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Abstract

Let R be a prime with characteristic not equal two, 6,t : R—>R be two
automorphisms of R. and d be a nonzero derivation of R commuting with o,t .It is
proved that :

1) Assume U ba a(o,7)-left Lie ideal of R.

(@) If [U,U]lgr <Cs, and [U,U]=(0) ,then UcZ(R).

(b) If [U,U]sr cCs: , then UCZ(R) .

(c) If os(v)t1(v)2Z(R), for some veU ,then there exists a nonzero left ideal A4 of
R and a nonzero right ideal B of R such that [R.A],.cU , [R,B]s.cU but
[RAlox# Cor  and  [RBle Co .

(d) If ad(U)=(0) (or d(U)a=(0)) for a€ R, then  a=0 or

o(u)tt(u)gZ(R), for all uel.
2) If U be a(o,t)-Lie ideal of R for
aeR,dU)acC, (or ad({U)cC,,),a€ Z(R), then a=0 or

UcZ(R).

Also, in this paper we study some results when characteristic of R equal two and we
show that the condition characteristic of R not equal two can not be excluded.
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Introduction
Let R be a ring, U be an additive subgroup

of R,o,t: R—R be two mappings .Then
1) U is called a (0,7 )- right Lie ideal of R

if [UR] cU-
2) Uis called a (0,7 )- left Lie ideal of R

if [RU], . cU-
3) Uis called a(o,t)- Lie ideal of R if

U isboth (o,7)-right Lie ideal and

(0,7 )- left Lie ideal of R .

Let R be a prime with characteristic not equal

two, d : R—R be a derivation of R.In [1] Aydin
N. proved that if U is a (o,1)-left Lie ideal of R
such that [UU]s. =(0) and [U,U]=(0) , then
UcZ(R),and if for c(v)+t(v)gZ(R) , for some
veU ,then there exists a nonzero left ideal A4 of
R and a nonzero right ideal B of R such that
[RAls. cU , [R,B]s.cU but [R,A]s-.ZZ(R)
and [R,B]lzZ(R).In[4] Aydin,N.,Kaya,K. ,
Golbasi,O.proved that if U is a noncentral (c,t )-
left Lie ideal of R and if ad(U)=0, then a=0 or
o(u)tt(u)eZ(R) , for all ueU .In [5] Aydin ,N.
and Soyturk,M. proved that if U is called a (o,1)-
Lie ideal of R for
aeR,dlU)a=(0)(or ad(U)=(0)), then
a=0 or UcZ(R).
In this paper, we generalized and extended these
results, and we study some results in
[1],[2],[5],[6],[7],when characteristic of R equal
two and we show that the condition characteristic
of R not equal two can not be excluded.

81 Basic Lemmas

In this section we recall some results that
interesting in our study.

Lemma (1.1):-[1]

Let U be both a (o,7)-left Lie ideal of R and a
subring of R, then either o(u)+17(u) € Z(R) ,
for all ueU or U contains a nonzero left ideal
and a nonzero right ideal of R .

Lemma (1.2):-[1]

Let U isa (o,7)-left Lie ideal of R such

that o(v)+7(v) ¢ Z(R) ,for some velU and

a,be R.If aUb=(0),then a=0 or b=0.

Lemma (1.3):-[5]

Let U be a (o,7)-Lie ideal
dU)ycC,, , then UcCZ(R) .

Remark (1.4):-[2]

Let R be a ring and let U be a nonzero (o,1)-left
Lie ideal of R. We shall define the set T(U) =
{aeR / [R,als. cUj}. Clearly Uc T(U) . On the
other hand, if abe T(U) and xeR, then
[x,abls. =[xo(a),bls.+ [t1(b)x,als. €U. That is,
[x,ab]ls.€U . Therefore, T(U) is both a subring
and a (o,7)-left Lie ideal of R.

