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Abstract

Let (M, &) be a metric G —space and ¢ : M — M be a continuous map. The
notion of the G -average shadowing property (G ASP ) for a continuous map on G —
space is introduced and the relation between the G ASP and average shadowing
property(ASP)is investigated. We show that if ¢ has GASP, then ¢™ has GASP for
every m € N. We prove that if a map ¢ be pseudo-equivariant with dense set of
Gg —periodic points and has the G ASP, then ¢ is weakly G —mixing. We also

show that if ¢ is a G —expansive pseudo-equivariant homeomorphism that has the
GASP and ¢ is topologically G —mixing, then ¢ has a G -specification. We
obtained that the identity map ¢ on M has the G ASP if and only if the orbit space
M /G of M is totally disconnected. Finally, we show that if ¢ is a pseudo-
equivariant map, and the trajectory map ¥ : M —» M /G is a covering map, then
¢ has the GASP if and only if the induced map ¢ : M /G —» M /G has GASP.

Keywords: Shadowing ; Average shadowing; G-average shadowing; Topologically
G-mixing; Weakly G-mixing ; G-specification.

G - shiah b QAT Jana Aualid Lygasill Gaibadl) (any

gl il juaa A (g gl g 7l i
Aball ¢ dbs ¢ ddyall pglall A il LIS ¢ b daalas ¢ ilualy)l) o
dadal
o dullall Jane dpald asgha e Syaie A MM ¢ (5 G - slad (M) oS
Jare Gpalsy GASP (n i) iy G . clmd o Sy A0 (GASP) G . sl
.m € NJXI GASP ¢lhi ¢™ ol ¢ G ASP el ¢ Al culS 1y gl sal (ASP) Jabeaill
¢ Ol « GASP dlligy 40l Ll (g A45S Ao sana e SIS o p A kS 3 gl sl
5 GASP dials dliiciy s g laal Ay & ¢ Al <l 13 Wy ¢ Lol G- slimd (b Ciaea Lald
M e § Ao all Gl by o o parads did ¢ Gl G - eliad 8 oaslss bl 2
O W a1 L Bl LGl Jeatie M1 M /G lad) elind 13) Lt 13 GASP el
13 G ASP éliici ¢ ol ¢ dgaas Ay e e Wi M o> M/G lad) Allag ¢ QMK galsal
.GASP dllici g : M/G —» M /G Liasieed) Aal) culS 13) Lasd g
Introduction
The concept of shadowing property is one of the influential notions in the theory of dynamical
systems. In 1967 The shadowing property (SP) was introduced by Anosov [1] and the concept of

average shadowing property  ( ASP ) was introduced by Blank for investigating chaotic dynamical
systems [2]. In 1960, the notion of G —space was introduced by R. S. Palais [3]. The G —pseudo-
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trajectory tracing property on a metric G —space (GPTTP) was introduced by Shah and Das. They
studied various properties of such maps and obtained features for the identity map to have GPTTP.
Also, they showed that a pseudo-equivariant map ¢ : M’ - M has GPTTP if and only if the induced
map ¢ : M/G — M /G has PTTP such that M’ be metric G —space and ¢ is continuous map [4].
The G —shadowing property (G SP ) for the map ¢ was introduced by Shah who observed through the
examples that G —shadowing relies on the action of a group G acting on M . Also, she studied
G —shadowing for the shift map on the contrary limit space produced by the map ¢ [5].

In section 1 of this paper., we study the ASP for continuous maps on G —spaces (G ASP). In
section 2, we prove some similar results on the ASP in the metric space with some chaotic properties
and we put sufficient conditions to prove these results on G —spaces.

Preliminaries

Let Z denote the set of integers numbers, N denotes the set of natural numbers and V; = {0} U N.
A topological group is a triple (G, T,*), where (G,*) is a group and 7 is a Hausdorff topology on G
such that the map ¢: G X G — G defined by  ¢(m,y) = my~! is continuous. By a G —space ,
we mean a triple (M, G, 8), where M is a Hausdorff space, G is a topological group, and
0: G X M - M is a continuous action of G on M satisfying 8(e,m) = m and 0(g.,0(g,, m)) =

0( g192, m), where e is the identity of G, m € M, and g,, g, € G. An action 6 of G on M is called
trivial if 6(g,m) = m, Vg€ Gandm € M.

