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Abstract
In this paper we have studied Jordan left derivation of a -torsion free ring which

has a commutator

left non- zero divisor and we initiate the study of generalized

Jordan left derivation of a -torsion free ring, which has a commutator left non- zero

divisor.

. Introduction

Throughout the present paper R will denote
an associative ring with center Z. Recall that R
is a Y-torsion free if x in R, Yx =+ implies that
x=*. As usual [x, y] will denote the commutator
xy-yX. An additive subgroup U of R is said to be

a Lie ideal of R if [u, r]Je U for all u €U, reR,
and a ring R has a commutator left non-zero

divisor means that there exist a, beR such that

[a, b] c=+ for every ceR implies that c=+. An
additive mapping d: R—R is called a left
derivation (resp., Jordan left derivation) if
d(xy)=x d(y)t+yd(x) (resp., d(x*)=Yxd(x)) hold
for all x, y €R. In [Y] BreSar and Vukman have

proved that the existence of a nonzero Jordan
left derivation on a prime ring R of char R # Y, ¥

forces R to be commutative. It should be
mentioned that the result obtained in [)]
concerning Jordan left derivation has been
improved by Deng [Y]. Some more related
results can be seen in [V, ¢, ©, 1]. It is easy to
see that every left derivation on a ring R is a
Jordan left derivation. However, in general, a
Jordan left derivation need not be a left
derivation, the following example justifies this
statement.

Example:-[ , Example . ]

Let R be a commutative ring and let aER
such that x a x= for all x € R but xay# , for
some X and y, x#y. Define a map d: R—R as
follows

d(x)=xa+ax forallx € R
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Then d is a Jordan left derivation but not a left
derivation.
Recently M. Ashraf and Nadeem—ur-Rehman in

[ ] proved that, let R be a - torsion free prime
ring and let U be a Lie ideal of R such that
u?cU for all u €U. If d:R—R is an additive

map satisfying d( u?)= ud(u) for all u €U. Then

d(uv)=ud(v)+vd(u) forallu,v €U.

In this paper (Section two), we have studied the
concept of Jordan left derivation on a Lie ideal

of a - torsion free ring which has a commutator

left non zero divisor when we have proved the
following theorem:

Theorem:- Let R be a -torsion free ring which
has a commutator left non- zero divisor and
let U be a Lie ideal of R such that u?> €U for
all ueU. If d is an additive map of R into
itself satisfying d (u?) = ud (u) for allu €U.
Then

d (uv)=u d(v)+v d(u) forallu,v €U.

In section three, we shall introduce the
definition of generalized Jordan left
derivation and we have studied this concept

on a -torsion free ring which has a

commutator left non-zero divisor by proving
the following theorem:

Theorem:-Let R be a -torsion free ring which
has a commutator left non zero divisor and
let U be a Lie ideal of R such that u?€U for

all ueU. Then every generalized Jordan left
derivation on U 1is a generalized left
derivation on U.

. Jordan Left Derivation

In this section, we shall study the concept of
Jordan left derivation on a Y-torsion free ring
which has a commutator left non zero divisor.

Lemma Y.V:-[¥, Lemma Y.Y]

Let R be a Y- torsion free ring and let U be a

Lie ideal of R such that u*[1U for all ulJU. If

d:R—R is an additive map satisfying

d(u?)=Yud (u) for all ulJU. Then for all

u, v, woJU

(1). d (wv+vu)=Y ud(v)+Y vd(u)

(ii). d (uvu)=u?d(v) +Yuvd(u)-v u d(u)

(iii). d(u v w + w v u)=(u w +w u)d(v)+Yuv
d(w)+ ¥ w v d(u)-vudw)-vwd(u)
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(iv). [u, vl ud(u)=u[u ,v]d(u)
). [u, v] (duv)-udv)-vdu))=:.

Remark Y.Y:- Let R be a Y-torsion free ring and
let U be a Lie ideal of R such that u?[1U for
all uJU. If d:R—R is an additive map
satisfying d(u?)=Yud(u) for all ul1U. Then
for the purpose of this section, we shall write
u’ =d(u v)-u d(v)-v d(u) for all u, v(JU.
Remark that, it is easy to prove the following
properties

(D)u’+vh=-
Gi)u"™=u"+u"
(iii).(utw) =u ' +w ¥
Now we can prove the main result of this
section:

Theorem?Y.Y:- Let R be a Y-torsion free ring
which has a commutator left non-zero
divisor and let U be a Lie ideal of R such
that u?(JU for all ulJU. If d is an additive
map satisfying d(u?)=Yud(u) for all uJU.
Then
d(uv)=ud(v)+vd() forallu,v €U.

