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Abstract
Let R be a prime ring and d: R —R be a (c,1)-derivation of R. U be a left ideal of

R which is semiprime as a ring .In this paper we proved that if d is a nonzero
endomorphism on R ,and d(R)cZ(R),then R is commutative ,and we show by an
example the condition 4 is an endomorphism on R can not be excluded. Also , we

proved the following.

(i) If UacZ(R) (or aUcZ(R)), for aeR), then

a=0 or R is commutative.

(ii) If d is a nonzero on R such that d(U)acZ(R) (or ad(U)cZ(R) for acZ(R), then

either
a=0 or o(U)+t(U)cZ(R) .

(iii) If d is a nonzero homomorphism on U such that d(U)acZ(R)(or ad(U)cZ(R) )

for

aeR , then a=0 or o(U)+1(U)cZ(R).
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Introduction

Let d : R —R be an additive mapping. If
d(xy)=d(x)o(y)+ t(x)d(y) for all x , yeR , then d
is called a (o,1)-derivation of R,where o,T:R—>R
be two mappings on R [1].
On the other hand we said that d is an
endomorphism or anti-endomorphism
respectively if d(xy)=d(x)d(y) or d(xv)=d(y)d(x)
forall x, yeR
Recall that a ring R is a prime if aRb=0 ,
a,beR,implies that either a=0 or 5=0[2] .
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0=a W 8,Z(R)>a

Also,we recall that a ring R is a semi- -prime if
aRa=0,ae R implies that a=0[2].
Neset Aydin and Oznur Golbasi proved that if R
is a prime ring and d is a
(o,1)-derivation of R , where ¢,1:R —R be two
automorphisms on R see[3]. Then
(i) If d is an endomorphism on R, then

d=0.
(i1)if d is an anti-endomorphism on R, then

da=0.
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(i1) If U is a nonzero left ideal of R which is a
semiprime as a ring.If Ua=0(aU=0)

for aeR, then a=0.
(iti) If U is a nonzero left ideal of R which is a
semiprime as a ring such that

d(U)=0, then d=0.
So, we generalized some of above results.
In this paper we considered R is a prime ring ,
Ua left ideal of R and d is a(o,1)-
derivation of R,where ¢,1:R —R be two
automorphisms on R .

Also , we used the identities in this paper as
follows: Forall x,y,z €R.

(1) ozl =x[yz] +[xz2]y

[xyz]l =[xylz+z[xz]
(”) {xy:z]c,t= X [V: O'(Z)]"‘ [x»z}cr,'ry
= x[y,2)ox X, ©2)] y

Results
Theorem (2.1)] 2]

Let R be aprime ring. If d
a (o,1)- derivation of R which
endomorphism on R, then 4=0.
Remark (2.2)

We can not exclude the condition d is an
endomorphism on R . So, the following example
shows.

Example(2.3)

Let R= {(x y] xy.zt €Zwhere Z is the
z

is

is an

number of integers — be 2x 2 matrices with
respect to the usual operation of addition and
multiplication, then R is a prime ring , see[4].Let

o,T:R— R be automorphisms

> 2l [* =X x yi_|*x —VY
z t) \-z ) z -z 1 '
Let d:R—> R ,defined by

0

Z
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R but is not an endomorphism on R, so d #0.
Remark(2.4)

From Theorem (2.1), if 4 is an anti-
endomorphism on R, then the previews example
stay true.

To prove the first main theorem, we need the
following Lemma.

], is a (o,7)-derivation of
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Lemma(2.5)

Let R be a prime ring . If d is a nonzero
(o,1) - derivation of R which
endomorphism on R, then d(R)cZ(R).
proof

is an

Forall x,y,reR we  have

[de)r] = [d(x) o)+ T(x)d),r]

on the other hand

[d(xy),r] = [d(x)d(y),r]. So, we have
[dx)d(y),r] = [d(x) o(p),r]+] ©1(x)d(y),r]
[d(x)d(y),r] =d(x)[d(y),r]+[d(x),r)d(y)
=d(x)[ o(y),r]Hd(x),r]lo(y)+t(x)[d(y).r]
+[ t(x),r]d(y) forall x,y,r eR (1)