For m € M, the set G(m) = {0(g,m): g € G} is called the G — trajectory of m € M. We will
denote 6(g,m) by gm. For S < M, let gS = {gs:s €S5) beasubset S of a G —space and M is
called G —invariant if 6(G x S) € S. For m € M, the related G- trajectory of m is presented by the

set Gy(m) = G(O¢(m)) ={g¢'(m):g €G, i € Ny}. If M,Y are G —spaces, then a continuous

map h: M — Y is called equivariant map if h(gm) = gh(m) for each g in G and each m in M . In

case an equivariant map is a homeomorphism, then h~! is also equivariant. The quotient space
M

e {G(m):m € M }, having G —orbits as its members, is called the orbit space of M, and the
quotient map Y : M - M /@G, taking m to G(m), is called the trajectory map. The map h is said to
be pseudo-equivariant if h(G(m)) = G(h(m)), vm € M. Clearly, every equivariant map is a
pseudo-equivariant map but the converse needs not to be true [6]. We introduce the definitions that
we will need in this paper and recall some fundamental definitions. In this paper, we denote the
metric G — space, on which there is a topological group G with metric &, by (M, d"). Also, by the
map ¢ : M -> M, we mean $: (M, d) - (M,d). By (M,d) being a compact
metric G — space, we mean a compact metric G — space on which there is a compact topological
group G with metric & If Aand B are two non-empty subsets of M, then N,(ANB) = {i EN:
g (ANB#0}+0,g €G.

Definition 2.1.[7]

Let (M, d") be a compact metric space and let ¢ : M — M be a continuous map. A sequence
{m;,i € Z} is called trajectory of ¢, if Vi € Z, we have m;,; = ¢(m; ) and we called ita ¢ - pseudo
-trajectory of ¢, Vi € Z. We have &'(¢(m;), m;,1) < &, and the map ¢ has the shadowing property if
Ve>0, 36 >0, such that every 3-pseudo-trajectory {m;,i € Z} is e- shadowed by the trajectory
{¢' (m),i € Z} for some z € M , that is, Vi € Z, thus we have d'(¢'(z),m;) < ¢.

A sequence {m;,i € Z} in M is called ad - average pseudo- trajectory of M if 3 N € Nand
N =N(6),suchthatVvn > N, and k € N, then

n—1

1

%Z d(d(Mmisk), Migzp41) < 6,
i=0

The map ¢ has the ASP if V¢ > 0, 36 >0, such that every & - average-pseudo - trajectory
{m;,i € Z} is € -shadowed in average by the trajectory of some point z € M , that is
n—oo

n—-1
1 .
lim sup Ez d(9'(z),m;) <e.
i=0
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Definition 2.2. [5]

Let (M, d") be metric G —space and let ¢ : M — M be continuous map. For a positive real
number &, a sequence of points {m; : a <i < b} in M is called (§, G) —pseudo- trajectory for ¢, if
Vi,a<i<b-—1,3g; €Gsuchthat d'(g; d (m;), mj;1) <6.

For a given € > 0, a (8, G) —pseudo-trajectory {m; : a < i < b} for ¢ is called £ —shadowed by a
pointe m of M, if Vi,a <i<b, 3p; € G such that &'(§'(m), pym;) <e. The map ¢ has the
G —shadowing property if Ve >0, 38§ > 0 such that for each (6, G) —pseudo- trajectory for ¢ is
e —shadowed by a pointe of M. Note that if ¢ is bijective then we take— oo < a < b < oo. Also,
when ¢ is not bijective thenwetake 0<a<b < .

Definition 2.3.

Let (M, d") be metric G —space and let ¢ : M — M be continuous map. For a positive real
number &, a sequence of points {m; : a <i < b} in M is called (6, G) —average pseudo- trajectory
forpif Vi, a<i<b—1,3g; €G and there exists a positive integer N = N(§ ) such that Vn >
N,and k € N, then

Z (i ¥0mis), Miser) < 6.

