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Abstract

The main goal of this paper is to study applications of the fractional calculus
techniques for a certain subclass of multivalent analytic functions on Hilbert Space.
Also, we obtain the coefficient estimates, extreme points, convex combination and
hadamard product.
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1- Introduction:
Let L(p, m) represents a class of functions as below:

f(z) =2° + Z apz®, (pmeN={12..}), (1.1
n=p+m
which are analytic and multivalent in the open unit disk U = {z € C: |z| < 1}.
Let K(p, m) represents a subclass Of £(p, m) contains functions of the form:

f(z) = 2° — Z apz”, (ap=0pmeN={12..}), (1.2)
n=p+m
A function f € L(p, m) is said to be starlike of order §(0 < § < p) if it satisfies the condition:
Re {Zf'(z)} >6,  (se0)
f@) ' ’

and is said to be convex of order §(0 < § < p) if it satisfies the condition:
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zf"' (2) R
Re{l + o } >6, (z€U).

Denote by S;,,(p, §) and C.,(p, 8), the classes of Multivalent starlike and convex functions of order 9,
respectively, which were introduced and studied by Owa [1]. It is known that (see [2] and [1])

f € Cyy(p, &) if and only if Zfoz) € S5(p, 8).
The classes Sy, = S*(p, 8) and C;(p, 8) = C(p, 6) were studied by Owa [3].

Let 'H be a complex Hilbert Space. Using T as a linear operator on 'H. For a complex analytic f on the
unit disk U, f(T) is represented as operator know by the usual Riesz-Dunford integral [4]

1
(D =5 | f@@ -1,

where I is the identity operator on 'H, c is a positively oriented simple closed rectifiable contour lying

in U and containing the spectrum a(T) of T in its interior domain [5]. Also f(T) can be defined by the
series

- f™(0)

n!
n=0

(=

which converges in the norm topology [6].
Definition (1.1) [7]:
The fractional integral operator Of order £ (¢ > 0) is known by

-3 _ 1 1 T4
DT .f(T) - F(Z) fo (1+t)1_< dt,

where f is analytic function in a simple connected region of z - plane containing the origin.
Definition (1.2) [7]:
The fractional derivative for operator of order { (0 < ¢ < 1) is defined by
1 d (TR
PYT) = | e

r1-9dtJ/, 1-19
where f is analytic in a simply connected region of the z - plane containing the origin.
For f € K(p, m), from Definitions (1.1) and (1.2) by applying a simple calculation, we get
I(p + 1) > T(n+1)

™

-G —_ V) mp4l ST n+{
IO =t 770" 2 Tmrir D anT (13)
and
oy L@FD o T+ e

Definition (1.3):
A function f € K(p, m) is defined in the class L K(p, m, 8, 0,9, T) iff satisfies the inequality:

T (T) = p(TF (D = FCONI < 8| — Bo)(TF (D) — (D) + B = DT'(D|, (1.5
where0 < <1,0<0< %,0 < 9 < 1 and for all operator T with || T|| < 1 and T # @ (@ denote the
zero operator on ‘H).

The operators on Hilbert Space were considered by Xiaopei [8], Joshi [9], Chrakim et al. [10], Ghanim
and Darus [11], Selvaraj et al. [7] and Wanas [12].

2- Coefficient Estimates:

In this section, we obtain coefficient estimates for the function f to be in the class £ K(p, m, 8, 0,9, T).

Theorem(2.1): Let f € K(p, m) be defined by (1.2). Then f € £ K(p, m, B, 0,9, T) for all T # @ iff
Lnzprm( — D[BI(n —0) + (p —n)(1 + I]a, < fI(p — D(p - 0), (2.1)
where 0 < f<1,0<0<,0<9<1.

The result is sharp for the function f given by

B9(p-1)(p-0)
— =2b n
f® =2 — S sm-oromarn] £ 'R 2 2 (2.2)
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Proof: Assume that the inequality (2.1) considered. Then, we have

