Ahmed and Majeed Iragi Journal of Science, 2020, Vol. 61, No. 3, pp: 600-607
DOI: 10.24996/ijs.2020.61.3.16

ISSN: 0067-2904

I'-(A,0)-Derivation on Semi-Group ldeals in Prime I'-Near-Ring

Hiba A.Ahmed*, Abdulrahman H. Majeed
Department of Mathematics, College of Science, University of Baghdad, Baghdad, Iraq

Received: 30/6/ 2019 Accepted: 28/ 8/2019

Abstract

The main purpose of this paper is to investigate some results. When h is
I"-(1,0) — Derivation on prime I'-near-ring G and K is a honzero semi-group ideal
of G, then G is commutative .
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1. Introduction

Throughout this paper, G denotes a zero — symmetric left T'-near-ring with a multiplicative center
Z(G). For a I'-near-ring G, the set Gy ={seG: Ops=0, V p el'}is called a zero symmetric part of G. If
G=Gythen G is called a zero symmetric [1,2,3,4]. An additive mapping #:G—G is called a I"-(4, d)-
derivation on a I'-near-ring G If there exist two automorphisms mapping 4,6 :G —G, such that
h(spr)=h(s)pA(r)+d(s)ph(r), for every s,re G and p € I"[4,5]. A I'-near-ring G is said to be a prime I'-
near-ring if sI'GI'r =0 implies s= 0 or r=0, for every s,r € G, and it said to be a semiprime if sI'GI's =
0 implies s = 0 for every se G [5,6]. Further, an element s € G is called constant if h(s)= 0 [4,7]. A
non-empty subset K of G is called semi-group ideal if KI'Gc K and GI'Kc K [8]. For s,re G and
pel, the symbol [s,r]”.s will denote &(s)pr — rpA(S), as previously described[4,9]. The other
commutators are [s,r],= spr—rps and (s,r) = s+r—s—r which denote the additive-group commutator [4,9].

The purpose of this paper is to study and generalize some results of previous authors [4,7,9,10] on
the commutativity of the prime I'-near-ring. Some recent results on rings deal with commutativity of
prime and semiprime rings admitting suitably constrained derivations. For further details on prime
near-ring, we refer to some previous articles [11-15].

As a generalization of near-ring, the I'-near-ring was discussed by Satyanarayana [6], while

Booth and Groenewald [5,13] surveyed various portions in the T'-near-ring .In this paper, we
investigate the condition for a I'-(A,8)-derivation on a prime I"-near-ring to be commutative.
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2. The Main Results
In this section, we investigate some results of a semi-group ideal of a I"- near- ring admitting a
I"-(\,8)-derivation.
To prove the main theorems, we need the following lemmas.
Lemma?2.1.Leth be a I'"-(A,3)—derivation on a prime I'-near-ring and K a semi-group ideal of
G, ifand only if h(snr) = d(s)nh(r) +h( s)nA(r), for all s,r e Kand nel".
Proof . Vs,r e K and nel’, we have sn(r+r) = snr+ snr.
By applying h for both sides we obtain

h(sn(r+r)) =hE)na(r+r)+8(s)h(r+r)
= h(s)nA(r)+ h(s)na(r)+ 8(s)ph(r) + 8(s)sh(r).
and
h(snr + snr) = h(snr)+ h(snr)
= h(s)nA(r)+ &(s)rh(r) + h(s)na(r)+ 8(s)sh(r).
By comparing the two relations, we have
h(s)nA(r)+8(syn(r) = 8(sha(r) +h(s)ni(r)
h(syr) = 5(s)pA(r) +h(s)nA(r)
vsre Kandne I.
Conversely, assume for every s,r € K and ne T, that

h(snr) = 8(s)pA(r) + h(s)nA(r) .
then,
h(sp(r+r)) =s(@s)nh(r+r)+h(s)a(r+r)
= 8(s)rh(r)+ 5(s)nh(r)+h(s)pA(r) + h(s)pa(r).

and

h(snr + snr) = h(snr)+ h(snr)
= 5(s)rh(r)+h(s)pa(r) + 8(s)rh(r)+h(s)pa(r).
Comparing the two relation provides that:
s(s)ph(r)+h(s)pa(r) =h(sha(r)+s(s)nh(r)
h(snr) = h(s)pa(r) +8(s)ph(r)