The map ¢ has the G ASP if v s > 0 and there is § > 0 such that every (8§, G) — average pseudo-
trajectory {m;: a <i < b} is & —shadowed in G —average by a point m of M, if Vi, 3 g, € G
such that

lim sup — Za"(d)(m) gim;) <e.

n—oo

Note that if ¢ is bijective then we take — o < a < b < . Also, when ¢ is not bijective then we
take 0<a<b <.
Definition 2.4. [8]

Let (M,d") be metric G —space and let ¢ : M — M be continuous map, then ¢ is called
G —transitive if VA,B # @ ,and A, B are open subsets of M, 3i €N, and g € G, such that the set
Ny(ANB) = {i EN:gd'(A)NB # (D] #@. We say that a homeomorphism¢ is totally
G —transitive if ' is G —transitive, Vi > 1.

Definition 2.5. [9]

Let (M, d") be metric G —space and ¢ : M - M be a homeomorphism map, then ¢ is called
topologically G —mixing if V A,B # @, and A, B are open subsets of M, 3 k € Z suchthatvn > k,
3 g, € G satisfying g,$*(4) N B # @.

Definition 2.6.[9]

Let (M, d") be metric G —space and ¢ : M — M be a continuous map, then ¢ is called weakly
G —mixing if ¢ X #is G x G —transitive, that means, V A X B, E X D # @ of are open subsets of
M x M, 3(g,p) € G X Gandk € N, such that,

((9.2)@ X ) (AXB)) N (E x D) 0.

If 3N >0, suchthat vm,y € M, and Yn = N, there exists (5, G) —pseudo-trajectory from
mto y of length exactly n, then the map ¢ is (6, G) —chain mixing. The map ¢ is chain mixing if it is
& —chain mixing for every § > 0.

Main Results
Proposition 3.1

Let (M, d") be metric G —space, and ¢ : M - M be a continuous map. If ¢ has G ASP, then ¢™
has G ASP for every m € N.

Proof:

Let m € N, since ¢ has G ASP, for any % >0, 36>0, such that every (8§, G) —average
pseudo- trajectory is %-shadowed in average by some point in M. Assume that { z;, i € Ny} is
(6, G) — average pseudo — trajectory of ¢ , that is , 3 u = u(8) > 0, such that

n—1

1
Ez d(9; 0" Zisr)s Ziyks1) <98, forall n>pu, k€N, and g; €G.

i=0
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We Write Xt =0 (2,) for 0<j<m, n€N, thatis,
{x;, 1€ Np}=1{20,8(20), o’ §" (20),21,0(21), e , O™ 1 (21), .}

n-1

1
We have ;Z d(gi " (Xivr), Xizrsr) <O,forall n>pandk €Z, .

=0
Then{x;, i € Ny} is (8, G) —average pseudo-trajectory ¢. So, JweM, such that

(=t
lim sup;z d((l) (w),gl-xl-) < — 3-1
i=0

n—-oo

Claim: there are infinite ¢t € N, such that
t—-1
1 )
7 Z A9 (w), gix;) <e.
i=0
Proof of Claim : Assume there is yu, € N, such that

t-1

1 im

T Z Ao (w), gix;) =&, forall t > p,.
i=0

n—ow

n-1
1 . £
Th li - Z t Lgix;) = —-
en im supn. ; d((]) (w) glxl) —
1=

This contracts with (3- 1), then we have:

n—1
lim sup%z d(9™(w), gixim) < &,
e TR0
since Xim = Zi ,
n—1
1 .
lim sup — AP (W), giz;) < €.

=
Thus, have the ™ G ASP.
Proposition 3.2. [9]

Let (M, d) be a metric G —space, ¢ : M —» M be pseudo-equivariant and totally G —transitive
with a dense set of G, —periodic points, then ¢ is weakly G —mixing.
Theorem 3.3

Let (M, d) be a compact metric G — space and ¢ : M — M be pseudo-equivariant with dense
set of Gg4, —periodic points. If ¢ has the G ASP, then ¢ is weakly G —mixing.
Proof:

By Proposition 3.1, if ¢ has the G ASP then so does ¢™ for every m € N. By Proposition 3.2, if
¢™ istotally G — transitive for every m > 0, then it is weakly G —mixing. Therefore, it is enough to
prove that ¢ is totally G — transitive.

