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Abstract 

      The main purpose of this paper is to investigate some results. When h is  

 -(,δ) – Derivation on prime Γ-near-ring G and  K  is a nonzero semi-group ideal 

of G, then G is commutative . 
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 على مثالي شبه اولي في حلقه كاما المقتربه الاوليه (,δ) -اشتقاق كاما
 

،عبدالرحمن حميد مجيد*هبة عبد الله احمد  
 قسم الرياضيات، كلية العلهم، جامعة بغداد، بغداد، العراق

 هالخلاص
على  (,δ) -هي اشتقاق كاما  hالهدف الرئيسي من هذا البحث هه دراسة بعض النتائج عندما تكهن      

 .حلقه ابدالية Gفان    Gي مثالي شبه اولي غير صفري في ه Kو   Gالحلقه كاما المقتربه الاوليه 
 

1. Introduction  

     Throughout this paper, G denotes a zero – symmetric left  Γ-near-ring with a multiplicative center 

Z(G). For a Γ-near-ring G, the set G0 ={sG: 0ρs=0,  ρΓ}is called a zero symmetric part of G. If 

G=G0,then G is called a zero symmetric [1,2,3,4]. An additive mapping  h:G→G is called a  -(, δ)-

derivation on  a  - ringnear- G If there exist two automorphisms mapping ,δ :G →G,  such that 

h(sρr)=h(s)ρ(r)+δ(s)ρh(r), for every s,r G and ρ  [4,5]. A Γ-near-ring G  is said to be a prime  Γ-

near-ring if  sΓGΓr =0 implies s= 0 or r=0, for every s,r G, and it said to be a semiprime if  sΓGΓs = 

0 implies s = 0 for every s G [5,6]. Further, an element s  G is called constant if h(s)= 0 [4,7]. A 

non-empty subset K of G is called semi-group ideal if  KΓG K and GΓK K [8]. For s,r G and 

ρΓ, the symbol [s,r]
ρ
,δ will denote δ(s)ρr – rρ(s), as previously described[4,9]. The other 

commutators are [s,r]ρ= sρr–rρs and (s,r) = s+r–s–r which denote the additive-group commutator [4,9].          

     The purpose of this paper is to study and generalize some results of previous authors  [4,7,9,10] on 

the commutativity of the prime Γ-near-ring. Some recent results on rings deal with commutativity of 

prime and semiprime rings admitting suitably constrained derivations. For further details on prime 

near-ring, we refer to some previous articles [11-15]. 

      As a generalization of ringnear- , the Γ-near-ring was discussed by Satyanarayana  [6], while 

Booth and Groenewald [5,13] surveyed various portions in the Γ-near-ring .In this paper, we 

investigate the condition for a Γ-(,δ)-derivation on a prime Γ-near-ring to be commutative. 
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2. The Main Results 

    In this section, we investigate some results of a semi-group ideal of a  - ringnear- admitting a 

 -(,δ)-derivation. 

To prove the main theorems, we need the following lemmas.   

Lemma 2.1 . Let h  be  a   -( ,δ) – derivation on  a prime Γ-near-ring and  K  a semi-group ideal of  

G,  if and only if   h(sηr) = δ(s)ηh(r) +h( s)η(r), for all s,r  K and  η . 

Proof . s,r  K and  ηΓ, we have  sη(r + r) = sηr + sηr.   

By applying  h  for both sides we obtain  

                         
        

        ).()()()(

)(

rhsrhsrshrsh

rrhsrrshrrsh








 

and  

                        
     

        ).()()()( rhsrshrhsrsh

rshrshrsrsh








 

By comparing the two relations, we have 

                       
       

     rshrsrsh

rshrsrhsrsh





)()(

)()()()(




 

s,r  K and η Γ. 

Conversely, assume for every s,r  K and η Γ, that 

                        rshrsrsh  )()()(   . 

then,  
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rshrshrhsrhs
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and  
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Comparing the two relation provides that: 
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rhsrshrshrhs
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Lemma  2.2.If  h  be a  Γ -( ,δ) – derivation on  a Γ-near-ring G, K  a semi-group ideal of  G, and  

(K)=K , then 

 (h(s)η(r) + δ(s)ηh(r))ρv = h(s)η(r)ρv + δ(s)ηh(r)ρv , for all  s,r,v K  and η, ρ Γ. 

Proof . Assume that  s ,r,v K  and η,ρ Γ. 