Lemma 2.2.I1f h bea I -(A,5) —derivation on aT-near-ring G, K a semi-group ideal of G, and
A(K)=K , then
(h(s)nA(r) + 3(s)nh(r))pv = h(s)nA(r)pv + d(s)nh(r)pv , for all s;rve K andn, peT.
Proof . Assume that Vs ,rve K andn,peT.
h((s nr)pv) =h(s nr)p/l(v)+ 5(5 nr)ph(v)
= (N(S)nA(r) + (s)rh(r) pA(v) + 5(8)n5 (r) ph(v)
and ,
h(sn(rov)) = h(s)nA(rov)+ 5(shh(rov)
= h(s)nA(r) pA(v)+ 8(s)nh(r )pA(v) + 8(s)ps (r) ph(v)
Comparing the two relations above of h(snrpv), V s,rve K andn,pe T.
, and since A(K)=K, implies that
(h(s)nA(r) + d(s)nh(r))pv = h(s)nA(r)pv + d(smh(r)pv .

Lemma 2.3 .If h bea I'-(A,8) —derivation on aT-near-ring G and K a semi-group ideal of G such
that h([s, r],) = [s.r], , A(K)=K, and 3(K)=K, then

(i) h(v) = v, for every commutator v in K.

(i) h(K)y[s, r1, = [s .r],Yh(K) , for every s, ke K, re Gand p,yel.
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Proof .(i) Let v={[s, r],, where se K, re Gand per.
h([s, r1,) = [s.r],, forevery seK,reGand pel.
Thus, h(v) = v, for each commutator v in K.
(it) By the hypothesis that h([s, r],) = [s .r], ,we have
—[s.r], vk + h([s,r], vk) = —ky[s,r], + h(ky[s,r],), V ske K,re Gand p,yel’
By using Lemma 2.1, we have
~[s.7Tvk + h(Is.r1A(K) + S([s.r1vh(K) = —ky[s.rl,+ h(KyA(s.r],) + S(kyh([s.],)

By applaying of (i) and as A(K) = K ,8(K) = K ,A is an automorphism, we obtain:

[s, rl, vh(K) = h(k)y[s, 1], ,V s,ke K,re Gand p,ye I

Lemma24. If hisa I'-(A,3) — derivation on aI'-near-ring G, K is a nonzero semi-group ideal of
G, and h([s, r],) = [s.1], . MK)=K ,6(K)=K, then
(i) If v isacommutatorin K and wuv = zuv, where w,zeK and ue T, then
vuh(w-z) = 0.
(ii) If vy and v, are commutators in K with vy uv, =0, then v; =0or v,=0.
Proof. (i) Letv=[s, r],, Vse K,re G and peT.
Then, the hypothesis provides that wu[s,r], = zu[s,r],,V s,w,ze K,reG and p,ue I
Applying h for both sides, implies that

h(wu[s.r],) = h(zu[s,r],),V s,w,ze K, re Gand p,ueI.
Thus, hwu([sr],) + S(w)h([s.11,) = h@pA([s.r],) + S(z)uh(s.r],).
Using Lemma 2.3 (i,ii) provides that:

h(w)puAr([s,r],) = h(z)pr([s,r],),V s,w,zeK, reG and p,pel.

So, [s ,r],uh(w-z) = 0. Thus, vuh(w-z) = 0, for every commutator vin K, w,ze K, and pe T.
(ii) If vyuv, =0=0uv,, since v, isacommutator in K, (i) yields

Vz,uh(Vl) =0 (1)
By using Lemma 2.3 (i), since v, isa commutator in K, we obtain
Vzluvl =0 . (2)
B substituting ryv; for vy, where re K,y €I” in equation (1), we obtain:
Vouh(ryvi) = 0 = Vo uh(r)yA(vy) + Vouo(r)yh(ve) (3)

Using Lemma 2.3 (ii) and equation (2) in equation (3) provides that:

V, ud(r)yh(vy) = 0, for every commutator vq, v, in K, re K, and p,y T,
Hence, v,I'KT'h(v;) = 0.

By using Lemma 2.3 (i), since v, is commutator, we obtain v,T'"KT'v; = 0.

Since K is anonzero semi-group ideal of G and G is a prime I'-near-ring, we obtain ~ v; =0 or
Vy = 0.

Lemma2.5. If G beaprime I'-near-ring and K is a nonzero semi-group ideal of G, then Z(K)c
Z(G).