We must prove that ¢™ is G — transitive for some m > 1. Assume that ¢™ is not G —transitive for
some m > 1, then 3D < M, such that D # @ proper, closed and G —invariant. Also $™(D) € D
and hence ¢™°(D) € D for any s > 1 such that int(D) # @ , implies that ™ is not G —transitive
for any s > 1. So, Vs = 1, 3 A, B; are non-empty open subsets of M, such that vp € G and
Vi > 1. We have (p(¢™)!(45)) N B; = @. Note that A;,B; works Vs. Assume that 4,B are
nonempty open subsets of M such that (pd™*(A))NB = @, Vp € G and Vk > 1. Since ¢ is

pseudo-equivariant, then A N (pcl)_mk(B)) =0@Q,Vp € GandVk > 1. Suppose that d X ¢ X=X P
m—times
isnot G x G x- X G —transitive. We take into account that B" = B x ¢~(B) x ...x $~™ D (B)
m—times

and A'= A x AX..x A. Then, A'n((p1,P2 - Pm) (@ XX ..xd)T(B")) =0,
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Y (1,02 Pm) € G X GX..XxG and Vr > 1, which implies that ¢ X ¢ XX ¢ is not
m—times

G X G x-~ X G — transitive, which implies a contradiction. Thus ¢™ is G —transitive for every

m an i”gr?él hence ¢ is totally G — transitive.

Thus by Proposition 3.2, ¢ is weakly G —mixing.

Definition 3.4.[5]

Let (M,d) be a metric G —space and ¢ : M — M be a homeomorphism map that is called
positively G —expansive. If there exists real number p > 0 such that Vm,y e M with G(m) #
G(), there exists an integer number k > 0 such that d( $*(u), d*(v) ) > p, YueG(m),andv €
G(y). p isthen called a G —expansive constant for ¢.

Definition 3.5. [5]

Let (M, d") be a compact metric G — space and ¢ : M — M be a homeomorphism map. Then ¢
has G —specification if Ve >0, 3D = D(e) > 0 such that for each finite sequence of points
gimy, g.my, ..., gpemy € M for some g;,9,,...,9x € G and for 2 < k < j, picking any sequence of
integers a; < by <a; < b, <--< a; < b; such that ay —by_; =D(2 <k <)) and an integer ¢
with £ > D(b; — a;), Im € M with $*(m) = gm, 3 g € G and hold d ( d'(m), £;d'( my) ) < ¢
forsome ¢, e Gandfora, <i<b,, 1<k < j.

Theorem 3.6

Let (M, d) be a compact metric G — space with d being an invariant metricand let ¢ : M — M
is a G -expansive pseudo-equivariant homeomorphism having the G ASP. If ¢ is topologically
G —mixing then ¢ has the G -specification.

Proof:

Let p > 0 be a G -expansive constant for ¢ and we choose ¢ such that 0 < & < § . Since ¢ has
GASP, 38 >0 such that every (B,G)— average pseudo-trajectory for ¢ ise - shadowed
in G —average by the trajectory of some pointm € M. Let F = {4,,4,, ..., A} be a finite open
cover of M with A4; # @ and diam A4; <%, Vi, i€ {1,2,..,m}. Since ¢ is topologically
G —mixing, then for each open sets A;,A; there is D;; > 0, such that vn >D;; , and there is
gn € Gsatisfying  A4; N gpd™(4) #0 (3 —2).

Let D = max{DU :1<i,j < m} and  gymq,gomy, ..., grm, €D, for  some
91,92 -9k € Gandfor 2 <j <k, picking any sequence of integers a; < b, <a; < b, <<
ay < by such that a; —b;_; 2 D(2 <j <k) and an integer p with p = D(by — a,). We define
Qi1 = bpe1 =D + ag, My = %1 Pk+1(gym,). We denote by A(z) an open ball A in F

containing z. Since a;j,; — b; =D, by (3 —2), 3 ggm_bj € G, such that A ( q)aj+1(gj+1mj+1)) n
Gajus-b; SV (A (<l>bf(g,-m,-))) # 0, that is,