IT2F"CT) = pCTF (D) — SO = 9]l — Bo)(TF (D) — (D) + (8 = DT (D]
> - DE- W

n=p+m

— Hﬁ(p “DE-IT - Y (-DB0-0)+ k- n)]anT“H

n=p+m

< z (=1 - may|ITI" =98 — D - )ITIIP

n=p+m

+ ) 90 =DIBm - 0)+ ( — e ITI"
n=p+m
< Znzp+m(@ — D[fIn —0) + (p —n)(1 + I)]a, —IB(p - D(p —0) <0.
Hence f € £ K(p, m, B, 0,9, T).
To show the converse, assume that f € E'K(p, m, 8, 0,9, T). Therefore
T2 (D) = p(TF (D) = FCD)I| < 9] = BoI(TF (D) = £(D) + B = LT (D,

gives

> (- DE-neT"
n=p+m
<IB - D@ - )T’ - Zipsm@ — DB — ) + (p — m)]a, T"||.
Setting T = r (0 < r < 1) in the a above inequality, we get
Z?ﬁ:p+m(n_1)(-p_n)anrn
Bp-1)(p—0)rP-EiL s m(n—D[B(n—0)+(p—n)]anr™ < (23)

By taking (2.3) withr — 17, we obtain

> (= DE-na,

n=p+m

<OH-DE-0)= ) dn-DIEm-0)+ -l

n=p+m
or

> (= DIBI0O - )+ (o~ (A +Dlan < I~ D — ),
which is the pnr;%;rr?y is proved.
Corollary (2.1): If f € L K(p, m, 8, 0,9, T), then
B9(p —1(p — o)

a, < , n > 2. 2.4
"S- DB —0) + - m( T )] 24
3- Extreme Points:
We obtain here an extreme points of the class £t K(p, m, 8, 0,9, T).
BY(p-1)(p—0) n

. = zP = zP —
Theorem (3.1): Let f,(z) = 2 and f,(2) = =z DSt D Z D =>p+m

Then f € £K(p, m, 8, 0,9, T) if and only if can be expressed in the form:
f(2) = 1p2¥ + z Tofn(2). (3.1)

n=p+m
Where (7, 20,7, 20, n=p+m)and 7, + Y7, m Ty = 1.
Proof: Suppose that f is expressed in the form (3.1). Then, we have
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_ N OG- D@ - 0) .
f2) = 1p2° + n;mrn [zp ~ T DBG ot G AT
. i ] B9~ 1D~ 0) .
et =D - o) + -+ D]
Hence
z (n_l)[ﬁﬁ(n_0)+(,p—n)(l+19)]XT B9(p — 1)(p — o)
nZptm pI(p—1)(p —o0) "(n=D[BIM—0)+ (p—n)(1+I)]
= Z Tn=1_Tp31.
n=p+m

Thenf € tK(p,m,B,0,9,T).
Conversely, suppose that f € LK (p, m, 8, a,9, T), we may set
_ (- DI —0) + (p —n)(1 +9)]

o o B9 - D(p—0) o
where an is given by (2.4). Then
_ S N B9 — D(p — ) ]
) = ‘n;m““z = ‘n;m’“ - DB -0 + G-+ 0]

=2z — Zgozp+m(zp _fn(Z))Tn = (1 - Z?lozp+m7n)zp + E?lozp+m Tnfn(2)

=1,2" + Z Tofn (2).
n=p+m
This completes the proof of the theorem.
4- Convex Combination:
Theorem (4.1): The class LK(p, m, 8, g, 9, T) is closed under convex combinations.
Proof: Fori = 1,2,.., letf; € LK(p,m, B, 0,9, T), where f; is given by

@ == > ape.
n=p+m

Then by (2.1), we have
Lo=p+m( — D[BI(n —0) + (p —n)(1 + Ilay,; < pI(p - D(p —0), (4.1)
For 372, v; = 1,0 < v; < 1, the convex combination of f; may be written as

ivi.fi(z) =z — i (ivi an,i) z".

i=1 n=p+m \i=1

Thus, by (4.1), we get

(= DS = 0) + (o = m)(1 + )] (Z v an,l)

n=p+m =1
=D ( > (=D -+ G -m(+ ﬁ)]an,i)
i=1 n=p+m

< v (9% - D - ) = I - Do - ).
i=1

Therefore

[ee)

z Vi.fi(z) € EK(P: m, ﬁr g, 7-9' T)

i=1
Corollary (4.1): The class L K(p,m, 8, g,9, T) is a convex set.
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5- Applications of the Fractional Calculus:
Theorem (5.1): If f € EK(p, m, B, 0,9, T), then
- r r r 9(p—1)(p—
[PEACD || < e i 1+ e o te S D) (RI GRS