Proof. Suppose that te Z(K), this means that, [t,s], =0, Vse Kandp €T

Replacing s by sur, so re G in the above equation, we obtain
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[t, sur], =0 =spftr],+[ts]yur, Vtse K,re Gandp,u e I'.

Thus, Ku[t,r], = 0. Since K is a nonzero semi-group ideal of G and G is a prime I'-near-ring, we get
[tr], =0, Vte K,re Gand pe I'. Hence, te Z(G).
Lemma 2.6 .If h isa I'"-(A,0)— derivation on a prime I'-near-ring G and K be a semi-group ideal
of G.
(i) Ifu isanonzeroelementin Z(G), then u is not a zero divisor.
(ii) If there exists a nonzero element u of Z(G) such that u + u € Z(G), then (K,+) is an abelian.
Proof . (i) If ue Z(G)\{0} and uys =0 ,vse KandneT.
Then ,left multiplication of this equation by ty, where te G and ye I, provides that

tyuns = 0. Since G is a multiplicative with the center Z(G), it implies that

uytys =0, Vte Gand se K ,thus , uI' GI's = 0.
Since G isa prime I'-near-ring and u isa nonzero element, it shows that s = 0.
(i) Let ue Z(G)\{0} be an element, such that u+ u € Z(G),
Let s,re Kandpe I'so,
(s+n)pu+u)=(U+u)p(s+r)
SPU+SpU+Tpu+Tpu =Uups+Upr+Ups+Uupr
Since u € Z(G),we get ups + upr = upr + ups
Thus, up(s+r-s-r)=0,Vs,re Kandp el
Left multiplication this equation by ay , where acG, ye T, provides that:
ayup(s,r) =0,V sre K,aeGandy,p eT.
Because G is a multiplicative with the center Z(G) , this provides that:
uyap(s,r) = 0. Hence, urGri(s,r) =0

Because G is a prime I'-near-ring and u is a nonzero element, it implies that

(s,1)=0,Vsre K. Thus, (K, +) isan abelian. o

Lemma 2.7 . If h be a nonzero I'-(A,3)-derivation on a prime I'-near-ring G and K be a nonzero
semi-group ideal of G. Then sI'h(K) = 0, which implies that s =0 and h(K)I's= 0, which means that
s =0, where se G.
Proof. Assume that sT’"h(K) =0, Vre G, te Kand pel’
Then, snh(tpr) = 0, showing that:

snh(t)BA(r) + snd(t)Bh(r) = 0
Therefore, Vs,re G ,teKand n,pel’, we have snd(t)ph(r ) = 0.
Since §(K) = K, then sT'KI'h(r) = 0.
Since K is a nonzero semi-group ideal and G is a prime I'-near—ring, h #0,
it implies that s = 0.
Similarly , we can show that if h(K)I's=0, V se G, itimpliesthat s=0.o
Lemma 2.8 . If G is a 2 — torsion free prime I'-near-ring, h be a nonzero T'-(A,d)-derivation of G, and
K be a nonzero semi-group ideal of G. If h%(K)=0and A, 8 commute with h , then h(K) = 0.
Proof . Vs,re Kand pe T.

0=h%(spr) =h(h(spr)) =h(n(s)pA(r) +5(s)oh(r))
= h(h(s) pA(r)) + h(5(s) p(r))

= h2(5)p2% (1) + 5(1($)) ph(A(r)) + h(8(s)) PA(N(T)) + 62 (5) o (1)
By the hypothesis, we obtain that 2h(5(s))ph(A(r) )=0, V s,r e Kand perl.
Because G isa 2 —torsion free and A(K) = K, this provides h(5(s))ph(K) = 0
By using Lemma 2.7, we obtain tthat h=0. o
Lemma 2.9. Let G be a prime I'-near—ring and K be a nonzero semi-group ideal of G.If K isa
commutative then G is a commutative ring.
Proof. VsreK, [sr],=0.
By taking sya instead of s and ryb instead of r, where a,b € Gand yeI", we obtain that
[sya, ryb],= 0. Since K is a commutative and semi-group ideal of G, this provides
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0=spaprp—rppsya =syapb-sypa
= 5}4'7/[a'b]p
Va,be G, s,r e Kand y,pel’, this implies that sI'KI[a,b], =0.
Because K isaanonzero semi-group ideal of G, G isa prime I'-near—ring , thus
[ab], =0,V ab e G. Thus, G isacommutative ring.

Lemma 2.10.If G is aprime I'-near-ring and K is a nonzero semi-group ideal of G. If (K,+)isan
abelian, then (G,+) is an abelian.