3y; € UrPi (A (<1>bf(gjmj))> =@ such that &+~ 2i(y;) = ka;,,-b; Vi -We establish a
(B, G) — average pseudo- trajectory {w; : i € Z} for ¢ in M, as follows:

w; = Cl)l_bj(y]') if b] S] < aj+1

(Di+p = Wi, Vi €Z

Since ¢ has the GASP, {w;: i € Z} ise - shadowed in G —average by the trajectory of some
point m € M. Therefore, Vi € Z,3 ¢; ,£;,, € G such that

= ' = |
lim sup— z cf( dt(m), ¢; wl-) <eg, and limsup— Z cf( GP(m), €itp @ i1y ) <eg,
n=eo ni=1—n n=e ni=1—n
=
this implies that lim sup— z cf( di(m), ¢; a)i) <g,
n=ee i=1-n
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n-1
1 .
and lim sup-— Z cf( GHP(m), €4y a)l-) < &, which impliesthat Vi € Z,3 ¢, ,¢;
n—-oo
i=1-n
€ G, satisfying
1 n-1
lim sup— Z d(£id, P (m), £7'd'(m) ) <2 e < e.
n—=e i=1-n

But ¢ is a G —expansive homeomorphism. Consequently, G(¢P(m)) = G(m).
Therefore, P (m) = gm, forsome g € G. Also fora; < jorb < b;, w; = q)i(gjmj).
1e 1 . .
So, limsup— Z cf( dt(m), ¢; a)l-) = lim sup— Z d( dt(m), ¢; cb‘(gjmj)) <e&
noe ni=1—n noe ni=1—n
and ¢P(m) = gm. Thus, ¢ hasthe G -specification by Definition 3.5.
Lemma 3.7. [5]

Let M be a compact connected Hausdorff metric space that contains more than one point and let
m,y € M. Then for a continuous map ¢: M - M and § > 0, there exists a § — pseudo- trajectory
for ¢ containing m,y in M.

We recall that the topological space M is called a totally disconnected space if vm,y € M.
There are two sets A,B ¢ M that are disconnection such thatm € Aand y € B.

Theorem 3.8

Let (M, d) be a compact metric G — space. Then the identity map ¢: M - M has the G ASP if
and only if the orbit space M /G of M is totally disconnected.
Proof: (=)

Assume that the identity map ¢: M — M has the G ASP. By hypothesis, % is compact, then it is

enough to prove that dim(M/G) = 0. Suppose, conversely, that dim(M /G) # 0. Since dim(M /
@) = 1, so there is a closed connected subset E in M /G which has a dimension that is at least one. E
is a compact subset of M /G, since M /G is compact. So 3 G(a) # G(b) € E, such that diam E =
d;(G(a), G(b)) = y. By compactness of G, there is y; € G(a) and y, € G(b) such that r =
d(y1,y2). Let ¢ = g We get a contradiction by exhibiting that for V& > 0 there is a (§,G) —

average pseudo- trajectory for ¢ which is not ¢ - shadowed in G —average by the trajectory of some
point m € M.

By Lemma 3.7, there is a(§, G) — average pseudo- trajectory {m; : i € Z} for ¢ in M containing
Y1,¥2. Such a (8, G) — average pseudo- trajectory can be obtained as follows: Since E is a compact
connected subset of M’ /G by Lemma 3.7, then there is a § —pseudo- trajectory {G(m;):i € Z}, for
containing G(a) and G(b). This implies that Vi € Z,

n-1
1 -
1—12 dy (Cl)(G( mi)): G( mi+1)) <e&.
i=0
Since G is Compact, implies for Vi € Z, 3 ¢;, u; € G such that,
n 1 n-1

Z d(#;d(m;), uym;41) < & which implies _Z d(g; d(m;), m;,1) <38,

for some 9i €G, and hence {m;: i €Z}, is a (5 (G) — average pseudo- trajectory for ¢. Now,
{G(m,): i € Z} contains G(a) and G{b). Therefore, for some k,p € Z, G(my) = G(a) and G(m,) =
G(b). Also, y, € G(a) and y, € G(b), implies g'y; = my and g"y, = m,, forsome g',g" € G.
We take the place of m, by g'y; and m, by g”y, in {m; : i € Z} and continue to denote the new
(6, G) — average pseudo- trajectory, containing y; and y,, by {m,; : i € Z}.