                        
      

  )()()())()()()((

)()(

vhrsvrhsrsh

vhrsvrshvrsh








 

and , 

                      
      

      )()()()()()(

)()(

vhrsvrhsvrsh

vrhsvrshvrsh








 

Comparing the two relations above of  h(sηrρv),  s,r,v K  and η,ρ Γ. 

, and since (K)=K, implies that 

                     (h(s)η(r) + δ(s)ηh(r))ρv = h(s)η(r)ρv + δ(s)ηh(r)ρv .  

 

Lemma 2.3 .If  h  be a  Γ -( ,δ) – derivation on  a Γ-near-ring G and  K  a semi-group ideal of  G such 

that  h([s, r]ρ) = [s,r]ρ , (K)=K, and δ(K)=K, then 

(i) h(v) = v, for every commutator  v  in  K. 

(ii) h(k)γ[s, r]ρ = [s ,r]ρ γh(k) , for every  s, k K,  r G and  ρ,γΓ. 



Ahmed and Majeed                                       Iraqi Journal of Science, 2020, Vol. 61, No. 3, pp: 600-607 

602 

 

Proof .(i) Let  v = [s, r]ρ , where  s K,  r G and  ρΓ. 

                               h([s, r]ρ) = [s,r]ρ,  for every  sK, rG and ρΓ.  

Thus, h(v) = v, for each commutator v  in  K. 

(ii) By the hypothesis that h([s, r]ρ) = [s ,r]ρ  ,we have 

                  –[s,r]ρ γk + h([s,r]ρ γk) = –kγ[s,r]ρ + h(kγ[s,r]ρ),   s,k K, r G and  ρ,γΓ 

By using Lemma 2.1, we have  

                    –[s,r]ργk + h([s,r]ρ)γ(k) + δ([s,r]ρ)γh(k) = –kγ[s,r]ρ+ h(k)γ([s,r]ρ) + δ(k)γh([s,r]ρ) 

 By applaying of (i)  and as (K) = K ,δ(K) = K  , is an automorphism, we obtain:  

                      [s, r]ρ γh(k) = h(k)γ[s, r]ρ , s,k K, r G and  ρ,γ Γ.  

Lemma 2.4 . If  h  is a  Γ -( ,δ) – derivation on  a Γ-near-ring G, K  is a nonzero semi-group ideal of  

G, and  h([s, r]ρ) = [s,r]ρ , (K)=K ,δ(K)=K,  then 

(i) If  v  is a commutator in  K  and  wμv = zμv,  where  w,zK and μ Γ, then  

vμh(w-z) = 0. 

(ii) If  v1 and  v2  are commutators in  K  with  v1 μv2 = 0, then  v1 = 0 or  v2= 0. 

Proof. (i) Let v = [s, r]ρ , s K, r G  and  ρ Γ. 

Then, the hypothesis provides that wμ[s,r]ρ = zμ[s,r]ρ, s,w,z K,rG and ρ,μ Γ.  

Applying h  for  both sides, implies that 

                     h(wμ[s,r]ρ) = h(zμ[s,r]ρ), s,w,z K,  r G and  ρ,μ Γ. 

Thus,            h(w)μ([s,r]ρ) +  δ(w)μh([s,r]ρ) = h(z)μ([s,r]ρ) + δ(z)μh([s,r]ρ). 

Using  Lemma 2.3 (i,ii) provides that:  

                    h(w)μ([s,r]ρ) = h(z)μ([s,r]ρ), s,w,zK , rG and  ρ,μΓ. 

So , [s ,r]ρμh(w-z) = 0. Thus, vμh(w-z) = 0, for every commutator  v in  K, w,z K, and  μ Γ. 

(ii) If  v1 μv2  = 0 = 0μv2, since  v2  is a commutator in  K, (i) yields 

          v2 μh(v1) = 0 ………..…. (1) 

By using Lemma 2.3 (i), since  v1  is a commutator in  K, we obtain 

v2 μv1 = 0 …………… (2) 

B substituting   rγv1   for v1, where  r K ,γ Γ  in equation (1), we obtain: 

v2 μh(rγv1) = 0 = v2 μh(r)γ(v1) + v2 μδ(r)γh(v1) …. …………(3) 

Using Lemma 2.3 (ii) and equation (2) in equation (3) provides that:  

v2 μδ(r)γh(v1) = 0,  for every commutator  v1, v2  in  K,  r K, and μ,γ Γ.  

Hence, v2ΓKΓh(v1) = 0. 

By using Lemma 2.3 (i), since v1 is commutator, we obtain  v2 ΓKΓv1 = 0.  