Proof . Since (K ,+) is an abelian, we obtainthat z+c=c+z ,V z,ce K.

By substituting snz for z and mz for c, for s,re Gand ne I', we have
snz+tmz=mz+snz,vVzeK,sreGand nerl.

Which gives (s+r-s-rynz= 0.

Thus, (s,r)I"K=0. Since K #0 is a semi-group ideal and G is a prime , then

(s,r) =0,V s,re G , Then (G,+) is abelian.

Lemma2.11.If h bea I'-(A,8) — derivation on a prime I'-near-ring G and K is a semi-group ideal
of G. Suppose that te K is not a left zero divisor. If [t,h(t)]ﬁ(hg) =0, then (s,t) is a constant for every
se Kand el

Proof. From tp(s+t) =tps + tpt, Vt eK and B T".

By applying h for both sides, we have

htg(s+t)) =h{t)BA(s+t)+(t)pn(s+1)
=h(t) BA(s) + h(t) BA(t) + 5(t) ph(s) + 5(t) An(t)
and
h(tfs+tpt)  =h(tps) +h(tst)

=h(t) A(s) + 5(t) An(s) + h(t) BA (1) + 5(t) An(t)
Which gives that h(t)A(t) + 5(t)Bh(s) = 6(t)Bh(s) + h(t)BA(t), Vi,se Kand Be T
By using the hypothesis, we have 5(t)Bh((s,t)) = 0.
By substituting 8(t) by d(t)ym, where me K and yeT', we get d(tyymph((s,t)) = 0.
Hence, 8(t)[' KI'h((s,t)) =0, Vt,se K.
Because t is not a left zero divisor and 8(K) = K, K is a semi-group ideal and G is a prime TI'-near-
ring, we obtain that

h((s,t)) = 0. Thus, (s,t) is a constant for every se K.

Now we can prove the main theorems.
Theorem 2.12. Leth bea T -(A,d) — derivation of a prime I'-near-ring G and K is a semi-group
ideal of G which has no nonzero divisors of zero, where h is commuting on K, A(K)= K, then (G,
+) is an abelian.
Proof. Let v be any additive commutator in K.
So, the application of Lemma 2.11 yields that v is a constant.
Forany se K, syv is also an additive commutator in K. Then, syv is also a constant.
Therefore , 0 = h(syv) = h(s)yA(v) + 8(s)yh(v) = h(s)yA(v), V se Kand ye T.
Because h(s)#0, for some se K, and K has no nonzero divisors of zero,
Which gives A(v) =0, thusv =0 ,for every additive commutator v in K.
Hence, (K, +) is an abelian. By using Lemma 2.10, we obtain that (G, +) is an abelian. o
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We need the following lemma to prove the main theorem.
Lemma 2.13. Let h be a nonzeroI" -(A ,8) — derivation on a prime I'-near-ring G, and K is a semi-
group ideal of G, so Ayh=hyA ,dyh =hyd for every yeI', M(K)=K , where h(K)c Z(G), then (K, +) is
an abelian. If G isa2 —torsion free and h(K)c K, then K is a central ideal.
Proof. Since h(K)c Z(G) and h is a nonzero I'-(A,5)-derivation.
There exists a nonzero element tin K, suchthat u=h(t)e Z(G)\{0}.
And, u+u = h(t)+ h(t) = h(t +t)e Z(G).
Therefore , (K,+) is an abelian by Lemma 2.6 (ii).
Using the hypothesis, Vs, r € K, ce Gand B, yeI gives A(c)yh(spr) = h(spr)yr(c).
Uusing Lemma 2.2, it provides

A(C)Yh(S)BA(r) + A c)yd(s)Bh(r) = h(s)BA(r)yA(c) + 3(s)Bh(r)yA(c).
Now, by using h(K)c Z(G) and since (K, +) is an abelian, Ayh = hy\ , and dyh = hyd , it shows that

h(s)BA(c)yA(r) — h(s)BA(r)yA(c) = h(r)BS(s)yA(c)— h(r)BA(c)yd(s)
Then, h(s)BA([c,r],)= h(r)B([3(r), A(c)],) .Vsre K, ce Gand vy, BeT.
Suppose that K is not a central ideal.
By choosing re K and ce G, such that [c,r], #0.
And since h(K)c K, let s=h(x)e Z(G), where xe K, which gives