Proof:-
By [ Lemma . ,(v)]
[u, v](d (uv)-u d(v)-vd(u))= forallu, veU
ie. [u,vlu'= forallu,vEU............. ()

By assumption of R has a commutator left
non-zero divisor. Then there exist elements a
and b of U such that

[a,b] c= impliesc= forevery cER....( )
By ( ) we get
[a,b] a°= and so by ( ), we get a’= ...()

In ( ) replace u by u +a

[ut a, v](ut a)’= for all u, v €U . Then
by [Remark . , (iii)]

([u, v]+[a, v])(u'+ a')=

[u, v] u™+[u, v] a™+[a, v] u'+[a, v] a'=
Then by using ( ) we get

[u, v]a*+[a, vlu'= forallu,v €U

Now replace v by v+ b and again using
[Remark . , (iii)]
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[u,v+b] a"*+[a,v+bJu' "=
[a, v]a'+[u, v]a™[u, bla*+[u, bla"+[a ,v]u"
+a ,v]u'+{a,bJu’=

Then by using ( ) and ( ) we get
[a,b]u’ = forallu,v €U. Thenby ( ) we

getu'= forallu,veU .ie

d(uv)=u d(v)+vd(u) forallu,v €U.

Then we get the result
Corollary . :- Let R be a - torsion free ring
which has a commutator left non-zero
divisors and let d:R—R is a Jordan left
derivation on R. Then d is a left
derivation on R.

¥. Generalized Jordan Left Derivation

Throughout this section, R will be an
associative ring, and U be a Lie ideal of R such
that v2€U for all u€U. Now, we shall
introduce the definition of generalized Jordan
left derivation and the definition of generalized
left derivation.

. = Let :R—R be an additive

map, if there is a left derivation d:R — R
such that

d(ab)=ad(b)tbd(a) foralla,b &R.

Then d is called a generalized left derivation
and d is called the relating left derivation.

Definition

. = Let 3:R—R be an additive

map, if there is a Jordan left derivation
d:R— R such that

Definition

d(a?)=ad(a)tad(a) foralla ER.

Then 6 is called a generalized Jordan left
derivation and d is called the relating Jordan
left derivation .

Now we shall study the concept of generalized

Jordan left derivation on a -torsion free ring

which has a commutator left non zero divisor as
follows:

Lemma

let U be a Lie ideal of R such that u2€U for

all ueU. Let 0:R—R be a generalized
Jordan left derivation and d:R—R the
relating Jordan left derivation. Then for all u,
vEU, 6 satisfying the following:
(1).6(uvtvu)=u d(v)+v d(u)+v d(u)+u d(v)

. =-Let R bea -torsion free ring and
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(i1).0(uvu)= uv Jd(u)+
u?d(v)
(iil).0(uvwHwvu)=uvd(w)+wvo(u)+ uvd(w)
-vud(w)+ wvd(u)-vwd(u)+uwd(v)+wud(v)
(iv).[u, v]( d(u v)-u 8(v)-v d(u)) = .

