR  ,],[

  and [ .   ,C ,], B R

Proof:- 

   Let     UxRRxUT   ,],[:)(

)U ()()( RZvv 

  .   By   

Remark (1.4) ,    T(U)    is   both            a (,)-
left  Lie  ideal  and   a subring   of   R   such   that      

  . Since (TU  )     for  

some   vU  ,  then  by  Lemma  (1.1),  T(U)    
must contains a nonzero left ideal A of R and a 
nonzero right ideal  B of R . From the definition 
of    T(U),   we   obtain            and   

 .    If ,   then    

for any  

UAR  ,],[

U  ,,],[ CAR 
Aa

BR  ,],[

 ,    ,  we  have  Rx
  ,,, ],)[(] Caxaa ,)([ xa   , that is,       

  0,],
,,)[( 
 raxa    ,  for  all   Rr   .     

This implies that      

 168
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    ,,, ],)][(),([,],[)(0 axraraxa 



    

 ,],)][(),([ axra  , for all   Rr  .  

Taking   ry ,    instead   of    r    in   the   

last equation,    then

Ry
[ )0(],[)](),( ,  axRra .     

By    a primeness of  R   we   get   either  
 0)](),([ ra   or    . 0],[ , ax

If  0)](),([ ra  , then . Therefore 

. If 

)(RZa
0)(RZ ],[A , ax , for all  .         Rx

Replacing   x   by   xy  ,  ,     such  that  

. That is, 

  

Ry

ax )](,

0],[ , axy

xayx

axy

[],[

],[0

,

,









yya [)](, 



for all     . Hence, Ryx , )0()](,[ RaR  . By 

the primeness of R we get  . Therefore 

.   So,   for all 

)(RZa
AaRyx)(RZA   ,,  , we 

have  

ayxayxaxyyax ],[],[],[],[0 
)0(],[ ARR

)(RZU 
)()()( RZuu 

.Hence, 

, by primeness of R  we have R is 

commutative, then  so, 

 , for all  and this is a 

contradiction. That is ,  . 

Uu

 ,,],[ CAR 

Similarly, using the identity 
)(],[]),(,[ ,, bbxbbx   

 ,,],[ CBR 

 to prove that  

  .  

Theorem (2.5):- 
 Let U be a (,)-Lie ideal of R. If 

 (or  ) and 

,  then          a =0            or      

. 

 ,)( CaUd 
)(RZa
)(RZU 

 ,)( CUad 
          

Proof:- 
For all , we have   

. Hence,  

RxUu  ,

0]),([ , xuad





 ,,

,

]),([)()](,[]),([

]),([0

xudaudxaxuda

xuad




 

That is,  , for all    ,]),([0 xUda Rx .   By   

a primenss   of    R  , we  get    either   a =0  or     
. If   , then by Lemma 

(1.3), we    have     . 
 ,C )(Ud 

(ZU 
)(Ud   ,C

)R

By the same way   when    , we    

can     show   that     either  
 ,)( CaUd 

 a=0       or      . )(RZU 
Theorem (2.6) 
Let U be  a  (σ,τ)-left Lie ideal of  R  and  Ra . 
If  ad(U)=(0)    (or d(U)a=(0)), then  

)()()( RZuu    , for all         or       
a=0 . 

Uu

Proof:- 
Assume Uv   such that  )()()( RZvv   

.Then, by assumption   , we have )0()( Uad
))(],([)]),(([0 ,, uuraduurad     

))((],[))((],[)() ,,, uduraudurau],([ urad    

Replace   )(ur   instead of  r  in  the  last  
equation ,  we  get 

))(()(],[))((]),([0 ,, uduurauduura    .H

ence,  0))(()(],[ , uduura  . 

Also,   we get       for all  )()],[(0 ,
1 uudura  

Uu .  Therefore,  
)0()()],[( ,

1 uUdura 

a

 .By Lemma (1.2), we 

obtain either d(u)=0 or             0],[ , ur

If   d(u)=0,   then    d(U)=(0) .  That is,         
d(U) Z(R), so  )()()( RZuu   ,for all 

Uu  and  that is, a contradiction  . If     
0,],[ ura . Replace  rx   instead  of   r , we 

get        )(,,)( , uxarxurau   ,xar, τσ,urx 

0)]

0 a

(,[

. That is, 
uxar  . 