h®(x)BA([c,r],) = h(r) B([3(r),A(C)],) ,V X, re K, ce Gand y, Be T
Then, h’(x)BA([c,r],) =0.
By Lemma 2.6 (i), the central element h?(x) cannot be a nonzero divisor of zero, then we conclude
that h’(x) =0, Vxe k.
By using Lemma 2.8, we obtain that h(x) = 0
This contradicts that h is a nonzero T'- ( A,8)- derivation on G.
So, we obtain that A([c,r],) =0, Vre K,ce G.
Because A(K)=K, this gives a contradiction with the assumption. Then K is a central ideal. o
Theorem 2.14. Let h be a nonzeroI" -(A ,5) — derivation on a prime I'-near-ring G and K a semi-
group ideal of G, so Ayh=hy\ ,6yh = hyd for every yel', A(K)=K , where h(K)c Z(G), then (G, +)
is an abelian. If G is a 2 —torsion free and h(K)c K, then G is a commutative ring.
Proof. By using Lemma 2.13, it gives that (K, +) is an abelian.
By using Lemma 2.10, it gives that (G,+) is an abelian.
Now, assume that G isa 2 — torsion free. The application of Lemma 2.13.
shows that K is a central ideal.
Thus, K is a commutative. By Lemma 2.9, it implies that
G is a commutative ring. o
Theorem 2.15. Let h be a nonzero T" -(A ,3) — derivation on a prime I'-near-ring G, and Kis a
nonzero semi-group ideal of G, so h([s,r],) = -[s,r], where tykBu = tBkyu for every tk,ue Kand
v.8e I, then (G, +) is an abelian. If G isa 2 —torsion free and h(K)c K, then G is a commutative
ring.
Proof. Since [s,syr],=sy[s ,r], .,V se K,re Gand p,yeT.
By using Lemma 2.3(ii), we have

h(v)Bsy[s.r], = sy[s,r],Bh(V)= syh(V)B[s,r],,V s,ve K, re Gand p,y,fe I
By using Lemma 2.4 (i), we obtain that
[s,r], Bh(h(v)ys —syh(v)) =0, Vs,ve K ,re Gand p,y,peI.

Hence, [s,r],Bh([h(V), s],) =0
By Lemma 2.3 (i), we obtain that [s,r],([h(v), s],) =0
The application of Lemma 2.4 (ii) gives
either [s,r],=0or [h(v)s],=0, Vs,ve K ,re Gand p,y e I.
If [h(v),s],=0, V sveKand yeT.
Hence, h(K)c Z(K). By Lemma 2.5, we obtain that
h(K)c Z(G). Then, by Theorem 2.14, we complete this theorem.
So, if [s,r],=0,Vse K,re GandpeT.
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We substitute syh(v) for s, where v € K, which gives
[syh(v), r], = 0 =sy[h(v), r],, Vsve K,re Gand p,y e '
Which gives, Ky[h(v),r],=0, Vve K,reGand p,yeT
Because K is a nonzero semi-group ideal of G and G is a prime I'-near—ring, this implies that
[h(v), r],=0, Yve K,re Gand peT.
So, h(K)c Z(G). By Theorem 2.14, the proof will be complete. o

Theorem 2.16. Let h be a nonzero T' -(A,3)— derivation on a prime I'-near-ring G, and K isa
nonzero semi-group ideal of G, so h([s,r],)= [s,r], and tykpu = tpkyu for every tk,ue K and y,pe
I''A(K)=K, then G is a commutative ring.
Proof . Since h([s,r],) =—spr+1ps, Vse K,re Gandp eT.
By replacing r by rys in this equation, we get
h([s,rys],) = —sprys + rysps = (=spr + rps)ys , Vse K,re Gandp,y e I'
And,

h([s, rys]p ):h([s, r]p 75) = h([s, r]p )M(s) + 5([3, r]p);)n(s)

= (— sor + rps)yl(s) + 5([3, r]p);h(s)

It follows from the two expressions for h([s, rys],) that

3(s)pd(r)yh(s) = 6(r)pd(s)yh(s), vse K,re Gandp,yeI' .l (@)
Replacing r by vpr inequation (4), where veK and e I', we obtain that
3(s)pd(vPryyh(s) = 8(vpr)pd(s)yh(s),v s,veK,re Gand p,y ,pe T UUTURURRRN (<)
Left multiplicative equation (4) by (v)B, gives
3(v)BA(s)pd(ryyh(s) = d(v)Ba(r)pd(s)yh(s), Vs veK, reG and p,y,pe T’ .....cceeeenene. (6)