Since  K  is a nonzero semi-group ideal of  G  and  G  is a prime Γ-near-ring, we obtain       v1 = 0 or  

v2 = 0.  

Lemma 2.5 .  If  G  be a prime Γ-near-ring and  K  is a nonzero semi-group ideal of  G, then  Z(K) 

Z(G). 

Proof. Suppose that t Z(K), this means that, [t,s]ρ = 0,  s K and ρ  Γ. 

 Replacing s by sμr, so  r G in the above equation, we obtain 
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  [t, sμr]ρ = 0 = sμ[t,r ]ρ + [t,s]ρ μr ,  t,s K, r G and ρ,μ  Γ. 

 Thus, Kμ[t,r]ρ = 0. Since K is a nonzero semi-group ideal of  G  and  G  is a prime Γ-near-ring, we get  

[t,r]ρ = 0, t K, r G and  ρ Γ. Hence, t Z(G).  

Lemma 2.6 .If  h  is a  Γ -( ,δ) – derivation on  a prime Γ-near-ring G  and  K  be a semi-group ideal 

of  G. 

(i) If u  is a nonzero element in  Z(G), then  u  is not a zero divisor. 

(ii) If  there exists a nonzero element  u  of  Z(G) such that u + u  Z(G), then (K,+) is an abelian. 

Proof . (i) If  u Z(G)\{0} and  uηs = 0  ,s K and η Γ. 

Then ,left  multiplication of this equation by tγ, where  t G  and γ Γ, provides that 

 tγuηs = 0. Since G is a multiplicative with the center Z(G), it implies that   

    uγtηs = 0 , t G and  s K ,thus  ,  uΓGΓs = 0. 

Since  G is a prime Γ-near–ring and  u  is a nonzero element, it shows that s = 0. 

(ii) Let  u Z(G)\{0}  be an element, such that  u+ u  Z(G),  

Let   s, r  K and ρ Γ so, 

rusurusuururusus

rsuuuurs







 )()()()(
 

Since u  Z(G),we get   uρs + uρr = uρr + uρs 

Thus,    uρ(s+r-s-r) = 0 , s, r K and ρ  Γ   

Left multiplication this equation by aγ , where aG, γ Γ, provides that:   

        aγuρ(s,r) = 0,  s,r  K , aG and γ,ρ  Γ.   

Because G is a multiplicative with the center Z(G) , this provides that:   

       uγaρ(s,r) = 0. Hence, uΓGΓ(s,r) = 0 

Because  G  is a prime Γ-near-ring and  u  is a nonzero element, it implies that 

  (s, r) = 0,  s,r  K. Thus, (K, +)  is an abelian. □ 

 

Lemma 2.7 . If h  be a nonzero Γ-(,δ)-derivation on a prime Γ-near-ring G and  K  be a nonzero 

semi-group ideal of  G. Then  sΓh(K) = 0, which implies that  s = 0 and h(K)Γs= 0,  which means that 

s = 0, where  s G. 

Proof. Assume that  sΓh(K) = 0, r G , t K and βΓ 

Then, sηh(tβr) = 0, showing that:  

       sηh(t)β(r) + sηδ(t)βh(r) = 0   

Therefore ,   s, r G  , tK and  η,βΓ , we have sηδ(t)βh(r ) = 0. 

Since δ(K) = K , then  sΓKΓh(r) = 0. 

Since  K  is a nonzero semi-group ideal and  G  is a prime Γ-near–ring, h ≠0,   

it implies that s = 0.  

Similarly  , we can show that if  h(K)Γs = 0,  s G, it implies that  s = 0. □ 

Lemma 2.8 . If G is a 2 – torsion free prime Γ-near-ring, h  be a nonzero  Γ-(,δ)-derivation of  G, and  

K  be a nonzero semi-group ideal of  G. If  h
2
(K) = 0 and , δ commute with h , then  h(K) = 0. 

Proof . s,r K and ρ Γ. 

)(
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)(
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By the hypothesis, we obtain that 2h(δ(s))ρh((r) )= 0,   s,r  K and ρΓ. 

Because G  is a  2 – torsion free and (K) = K, this provides h(δ(s))ρh(K) = 0  

By using Lemma 2.7, we obtain tthat  h = 0. □ 

Lemma 2.9.  Let  G  be a prime Γ-near–ring and K  be a nonzero semi-group ideal of   G. If   K  is a 

commutative then  G  is a commutative ring. 

Proof.   s,r  K,  [s,r]ρ = 0.  