['(p+{+1) TF(p+1)C(p+m+{+1)(p+m-1)[I(p+m—0)-m(1+9)]
and
- I'(p+1) p+¢ TF(p+m+1)T'(p+{+1)BI(p—1)(p—0) m
||DT Jc(T)” — I'(p+J+1) ”T” [ T(p+1)C(p+m+{+1)(p+m-1)[fI(p+m—0)-m(1+9)] ”T” ] (5'2)
For the function f, the result is sharp as follows
9(p—1 -0
f() =2 — pOB = D~ ) ZP*™ (pm € N).  (5.3)

p+m—-1D[BI(p+m—0)—m(1+9)]
Proof: Letf e tK(p,m,pB,0,9,T). By (1.3), we have

T+ DI'(p+7+1)

F(p+¢+ ) p=¢ B n
T+ 1) fD=T° v p+mF(n+Z+1)F(p+1)anT |
Setting
T+ DM(p++1)
T(H'O_F(n+{+1)l"(p+1)' (n=p+m,p,mEN),
we get
TE+{+1), e o0 X i
o TR =T - ) e OaT"

n=p+m
Since for W(n, {), ¥ is a decreasing function, then we have
Fp+m+DI(p+7¢+1)
0<Y¥Y(n,() <Y ,() = .
0 < ¥ +m Y = T T+ i + 1)
Now, by the application of Theorem (2.1) and (5.4), we obtain

Fp+3+D, . i
‘WT B (D)) = T +n;m‘1’(n.c)an|m|

<ITIP + G +mOITIP™ > ay

< by Fp+m+ DI (p+ 7+ 1)BI(p TS&)—G)
= IITl FTp+Dl(p+m+I+D(p+m—-1[BIp+m—0)—m(1+9I)]
which gives (5.1) Similarly, we also have also have

(5.4)

TP,

F(p +{+ 1) n=< C n
H oD TP = TP - n;mwn.c)annw
> ITIP - %@+ m OITF™ > a
n=p+m
> ”T”p _ T(p+m+1D)C(p+{+1)BI(p—1)(p—0) ||T||P+m:

I'(p+1I(p+m+J+1)(p+m—-1)[I(p+m—0)-m(1+9)]
which gives (5.2).
By taking { = 1 in Theorem (5.1), we obtain the following corollary:
Corollary (5.1): If f € LK(p, m, B, 0,9, T), then

TP+ pI(p* —1)(p —0) m
(Dt < p+1 [1 + (p+m)2—1D[BI(p+m—0)—m(1+I)] Il ]
and
! TP+ pI(p* —1)(p —0) m
[ weva| = 5|t - = e e =m0

Proof: By Definition (1.1) and Theorem (5.1) for { = 1, we have D{Zf(’[‘) = fol Tf(tT)dt, the result
is true.
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Theorem (5.2): If f € LK(p, m, 5, 0,9, T), then

4 I'(p+1) p—¢ TF(p+m+1)T'(p—{+1)BI(p—-1)(p—0) m
||BTf(T)|| — I'(p—-¢+1) ”T” [ T(p+1)C'(p+m—-{+1)(p+m-1)[fI(p+m—-0)-m(1+9)] ”T” ] (5'5)

and
T(p+1) 4 _ T(p+m+ 1T (p—{+1) B9 (p—1)(p—0) m
”B Jr(T)” — T'(p—{+1) ”T”p [1 T'(p+1)r(p+m—-J+1)(p+m—-1)[fI(p+m—0)-m(1+9)] ”T” ] (5'6)
The result is sharp for the function f given by (5.3).
Proof: Let f € L'K(p, m, 8, 0,9, T). By (1.4), we have

'p—C+1) T(D%f(r[‘) _ Te+DI(p-7¢+1)

anT"

'p+1) St ITmh—-¢+DI'(p+1)
=T - Z;O=p+mM(nr Dan T
where
M(n’q):l"(n+1)l"(p—(+1) (n=>p+m,p,me€N).

In—=¢+l(p+1)’
Since for n = p + m, M is a decreasing function, thus we have

_Tp+m+DI(p-7+1)
0<MMm,Q)<M(p+m,Q = Tp+m—1 Do+ 1)
Also, by using Theorem (2.1), we get

Z . BI(p—1)(p — o)
St = (p +m—-1D[I(p+m—0)—m(1+I9)]
Thus
rp-{+1 . ¢ N ;
H T+ 1) TDf(D|| < IITIIP—n;m‘P(H.G)anIITII
> [T + M@ +m OITP™ > ay
< ITIIP = F(p+m+1)[‘(p+(+il)zﬁg;(gl—l)(p—a) Thniaaa
=T T'(p+1)Ir(p+m+J+1)(p+m—-1)[BI(p+m—c)—-m(1+9)] 1 )
Then
[pSfeD|| < F(—“)QIITIIP f[