The combining of equation (5) and equation (6) gives

3([s,v]p)pd(r)yh(s) = 0,vs,veK ,reG and p,y,fel.
Since §(K) = K, and 3 is automorphism on G.
Hence, [s,v]s ['GI'h(s) = 0.
Because G is a prime I'-near—ring, this implies that h(s) =0 or [s,v]= 0.
Since h #0, therefore [s,v]z=0, Vsve KandBeI'.
Thus , K is a commutative. By Lemma 2.9, we obtain that G is a commutative ring. o
Lemma 2.17:- Let h be anonzero T -(A,8)— derivation on a prime I'-near-ring G, and K be a
nonzero semi-group ideal of G, if [s,r], = [h(s), h(r)],, then the constant in K isin Z(G).
Proof: Let s be aconstantin K. i.e. h(s) =0, then

[s.r], = [h(s),h(r)], = [0, h(N], =0, Vre Kand peT.

Then, se Z(K). By Lemma 2.5, we obtain that seZ(G).
Theorem 2.18 . Let h bea nonzero T -(A.5)— derivation on aprime I - near - ring G, and K is

a nonzero semi-group ideal of G that has no nonzero divisors of zero. If K has a right cancellation
and [h(s),h(N]. =[S ,r1. tykpu = tpkyu for every tk,ue Kand vy,pe I', and h(K) c K, then h s
commuting and (G, +) is an abelian.

Proof. vse K, [s, syh(s)], = [h(s), h(syh(s))], (7)
By using Lemma 2.1 and 2.2, the right — hand side of equation (7) equals

[n(s), h(Sﬂ)ﬂ(S))]p = h(s)p(S)7A(N(S)) + h()3(s)h (5) ~hS)AM(EN A(S) - S(s)h? (5)oh(s)

= h(s)p(s)h? () - S(s)h % (5)Ph(s)

The left — hand side of equation (7) equals

sy[s,h(8)1,= $yIN(8).h*(8)],= Syh(S)ph*(s)- syh*(S)ph(s), ¥ seKand p ye T
It follows from equation (7), since 6(K)= K, it implies that

syh(s)ph®(s) = h(s)psyh®(s), V se Kandp,yel. ... (8)
Hence , by using the hypotheses, we obtain that [s,h(s)], ph’(s) =0,V se K and p,yeT.
If h’(s) =0, Vse K.
Then, h(s) is constant in K, by using Lemma 2.17, we obtain that
h is central. Thus, h is commuting in K.
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By Theorem 2.12, we obtain that (G, +) is an abelian.
Otherwise, h’(x) can be cancelled on the right in equation (8).
In either event, [s,h(s)], =0, V se K and yeT.
Then, by using Theorem 2.12, we obtain that (G, +) is an abelian. o
Theorem 2.19. Let h be anonzero T' -(A,8)— derivation on a prime I'-near-ring G, and K be a
nonzero semi-group ideal of G that has no nonzero divisors of zero. If h is commuting on K and
[s, 1], = [h(s),h(r)],, then G is a commutative ring.
Proof. For every s,r € K, we have

[s. sprl, = [n(s).h(sPn)], = [h(s), h(s)PA(r) + &(s)Bh(r)];
By using Lemma 2.2, we have

[h(s).h(sPr)], = N(S)BLN(S), (1) I, + S(S)BIN(S), h(D)],
Since h is commuting, by using Theorem 2.12, (G, +) is an abelian, and 6(K) =K,
we obtain that

sBLs, r1,= sPLN(s).n(n)],= h(s)BLh(s).(r) ], + 3(s)B[h(s), h(x)], .V sreK and p, Be .

Hence, h(s)B[h(s),r], = 0.
Since K has no nonzero divisors and h is a nonzero, we conclude that

[h(s).,r], =0, VsreK and perl.
In particular, V s,r,teK, we have

[h(s),tBh(n)], = 0 = tBLh(s),n (1],

KB[h(s),h(N], =0, V s,re Kand p, Bel’.

Since K is a nonzero semi-group ideal of G and G is a prime I'-near—ring, we obtain that

[h(s),h(N],=0, VsreKand pel.

Then, we conclude that [s,r],=0, V s,r eKand pel.

Hence, K is commutative. By Lemma 2.9, we have G is a commutative ring.
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