Lemma (1.5):-[7, theorem2]

Let U be a (o,t)-right Lie ideal of R .If

[U,U]:cCs: , then either U cZ(R) or UcC,;,

of R. If

Lemma (1.6):-[7, theorem3]

If U is both anonzero (o,t)-right Lie ideal of
R and a subring of R, then one of the
following holds:-

(UcCZ(R).(i1)) Uc C,, .(Gi) U
nonzero ideal of R.
Lemma (1.7)[2,lemma2]

If Uis a (o,7)-right Lie ideal of R and aeR such
that [U,a]s. < Csr then a€Z(R) or Uc Cy,.
Lemma (1.8) )[2,theorem1]

If Uis a (o,7)-right Lie ideal of R and aeR such
that [U,a] = (0), then aeZ(R) or UcCs .
Lemma (1.9)[2,corollary2]

Let U be a nonzero (o,t)-Lie ideal of R such
that UzZ(R) and Uz C,, and a,beR. Ifa U b =
(0),then a=0 or b=0.

Lemma (1.10)[1,theorem5]

contains a

Let U be a nonzero (o,t)-Lie ideal of R such
that UcC,,. . Then =1 oOr R is
commutative.

Lemma (1.11)[1,theorem2]

Let U be a (o,1)-left Lie ideal of R, such that
[UUl.=(0) and [U,U]=(0). Then UcZ(R).

Lemma (1.12)[5,theorem1]

Let U be a(o,7)-right Lie ideal of R
and d be a derivation of R If
d(U)c C,  then R is commutative or
Ucc,,.
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Lemma (1.13)[5,lemma5]
Let U be a (o,7)-Lie ideal of R d be a derivation
of R and aeR. If dU)a=(0)or

ad(U)=(0), then a=0 or U < Z(R).

82Extensions and generalizations

In this section we shall extend and generalized
some results and give their details.

Theorem (2.1):-
Let U be a (o,t)-left Lie ideal of R such that

0)#[U,U],,<C,, and  [UU]=(0) . Then
UcZ(R).
Proof:-

By assumption  0#[U,U], < C,, , then
for all u,vel, XER, we have

C,.> l[xa(u),u]a,r,vja,r :l[x,u]w O'(u),va

=[x,ul, [o@), o] +[[x.ul,..v| o)
Since [U,U]=(0) , we get
[[x,u]a’r,v]w ow)eC,,. That is,

[Lx.ul, ], .o).r] =0 forall reR.
This implies
[xul, ], owo()-
xul,,v] o) =0
Then
[x.ul,..v] o@o() -

[[x,u]a’r,v]a’r o(r)o(u)=0

and we have [[x,ul,,,v] [o(),0(r)]=0
, for all u,veU , x,reR. By a primeness of
R and [[x,u]a,r,v]a =0 , we get
G([u,r]) =0. This implies u€Z(R)
UcZ(R).

, for

all ueU. Hence,
Remark (2.2):-

In Theorem (2.1), we can exclude the condition
[U,U]=(0) as below.

Theorem (2.3):-

Let U be a (o,1)-left Lie ideal of R such that
0)#[U,U],, < C,..Then UcZ(R) .
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Proof:-
Since [U,U],, < C, ., then for any
uelU , wehave
[[T(u)a(u)ﬁ u]o-,r, b u]o',r =
[[z(u),ul, . o@).u],, =
[[T(u)7u]0',r’u]a,r O-(u) € Ca,r
That is, for all reR, we have
[([[z(u),u], ,ul, o@w),r],, =0 This
implies

[[z(u),ul, ., ul, [o),o(r)]+
[[[T(u)’u]o,r ﬁu]o-,r s r]o-,r O'(M) =0

Also, we have

[[z(u),ul, . ul, [o(),c(r)]=0. Since R
is a prime ring (0) #[U,U],, ,then
o([u,r])=0 for all ueU,re R. Thus,
[u,r]=0for all ueU,re R. Hence,
UZ(R) .