Fp+m+DIp—-J{+ DRI -1 —o)
F(p+1)F(p+m (+Dp+m—-1D[BIp+m—0)—m(1+9I)]
and by the same way, we obtain

[ti@] _T)DMTMH [1
3 Fp+m+ DI -7+ DBIp —1D(p—o0)
T+ DIrp+m—-7{+1DP+m-1)[Ip+m—0)—m(1+9)]

6- Hadamard product
Let the function f;(2)(j = 1,2) be defined by

fi(®) =2 — Z an, 2", (an,]- >0). (6.1)
n=p+m

The modified Hadamard product of f; (z) and f,(2) is defined by

(1 fRE =2 = ) anyan," = F* )@,
n=p+m

Theorem(6.1): Let the function f;(2)(j = 1,2) be in the class LK(p, m, 8, 5,9,T). Then
(f1 * f2)(2) € LK(p, m,n, 0,9, T), where

IITIIm]-

IITIIm]-
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B*(p—-1D(p-0)(p-n)(1+9)
(n - D[fI(n—0) + (p—n)(1+9)]*> - p292(p—- D —0o)n—0)
The result is sharp for the functions f;(2)(j = 1,2) given by
o BI(p—1)(p —0) W
= G Dpem -+ o-maro U 6
Proof: Employing the technique used earlier by Atshan and Buti [13], we need to find the largest n
such that

an10n, < 1.

i (0 = DI(n = 0) + (p — n)(1 +9)]
St mp -1 -o)
Since f;(z) € LK(p, m, f, 0,19, T, (G = 1,2), we readily see that
Z (n—1) ﬁﬁ(n—a)+(p—n)(1+l9)]a <1
B —D(p — o) me

n=p+m
and

i:m—anmwﬂ+@—mu+m1
A BI(p —1)(p — o)

=p+m
By the Cauchy-Schwarz inequality, we have

an'z <1.

o (= D[BIn — ) + (p —n)(1 + )]
n;m 5900 — Do — o) Jan1anz < 1. (6.3)
Thus it is sufficient to show that
(=DM —0) + (p—n)(1+9I)] (n—D[fIn—0) + (p —n)(1 +I)]
79— D — o) fn1fnz = B9 —D(p—0) Vn1n2

or equivalently, that
n[p¥(n—o) + (p —n)(1+9)]
V12 = gl — o) + (p— (1 + O]

Hence, in the right of inequality (6.3), it is sufficient to prove that
B9 —1D(p —o) MBI —o) + (p —n)A + 9]
(=DM —0)+ (-1 +9)]~ Blnd(n—0) +(p-n)(1+9)]

which implies
PP -D(p-—a)p-n(1+9)

< .

T= @D —-0) + (p— A+ O — B202(p— D(p—0)(n—0)
Theorem (6.2): Let the functions f;(z), (j = 1,2) defined by (6.1) be in the class LK(p, m, 8, 0,9, ).
Then the function

(6.4)

h(z) = z° + z (a2 +aZ,;)z"
n=p+m
belong to the class L K(p, m, 8§, g, 9, T), where
_ 2629 (p—n)(1+9) (p-1) (p=0)
(0-1)[BI(n~0)+(p-n)(1+9)]2-2B292(p~1)(p~0)(n-0)’
The result is sharp for the function f;(2)(j = 1,2) given by

B9(p — D(p —0) .
i@ = DB -o) + A+ ] 65)
Proof By using Theorem (2.1), we obtain
(n—D[BIn— o) + (p —n)(A +I)]|’
nwm B — D) i
2
(r—D[BI( —0) + (p — n)(1 + V)]
Sme B9 D0 — o) %4SL 0
and
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[(n — DI -0) + (p-—n)(1 + 19)]] 2
B — D —o0) 2

n=p+m

2
(n—D[fI(n—0)+ (p —n)(1+ V)]
50— D0 o) az,| <1 (6.7)

n=p+m

It follows from (6. 6) and (6.7) that

Z [(n— DB —0) + (p —n)(1 +9)]

B9 —1(p—o0) ] (ad;+af,) <1

n=p+m

Therefore, we need to find the largest 6§ such that

(= D[Y(n—0) + (p—n)(1 +9)] [(n — DI -0)+ (p—n)(1 + 79)]]

§9(p—1)(p—o0) B —1(p—o0)
That is
5 < 2B%9(p—n)(1+9) (p-1) (p—0)
~ (-D)[BI(n~0)+(p-n)(1+9)]2~24292(p~1)(p~0)(n-0)’
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