On the other hand
d(xy)=d(x) o(y)tt(x)d(y)=d(x)d(y) ,for all x y
€R. Substituting x» for x in (1) , we get
d(xr) o(y)+ 1(xr)d(y)=d(xr)d(y), r €R
Since d and t are homomorphism of R , we have
d(x)d(r) o(y)+ 1(x) w(r)d(y)= dx)d(r)d(y)
Expanding the last equation , we have
d(x)d(r) s()+ (x) T()d(y)=d(x)d(ry)
= d(X)d(r)o () Hd(x)()d(y)
or equivalently,
0= d(x)t(r)d(y)- 1(x) Wr)d(y)
=( d(x)- ©(x)) T()dE).
Since T is an automorphism of R, we get
(d(x)- t(x))R d(y)=0 , for all x.yeR.
Since R is a prime ring , we conclude that
d(x)=t(x) ,forallxeRor d=0. ...(2)
Since d is a nonzero, so we have d(x)=1t(x). Then
, from (1),we get
d(x) [o(¥),r]+[d(x).r] o(y) =0.
So [d(x)o(y),r]=0 forall x.,p,reR. Take
zx instead of x .ze R ,then
0=[d(zx)5(y),r]=0
0=[ d(z) d(x)o(y),r ]
=d(z) [ dx)o(),r I+ [d(2),r ] dx)o(y)
= [d(z),r ] d(x)o(y) , forall x,y,r,zeR.
Since d(x)o(y) €Z(R), then
0=[d(2),r ] Rd(x)o(y), forall x.,y,r,zeR.
Hence, 0=[d(R),R ]R d(R)o(R).
Since R is a prime ring and d(R)#0 . then we
have d(R) cZ(R) .
Theorem(2.6)

Let R be a prime ring and let d be a nonzero
(o,t)-derivation of R such that is
endomorphism on R then R is commutative.
Proof
By Lemma(2.5) , we have d(R)cZ(R).
Therefore for ali  x,v,r eR, we have
O0={d(xr)y]=[d(x)o(r)+1(x)d(r).v]

forall x,y,rzeR

an
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=[ dx)o(r)y]H t(x)d(r).y]
=d(x)[o(r).y]Hd(x).y]o(r)+ t(x)] d(r)y]

+ [ r).

Since d(R) in the centre of R ,then we have
0=d(x)[o(r)y] + [ w(x).y)d(r) .

forall x,y,reR

By (2) from a proof of Lemma (2.5), we have
1=d on R , then

dx)[o(r)y1+ [ d(x)y)dr)=0

forall x.,y,reR Also, we have
d(x)[o(r),y]=0. Therefore,

d(x)R[o(r),y] =0 , for all x, y,» €R .So, we have
d(R) R [R,R]=0.By a primeness of R, and
d(R)#0, then R is commutative .
Remark(2.7)

By an Example(2.3), we can see from the
above Theorem that the condition d is an
endomorphism on R,can not excluded.

Also , we generalized the following Lemma .
Lemma(2.8)[ 2 |

Let R be a prime ring and U be a nonzero
left ideal of R which is a semiprime as a ring.
If Ua=0(or aU=0) for acR, then a=0 .
Theorem (2.9)

Let R be a prime ring and let U be a
nonzero left ideal of R which is a semiprime as a
ring. If UacZ(R) (or aUcZ(R)) for acR, then
a=0 or R is commutative.

Proof
If UacZ(R) , then for ucU, x,reR
0=[xua,rl=x[ua]+{x,rlua
=[x,rlua .Take xy ,yeR,instead of x,
then we have 0=[x,7]yua and hence,
0=[x,r]Rua , for all ucU, x, reR. Since R is a
prime ring, then we have ¢ither
R is commutative or Ua=0.
If Ua=0 , then by Lemma (2.8) we have
a=0.
If aUcZ(R), then foruyveU, reR
O0=[auv,rl=aulv,r]+[aurlv
=au[v,r]. Replace r by ry ,where
veR.So. we have

O0=aufv,ryl=aur[v.yl+aufvr]y.

=aur[vyl. forall u ,ve U, yecR
Hence, aUR[U,R]=0
Since R is a prime ring , then either

aU=0 or UZZ(R). If aU=0, then by Lemma
(2.8) we have a=0. If UcZ(R),
then R is commutative.
Now, we generalize the following Theorem.
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Theorem(2.10) [ 2 ]

Let R be a prime ring , U a nonzero left ideal
of R which is semiprime as a ring.If d is a
nonzero (o,t)-derivation of R such that d({)a=0
( or ad(U)=0), then a=0.