Since  R  is  a prime  ring  ,  then  we  have  a=0 .               
 
§3Examples when Chr=2 :- 
    In  this  section  we  study  the results in 
[1],[2],[5],[6],[7], when characteristic of R equal  
two  and  we  show  that  the condition 
characteristic of R not equal two can not be 
excluded. 

   Let R   x, y, z, t   F    , where F is 

a field of ChF=2   be  a ring of 2x2 matrices with 
respect to the usual operation of addition and 
multiplication, then R is a prime ring ,see[6]. 









tz

yx

 
Example (3.1):- 
 

  Let U=    a,b F  be an additive 

subgroup  of   R . Assume   σ,τ:    be  
two  automorphisms ,   such  that 









a

ba

0

RR :
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  ,  

. Then, 
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tazbza

yaxbxa

ataz

btaybzax

a

ba

tz

yx

tz

yx

a

ba

00
 

   . U
zb

xbbtbz







 


0
The hypothesis of Lemma (1.5) is satisfied but U 
 Z(R) and U Cσ,  . 

Example (3.2):- 

 

  Let U=   a,b F  be an additive 

subgroup  of   R . Assume   σ,τ:    be  
two  automophisms ,   such  that 









a

ba

0

RR :


















tz

yx

tz

yx
 , 

 .  



















tz

yx

tz

yx


The hypothesis of Lemma (1.6) is satisfied , but 
U  Z(R) , U Cσ,  and  U  doesn’t contain a 
nonzero ideal of  R. 

Example (3.3):- 

  Let U=   a,b F  be an additive 

subgroup  of   R . Assume   σ,τ:    be  
two  automorphisms ,   such  that 









a

ba

0

RR :


















tz

yx

tz

yx
 ,  

 .  



















tz

yx

tz

yx


 Let aR such that .   Assumption of 

Lemma (1.7) is satisfied , but  aZ(R)     and   
U C











00

10
a

,  . 

Example (3.4):- 

Let U=   a,b F   be an additive 

subgroup  of   R . Assume   σ,τ:    be  
two  automorphisms ,   such  that 









a

ba

0

RR :


















tz

yx

tz

yx
 ,  

 .  



















tz

yx

tz

yx


Let a R such that .  The hypothesis 

of Lemma (1.8) is satisfied, but aZ(R)      and      
U C











00

10
a

,  . 

Example (3.5):- 

  Let U=  u,v F  be an additive 

subgroup  of   R . Assume   σ,τ:    be  
two  automorphisms ,   such  that 









u

vu

0

RR :


















tz

yx

tz

yx


















tz

x

tz

yx















 ,

00

10
ba

,  

.Let 

  .  




y

0

1




0

0

The hypothesis oh Lemma (1.9) is satisfied but  
0a    and      0b . 

Example (3.6):- 

 
 Let U =                  , a F        be an additive  
 
subgroup of   R .  
Assume σ,τ:  be  two  automorphisms ,   
such  that 

RR :


















tz

yx

tz

yx
 ,   





















tz

yx

tz

yx
 .  

The hypothesis of Lemma (1.10) is satisfied, but  
 ≠    and  R is  not  commutative . 
 

 

 









a

a

0

0  
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 Also,   , defined by 

, be  a derivation  of  R. 

The assumption of Lemma (1.12) is satisfied, but     
   and   R   is not commutative. 

RRd :




 




 0

zt

y

 ,C









0
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z

x
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Example (3.9):- 
      

Fvu
u

vu
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 ,,

0
     be an additive  

subgroup of   R .  Assume RR :,       be   
two   automorphisms such   that  
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. 


y

 Also  , defined by 

, is a derivation of R.    

Let   .  Assumption of Lemma (1.13) 

is satisfied, but      and     

RRd :
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0
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