Theorem (2.4):-

Let U be a (o,7)-left Lie ideal of R such that
oWw)+t(v)g Z(R), for some veU. Then

there exists a nonzero left ideal 4 of R and a

and

nonzero right ideal B of R such that
[R,A],, cU and [R,B],,cU but
[R,A],, zC,, and [R,B],, < C, .
Proof:-

Let T(U)={xeR:[Rx],,cU} . By
Remark (1.4), T(U) 1is both a (o,1)-

left Lie ideal and a subring of R such that
UcT@U) .Since o(v)+7(v)g Z(R) for
some velU , then by Lemma (1.1), T(U)

must contains a nonzero left ideal 4 of R and a
nonzero right ideal B of R . From the definition

of T(U), we obtain [R,A4],, cU and
[R,B],,cU . If[R,A],, < C,,, then
for any ae€AdA, xeR , we have

[t(@)x,a], . =t(a)[x,a],, €C,, , that is,
[z'(a)[x,a]w,rJ(7 =0, for all reR.
This implies that
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0=z(@)x.al,,.r|  +[r(a).z(]x.al,,
=[z(a),z(r)][x,a],, ,forall reR.

Taking ry, ye R instead of r in the
then[z(a),z(r)]R[x,a], . =(0).
By aprimeness of R we get either
[7(a),z(r)]=0 or [x,a],, =0 .

last equation,

If [z(a),7(r)]=0, then a € Z(R). Therefore
Ac Z(R).If [x,a],,=0,forall xe R .

Replacing x by xy ,yeR , such that
[xy,a], . =0. That is,
O = [xyﬁ a]o',r =

xy,al, . +x7(@)]y =[x, z(a)ly

forall x,y € R .Hence, [R,7(a)]R =(0). By
the primeness of R we get a € Z(R). Therefore
Ac Z(R). So,
have

for all x,ye R,ae A , we

0=[x,yal=y[x,a]+[x,yla =[x, yla Hence,
[R,R]A =(0), by primeness of R we have R is
commutative, then UcZ(R) S0,
o)+ 7(u)e Z(R), forall u €U and this is a
contradiction. Thatis, [R, 4], ¢ C_ ..

Similarly, using the identity
[x,0(b),b], . =[x,b],.0(b) to prove that
[R,B],,zC,. .

Theorem (2.5):-

Let U be a (o,r)-Lie ideal of R. If
dU)acC,, (or adU)cC,, ) and
ae€Z(R), then a =0 or
UcZR).

Proof:-

For all uelU,xeR, we have

[ad(u),x], ., =0. Hence,

0=[ad(u),x],. =

ald(u),x], . +[a,7(x)ld(u) = ald(u),x], .
That is, 0 = a[d(U), x] forall xeR. By

a primenss of R ,we get either a=0 or
dU)cC,..If dU)cC,,,
(1.3), we have U cCZ(R).

o,

then by Lemma
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By the same way when

show that either

UcZ(R).

dU)acC,, , we
can
a=0 or

Theorem (2.6)
Let Ube a (o,7)-left Lie ideal of R and a € R.

If  ad(U)=(0) (or d(U)a=(0)), then
ow)+t(u)e Z(R) ,forall ueU or
a=0.

Proof:-

Assume velU  such that o(v)+7(v)eZ(R)

.Then, by assumption ad(U) =(0) , we have
0=ad([ro(u),u], ) =ad([r,u], o))

=ad([r,u], o) +a[r,ul, d(ow))=arul, do))
ro(u) instead of r in the last
equation , we get

0=da[ro(u),ul, ,d(c()=alr,ul, ow)d(c(u)-H
ence, afr,ul,, o(u)d(ow)=0.

0= o"l(a[r,u]o’,)ud(u)
u €U . Therefore,

o (drul, Wdu)=0) By Lemma (1.2), we

obtain either d(u)=0 or a[r,u] _, =0

Replace

Also, we get for all

If d@u)=0, then d(U)y=(0) . That is,
d{Uyc Z(R), so o(u)+t(u)eZ(R) .for all
uelU and that is, a contradiction . If

a[r,u],, =0. Replace rx instead of r, we

geto= a[rx,u]s,r = ar[x,a(u)]+ a[r,u]a,zx = ar[x, a(u)] . That is,
ar[x,c(u)]=0.
Since R is aprime ring , then we have a=0 .