Let {m; : i € Z} ¢ -shadowed in G —average by the point m € M. So, Vi€ Z, 3Ip; €G, such
that

n—1 n-1

1 1 .

= dCm,pimg) = limsup—- ) o (& (m), pmy) <& (3-3).
i=0 e TS0
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Since {m; : i € Z} isa (8, G) - average pseudo- trajectory for ¢ containing y; and y,, 3 k,n € Z such
thatm, =y, and m,=y,. So, by 3—-3) d(mp.m)<e and d(m,p,m,) <e,
which implies that cfl( G(m), G(p,my, )) <& and d (G(m),((ﬁ( Pn My, )) < g, and hence
d;(G(a), G(b)) < d1(G(a),G(m)) + d;( G(m),G(b)) < e+ ¢ = z?y which is a contradiction.
This proves that dim(M'/G) = 0. Hence, the orbit space M /G of M is totally disconnected.

Proof : (&)

Assume that M /G is totally disconnected. Then clopen sets form a basis for topology of M. By
hypothesis, G is compact, then we have the possibility of an invariant metric d on M congruous with
topology of M. Let € > 0 be given and let {4, ,A4,, ...,A,,} be a finite subcover of M'/G containing
clopen setssuchthat A; NA; =@ fori # jand diam 4; <e, Vi € {1,2,.. ,n}.

A set B, =W 1(A), Vi, since A; is a closed subset of M /G and 7 is a continuous map,
B; =¥~1(A;) iscompact, since B; c M, and B; isaclosed. So, A; NA4; =@, implies
YIA) n¥T(4)) =9, implies B; N B; = 9.

Let a;; = d(4;,4;) for # j . Then A;, A; is compact, implies a;; > 0 for i # j. Choose «
suchthat 0 < a <min {a;; : 1 <i,j <n}. We must prove that the identity map ¢ has the G ASP.
We prove that every (a, G) — average pseudo- trajectory for ¢ is € - shadowed in G —average by the
trajectory of some point m € M. Let S = {m, : i € Z} be a (a, G) — average pseudo- trajectory for
¢. Then for Vi € Z, 3 g; € G such that

n 1 n 1
Z d(gi d(my), myys) <@ implies to Z d(gim;,mipy) <a, GB-4)
i=0

Note that if m; € By, then m;,, € By . For if m;,, € B;, j # k , then B, is G-invariant g; m; €
B, and m;,, € B; , |mpI|es

Z € (g0 mD), Misy) == 2 d(Bi.B) = ay>a,

This is a contradlctlon with (3 —4). Similarly, |f ml € By, then m;_; € By. For if m;_; € B;,
j # k, then B; is G- mvarlant gi-1 Mi—1 € B; and m1+1 € B;, implies

Z d(gi-1mi—g, my) == Ed(Bk B)— a;; > «a,

This is a contradlctlon with (3 —4). So, Vi€ Z ml € By. This implies that G(m;) € A, but
diam A, <¢&,50 VG(m) € A, and Vi € Z,
n-1

1
;Z d; ( G(m), G(my) < e.

i=0
By hypothesis, G is compact, so Vi € Z,3 ¥;, u; € G, such that
n-1

1
1—12 dm,u; m;) < e.
i=0

Thus Vi € Z,3 g; € G such that

1~ .,

Ez d( ¢'(my), gi m;) <e.

i=0
HenceS = {m; : i € Z} is € - shadowed in G —average by the trajectory of some point m € M.
Since S is an arbitrary (a, G) — average pseudo- trajectory for ¢, it follow that every (a, G) — average
pseudo- trajectory for ¢ is € - shadowed in G —average by the trajectory of some point m € M.
Hence ¢ has the G ASP.
Definition 3.9. [5]
Let M and Y be metric spaces. A continuous onto map h: M — Y is called a covering map, if for

each y €Y, there exists an open neighborhood B, of y in Y such that ¢~*(B,) = liJAl-,

1721



AL-Juboory and AL-Shara'a Iragi Journal of Science, 2020, Vol. 61, No. 7, pp: 1715-1723

(i #j, implies A; NA; =@, where each A; is open in M and hlg;: A; > B, is a
homeomaorphism).
Theorem 3.10

Let ¢: M — M be a pseudo-equivariant map on a compact metric G —space (M, d) and let the
orbit map W: M - M /G be a covering map, then ¢ has the G ASP iff the induced map
¢ : M/G - M /G has the ASP.