uv d(u)-vu d(u)+

Proof:-
(i) Since
uvt+vu= (u +v) 2- u2- v2
Then
uv+vu € U ,and so
d(uvtvu) = d((u +v)?) — d( u?)- 8( v?)
= (u +v)d (u +v) +(u +v) d(u
+v)- ud(u)-u d(u)- v 8(v)-v
d(v)
=ud(u)+tud(v)+vé(u)+vo(v)+
ud(u)+ud(v)+vd(u)+vd(v)-
ud(u)-ud(u) -vo(v)-vd(v)
Then d(uv+vu)=u do(v)+v d(u)t+v d(u)t+u
d(v) forallu,v € U.
(i) BY replacing v by u v+ vu in (i), we get
W=3 (u(uv+vu)+(uv+vu)u)
=u d(uvtvu)t (uvtvu)d(u)+ (uvtvu) &
(wtu d(uv+vu)
Then
W=u(ud(v)+vd(u)+vé(u)+ud(v))+ uvd(u)
+vud(u)tuvé(u)+vud(u)t+ uzd(v)+ u
v d(u)
=u2d(v)*+ uvd(u)+ uvo(u)+ uzd(v)+
vu d(u)+ vu 6(u).
On the other hand
W=56@v+vu)t+uv+vu)u)
=06 (udvt uvutvu?d)
=0 (u?v+ vud)+ d(uvu)
=u? 3(v)+ v d(ud)+v d(u? )+ vz d(v)+
S(uvu)
=u2d(v)*+ vud(u)+u? d(v)+ d(uvu).
By comparing these two expressions of
W. We get

d(uvu)t+ vud(u)- u?d(v)- uvd(u)-
uvo(u)= .
Since R is -torsion free ring. Then we get

S(uvu)=uvo(u)+ uvd(u)+uzd(v)-vud(u)
forallu, v & U.
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(iii) By replacing u by u+w in (ii)
W=5((ut w)v(ut w))
=(utw)vo(utw)+((utw)v-v(u+w))
d(u+w)+ut+w)vd(ut+w)+(ut+w)2d(v)
W=uvd(u)+uvd(w)+wvd(u)+wvd(w)+
(uv-vu)d(u)+Huv-vu)d(w)Hwv-vw)
d(u)+(wv-vw)d(w)+uvd(u)+uvd(w)
+wvd(u)+wvd(u)tuzd(v)+wad(v)+uw
d(v)+wud(v)
W=uvd(u)+uvd(w)+wvo(u)+wvd(w)+
uvd(u)-vud(u)+ uvd(w)-vud(w)+
wvd(u)-vwd(u)+ wvd(w)-vw d(w)+

usd(v)+ w2 d(v)+tu w d(v)+w u d(v).
On the other hand
W= 3((ut w)v(ut w))

=d(uvu+twvw+tuvwtwvu)

= d(uvu)+ d(w v w)+ d(uvw+wvu)

=uvé(u)+(uv-vu)d(u)+uvd(u)+usd(v)+
wvd(w)Hwv-vw)d(w)+wvd(w)+
wad(v)+o(uvw+wvu).

Then by comparing these two expression of
W. We get

d(uvu)+ vud(u)- uvd(u)- uvd(u)- v?

d(v)=
Since R is -torsion free ring .Then we get

S(uvu)=uvd(u)- uvd(u)+uzd(v)-vud(u)
forallu,v € U.
(iv) By replace u by u +w in (ii)
W= 8((ut+ w)v(ut+ w))
= (utw)vd(utw)+H((utw)v-v(u+w))
d(utw)+(ut+w)vd(utw)+(utw)?d(v)
= uvo(u)+uvd(w)+wvo(u)+wvo(w)+
(uv-vu)d(u)+(uv-vu)d(w)Hwv-vw)
d(w)+H(wv-vw)d(w)+uvd(u)+uvd(w)+
wvd(u)+wvd(w)tu?d(v)+wad(v)+uw
d(v)+wud(v)
= uvo(u)+uvo(w)+wvo(u)+wvo(w)+
uvd(u)-vud(u)+ uvd(w)-vud(w)+
wvd(u)-vwd(u)+ wvd(w)-vwd(w)+
u?d(v)+w2d(v)+uwd(v)+wud(v).
On the other hand
W= 5((u+ w)v(ut w))
=06(u v u+wvw-+tuvwtwvu)
= d(uvu)+ 6(wvw)+ d(uvw+wvu)

Iragi Journal of Science, Supplement «f ¥+« 9 PP, £)-¢2

=uvd(u)+(uv-vu)d(u)+tuvd(u)+uzd(v)+
wvo(wW)Hw v-v w)d(w)+w vd(w)+
wad(v)+o(uvw+wvu).
Then by comparing these two expressions
of W. We get
S(uvwtwvu)=uvd(w)+wv d(u)+ uvd(w)-
vud(w)+ wvd(u)-vwd(u)
+uwd(v)+wud(v).
(iv) In (iii) replace w by [u, v] .Then

Y= 6(uv[u, v]+u, v]vu)

Y=uvd([u, v])Hu, v]vo(u)+ uvd([u, v])-
vud([u, v])+ [u, vlvd(u)-v[u, v]d(u)+
ufu, vld(v)+u, vlud(v)

Y=uvd(uv)-uvd(vu)+fu, vlvé(u)+
vd([u, v])+ [u, v]v d(u)-v[u, v]d(u)
+ufu, v]d(v)+[u, v]ud(v).