So, we need the following Lemma.
Lemma (2.11)

Let R be a prime ring and U be a
nonzero left ideal of R which is a
semiprime as a ring . If d is a (o,7)-
derivation of R such that d(U)cZ(R), then
either d(R)=0 or o(U)+t(U)=Z(R).

Proof
Assume d(U)cZ(R).Then for all
we have
0=[d(xu),r]=[d(x)o(u)+ t(x)d(u),r]
=[d(x)o (), Tx)dl(a) 7]
= d(x)[o(w).r 1+ [d(x), o)+
T()[d(w).r1+ [2(x),rld(u)
So, we have
0=d(x)[a(u),r|+ [d(x).r]o(u)y+[t(x).r]d(u)
Therefore , d(x)o(u)r-d(x) ro(u)+
d(x) ro(u) -r d(x)o(u) +t(x)rd(u)-rv(x)d(u)
= d(x)o(u)r- r d(x)o(u) +r(x)rd(u)-ri(x)d(u)
=d(x)[o(u),r]+[t(x),F]d(u) , for all ueU, x
Y€R. In special case assume that x=u, then
O=d(u)[o(u),r 1+ [t(1),r)d(u)
Since d(U)YZ(R) So
d(u)[o(u)t+t(u),r]=0 , for all ue U, reR.
Hence, d(U)R[o(U)+1(U),r]=0.Since R is a
prime ring ,then either
d(Uy=0 or o(U)y+t(U)cZ(R).
If d(U)=0, then by Lemma 2[2], we have
d(R)=0.
Theorem(2.12)

Let R be a prime ring and U be a
nonzero left ideal of R which is a
semiprime as a ring . If d is a nonzero
(o,t)-derivation of R such that ad(U)cZ(R)
(d(U)acZ(R)) for ac Z(R), then either
a=0 or o(U)y+t(U)cZ(R).

Proof

ForallreR and we have ad(U)cZ(R) , then
0={ad(U)r]=ald(U)r1+{a,rjd(U).
0=[ad(U),r}= ald(U),r]. Since ac Z(R), we have
0=aR[d(U)#], forall reR.

Since R is aprime ring, then either =0 or
d(U)cZ(R). If d(U)cZ(R), then by Lemma

uelU,xeR

?

(2.11) and d(R)=0 , then
o{Uytt(U)cZ(R).
If  we have d(U)acZ(R), then

for all reR , we have
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0=[d(V)a,=d(U)[ar+d(U),rla
= [d(U),r]a

Since R is a primering then either
d(U) cZ(R) or a=0.

If d(U) cZ(R) , then by Lemma (2.11) and
d(R)#20, we have o(U)ytt(U)cZ(R).

Also , we generalized Theorem (2.10) as
following .
Theorem (2.13)

Let R be a prime ring ,U be a nonzero left
ideal of R which is a semiprime as a ring. Let d
be a nonzero (o,t)-derivation and is a
homomorphism on U such that if d(U)acZ(R)(
or ad(U)cZ(R)), then either a=0 or
o(U)r(U)cZ(R).
proof
Assume that ad(U)cZ(R).

Since d is a homomorphism on U, then for all
uyvel , we have
ad(uv)=ad(u)d(v)e Z(R).So , for all re R
0=[ad(u)d(v),rl=ad(u)[d(v).r]+[ad(u),r]d(v)

= ad(u)[d(v),r] for all u, ve U, reR

Hence , ad(U)[d(U),R]=0 .
Since ad(U)cZ(R), then we have
ad(U)R[d(U),R]=0. By a primeness of R , we
have either ad(U)=0 or d(U) cZ(R). If ad(U)=0
, then by Theorem (2.10) we have a=0.If
d(U)cZ(R) then by Lemma (2.11)
o(Uy+t(U)cZ(R).
Assume that d(U)acZ(R).
Since d is a homomorphism on U, then for all
u,ve U, we have
d(uv)a=d(u)d(v)ac Z(R).So , for all reR
0=[d(u)d(v)a,r]

=d(u)[d(v)ar+[d()r)d(v)a

=ld(u),rld(v)a for all u, ve U , reR
Hence , [d(U),R] d(U) a=0 .
Since d(U)acZ(R), then we have
[d(U),R]R d(U)a=0. By a primeness of R , we
have either d(U)a=0 or d(U) <Z(R).
If d(U)a=0 , then by Theorem (2.10) we have
a=0 If d(U) cZ(R) , then by Lemma (2.11)

o(U)rt(U)cZ(R).
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