Proof: (=)

Assume that ¢ has the G ASP. We must prove that ¢ has the ASP. We choose ¢ > 0. Since W is
uniformly continuous, 3y > 0, such that d (m,y) <y, implies d; (¥(m), ¥(y)) < . Also, ¢ has
the G ASP, so 3 1 > 0, such that every (u, G) — average pseudo- trajectory for ¢ is y - shadowed
in G —average by a point m € M. Since W is a covering map on a compact space, 3 § > 0, such that
vm € M. We find an «,, satisfying (lPlAam)‘l(Ag(lP(m))) c A,(m). We must prove that ¢ has

the ASP. We show that every § — average pseudo- trajectory for ¢ is ¢ shadowed in average by a
point of M /G. Let {G(m;):i € N,}is an § — average pseudo-trajectory for ¢. Then 3 A, SUch that

-1
Mipy € (wuam”l) (As(P(d(m)))) € A, (b(my)), implies {G(x):i € N} is an (u,G) —
average pseudo- trajectory for ¢ and so is y — shadowed in average by some point m € M. Hence,
VieNy,3g; €G,suchthat:
n-—1

%2 d (gi mi, d’i(mi)) <y.

i=0
Moreover, using uniform continuity of the covering map ¥, we get :
n-—1

lz @ (6 (9'm), 60mp ) < &
n 4 y 1 i i
1=
This proves that {G(m;) : i € Ny} is - shadowed in average by G(m). Hence, ¢ has the ASP.
Proof: (&)

Assume that ¢ has the ASP. We must prove that ¢ has the G ASP. We choose & > 0. Since ¥ is a
covering map and M is compact, then 3§ >0 such that for W(m) e M/G,
Yl(As(¥(m)) = UAq, Where VA, in M, ae A, @ # f8, whichleadsto A, NAz = ¢ and that
Yl Ay = A,;(LI&(%)) is a homeomorphism. For & —neighborhood A,(m) of m, consider A, which

contains m. If diam 4, < e, we have W~'|,_ (A(g(\li(m))) c A, € A (m). If diam 4, < €, then

choose Ay C A, such that diam A, <& and m € A;, , we have W[, (A,;(‘P(m))) c A, c

A.(x). Since ¢ has the ASP then 3 u > 0, such that every u — average pseudo- trajectory for  is & -
shadowed inaverage by a point of M /G. Uniform continuity of ¥ implies that 3y > 0 such
that d(m,y) <y whichleadsto d; (¥(m),¥(y)) <y. To prove that ¢ has the G ASP, we show
that every (y, G) — average pseudo- trajectory for ¢ is € - shadowed in G —average by a point of M.
Let {m; : i € NV} be a (y, G) — average pseudo- trajectory for o¢.
n-1
1
This implies that Vi € My 3 p; € G suchthat lim SUpEZ d(pih(m;),m;41) <y,
n—-oo —

1 n-1 =0

Therefore, limsup - Z d; (‘P(d)(mi)), ‘P(ml-“)) <u, and hence we have

n—-oo

i=0

n-1
limsup=- > d; (6(60m)), Glmear)) < 1,
i=0

n—-oo

which proves that {(Eﬁ(ml-): i € Ny} is anpu —average pseudo- trajectory for ¢. Since ¢ has the
ASP, then {G(m;): i € Ny} is € -shadowed in average by a point of M /G.

n-1
1 )
Suppose that G(x) and hence ;Z d; ((G (c]>l(m)),G(mi)) <48, Vi€N, Butthis

i=0
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gives LP(cl)"(m)) c A,¥Y(m;), implies ¢‘(m)e w1 (Ag(l}’(mi))) c A.(m)

n-1

1 .
and therefore  lim sup— Z d(d'(my), gim;) <e, g €G
n—oo

i=0

Hence ¢ has the G ASP.
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