On the other hand.
Y= 8(u v(uv-vu)+(uv-vu)vu)
= 6((u v)2-uv2u+ uvau-(vu)?)
= 3((uv)*~(vu)?)
=uvé(uv)+uvd(uv)-vud(vu)-vud(vu).

Then by comparing these two expressions
of Y. We get

-[u, v](6(vu)-vd(u)-ud(v))+uvd([u, v])+
[u, vlvd(u)-v[u, v]d(u)+[u, v]ld(uv)-

v[u, v]d(u)-uvd(uv)+vud(vu)=

Then

-[u, v](8(vu)-vé(u)-ud(v))+uvd([u, v])+
[u, v]lvd(u)- v[u, v]d(u)+tuvd(uv)-vu

d(uv)-uvd(uv)+vud(vu)=

-[u, v](3(vu)-v8(u)-d(v))+u, v]d([u, v])+
[u, vlvd(u)- v[u, vld(u)= .

Thenby [ ,Lemma . ].

We have [u, v]d([u, v])= for all u, v&U,
then

-[u, v](8(vu)-vé(u)-ud(v))

= (v[u, v]-[u, v]v)d(u)

= - (uv?- vuv-van)d(u)

Then by proof of [ , lemma . , (i)]. We

have
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(u?v- uvutvu?)d(v)-(vu-

vuvtuv?)d(u)= forallu,v €U.

Then we get

-[u, v](d(vu)-vé(u)-ud(v))
=- (v¥v- uvutvud)d(v)

and by [ ,Jlemma . ,ii] .We have

(u?v- uvutvu?)d(v)= forallu,v €U.

Then we get
-[u ,v](8(vu)-vd(u)-ud(v))= , and so
[u,v](d(uv)-vd(v)-v d(u))=
This completes the proof of the above lemma.

Remark . :- LetR be a -torsion free ring and

let U be a Lie ideal of R such that €U for
all u€U. Let 8:R—R be a generalized
Jordan left derivation and d:R—R the
relating Jordan left derivation .Then for the
purpose of this section we shall write

u'=8(u v)-u d(v)-v d(u) for allu ,v €U.

Remark that, it is easy to prove the following
properties

(1). u’ +v'=
@ii). u"™=u"+u"
(iii). (utw)'=u"+w"
Now we can prove the main result of this
section.

Theorem - Let R be a -torsion free ring

which has a commutator left non-zero
divisor, and let U be a Lie ideal of R such
that w2€U for all u=U. Then every
generalized Jordan left derivation on U is a
generalized left derivation on U.
Proof:-Suppose that 6:R—R is a generalized
Jordan left derivation on U and d:R—R is
the relating Jordan left derivation on U. By

[Lemma . , (iv)], we have

[u, v](6(uv)-ud(v)-vd(u))=
forallu,v €U

ie. [u,vlu'= forallu,veU........( )

By assumption of R has a commutator left
non zero divisor, then there exist element a
and b of U such that
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[a, b]lc= implies c= for every cER....( )
From () we get

[a,b]a’= and so by ( ), we get

In () replace u by uta and using [Remark
. ,(ii)] and ( ).We get

[u, v]a™+[a, vlu'= forallu,vEU...... ()

Now replace v by v+b and using [Remark
., (iii)], we get

[u, v]a'™+u, V]ab-l—[u, bla"+[u, b]ab+[a,
v]u'+[a, vJu*+a, bJu'+[a, bju’=

Then by using ( ) and ( ).We get

[a,b]Ju’= forallu,v EU.

Thenby ( )we getu’= forallu,v €U

d(uv)=ud(v)+vd(u) for all u, v €U.

Corollary . :-Let R be a - torsion free ring

which has a commutator left non-zero
divisor. Then every generalized Jordan left
derivation is a generalized left derivation.
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