§3Examples when Chr=2 :-

In this section we study the results in
[11,[2],[51,[6],[7], when characteristic of R equal
two and we show that the condition
characteristic of R not equal two can not be
excluded.

X
Let R :{( yj X, y,z,t € F}, where F is
z t

a field of ChF=2 be a ring of 2x2 matrices with
respect to the usual operation of addition and
multiplication, then R is a prime ring ,see[6].

Example_(3.1):-

a b
Let U{ (0 j a,b EF} be an additive
a

subgroup of R . Assume o,1: :R—> R be
two automorphisms, such that
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lo = ,
z t z t
z{x y] = ( roT y]. Then,
z t -z t
a b\x y x —y\a b)_
0 al\z ¢ —z t N0 a)
ax+bz ay+bt xa xb-ya
az at —za —-zb+ta
bz bt—xb
= eU
0 zb
The hypothesis of Lemma (1.5) is satisfied but U

¢ Z(R)and Uz C,, .

Example (3.2):-

a b
Let U{[O ] a,b EF} be an additive
a

subgroup of R . Assume o, :R—> R be
two automophisms, such that

)
)

The hypothesis of Lemma (1.6) is satisfied , but
Uz Z(R) , Uz C;, and U doesn’t contain a
nonzero ideal of R.

Example (3.3):-

a b
Let U= {[0 ] a,b EF} be an additive
a

subgroup of R . Assume o,1: :R—> R be
two automorphisms, such that

Xy Xy
o = ,
z t z t
XYy (X =Yy
z t - -z t)
0 1
Let aeR such that a = 0 ol Assumption of

Lemma (1.7) is satisfied , but agZ(R) and

Uz Co .

Iraqi Journal of Science, Vol.48, No.1, 2007, PP. 166-171

Example (3.4):-

a b
Let Uz{ [0 ] a,b el} be an additive
a

subgroup of R . Assume o, :R—> R be
two automorphisms, such that

o = ,
z t z t
T = .
z t -z t
0 1 )
Let a €R such thata = 0 ol The hypothesis

of Lemma (1.8) is satisfied, but a¢Z(R) and

Uz Co .

Example (3.5):-

u v
Let U{(O ] uy e€F }be an additive
u

subgroup of R . Assume o, :R—> R be
two automorphisms, such that

o = ,
z 1 z t
( yj( * ‘yjm
z t -z 1
0 1 1 0
a= , b= )
0 0 0 0
The hypothesis oh Lemma (1.9) is satisfied but

a#0 and b=#0.
Example (3.6):-

Let U{(z Oj ,a EF} be an additive
a

subgroup of R.
Assume o,7: : R —> R be two automorphisms ,
such that

X Yy Xy
o = ,
z 1 z
Xy x =y
T = .
z t -z t
The hypothesis of Lemma (1.10) is satisfied, but
o#1 and Ris not commutative .
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Example (3.7):-

a b
Let U={ (0 j a,b GF} be an additive
a

subgroup of R . Assume o, :R—> R be
two automorphisms, such that

L)
{2 )

The hypothesis of Lemma (1.11) is satisfied, but
Uz Z(R) .

Example (3.8):-

b a
U = ,a,be F be an additive
a 0

subgroup of R Let o,T: R—> R be two
automorphisms , such that

Xy Xy x y t —z
O = . T =

z t z t z t -y X
Also, d: R — R , defined by

X 0

z t z
The assumption of Lemma (1.12) is satisfied, but
UgC,, and R isnotcommutative.

Example (3.9):-

u v
U :{[ j,u,v € F} be an additive
0 u

subgroup of R . Assume 0,7:R—> R be
two automorphisms such that

o = and
z z t
7| = .
z 1 -z t
Also d:R—>R , defined by

0 -
d(x yJ:( y}, is a derivation of R.
z z 0

0 1
Let a= (0 OJ . Assumption of Lemma (1.13)

_OyJ,be a derivation of R.

is satisfied, but U & Z(R) and a#0.
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