By taking  sγa  instead of  s  and  rγb instead of  r , where  a,b  G and γΓ , we obtain that  

 [sγa, rγb]ρ = 0. Since  K  is a commutative and semi-group ideal of  G,  this provides 
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a,b G, s,r  K and γ,ρΓ , this implies that  sΓKΓ[a,b]ρ   =0.  

Because   K is a a nonzero  semi-group ideal of   G,  G  is a prime Γ-near–ring , thus  

 [a,b]ρ = 0,  a,b  G.  Thus,  G  is a commutative ring.  

 

Lemma 2.10 . If  G is  a prime Γ-near-ring and  K  is a nonzero semi-group ideal of  G. If  (K,+) is an 

abelian, then  (G,+) is an abelian. 

Proof . Since (K ,+) is an abelian, we obtain that  z + c = c + z  , z,c K.  

By substituting  sηz  for  z  and  rηz  for  c, for  s,r G and  η Γ, we have 

                        sηz + rηz = rηz + sηz ,  z K , s,r G and  η Γ.  

Which gives  (s+r-s-r)ηz= 0. 

Thus,  (s,r)K=0. Since K ≠0 is a semi-group ideal and  G is a prime , then 

 (s,r) = 0, s,r G  , Then  (G,+) is abelian.  

 

Lemma 2.11. If  h  be a  Γ -( ,δ) – derivation on  a prime Γ-near-ring G  and  K is a semi-group ideal 

of  G. Suppose that t K  is not a left zero divisor. If  [t,h(t)]
β

(,δ) = 0, then (s,t) is a constant for every  

s K and βΓ. 

Proof. From  tβ(s+t) = tβs + tβt, t K and β Γ. 

By applying  h  for both sides,  we have  

                     
)()()()()()()()(

)()()()())((

thtshttthsth

tshttsthtsth








 

and  

                      
)()()()()()()()(

)()())(

thttthshtsth

tthsthttsth








 

Which gives that h(t)β(t) + δ(t)βh(s) = δ(t)βh(s) + h(t)β(t), t,s K and β Γ. 

By using the hypothesis, we have  δ(t)βh((s,t)) = 0.  

By substituting  δ(t) by δ(t)γm, where m K and γΓ, we get δ(t)γmβh((s,t)) = 0.  

Hence, δ(t)ΓKΓh((s,t)) = 0, t,s K . 

Because  t  is not a left zero divisor and δ(K) = K , K is a semi-group ideal  and G is a prime   Γ-near-

ring, we obtain that  

  h((s,t)) = 0. Thus, (s,t) is a constant for every  s K.  

Now we can prove the main theorems. 

Theorem 2.12.  Let h  be a  Γ -( ,δ) – derivation of  a prime Γ-near-ring G  and  K is a semi-group 

ideal of  G which has no  nonzero divisors of zero, where h is commuting on  K, (K)= K , then  (G, 

+)  is an abelian. 

Proof. Let  v  be any additive commutator in  K.  

So, the application of Lemma 2.11 yields that  v is a constant. 

For any  s K,  sγv  is also an additive commutator in  K. Then , sγv is also a constant.  

Therefore , 0 = h(sγv) = h(s)γ(v) + δ(s)γh(v) = h(s)γ(v),  s K and γ Γ. 

Because   h(s) ≠ 0,  for some  s K,  and  K  has no nonzero divisors of zero, 

Which  gives  (v) = 0, thus v = 0  ,for every  additive commutator  v  in  K.  

Hence, (K, +)  is  an abelian. By using Lemma 2.10, we obtain that  (G, +) is  an abelian. □ 
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We need the following lemma to prove the main theorem. 

Lemma 2.13. Let  h  be a nonzero Γ -( ,δ) – derivation on  a prime Γ-near-ring G, and  K is  a semi-

group ideal of  G, so  γh = hγ ,δγh = hγδ for every γΓ, (K)=K  , where h(K) Z(G), then (K, +) is 

an abelian. If  G  is a 2 – torsion free and  h(K) K , then  K  is a central ideal. 

Proof. Since h(K) Z(G)  and  h  is a nonzero Γ-(,δ)-derivation.  

There exists a nonzero element  t in  K, such that  u = h(t) Z(G)\{0}.  

And, u+u = h(t)+ h(t) = h(t +t) Z(G).  

Therefore , (K,+) is an abelian by Lemma 2.6 (ii). 

Using the hypothesis, s, r  K, c G and  β, γΓ gives   (c)γh(sβr) = h(sβr)γ(c).  

Uusing Lemma 2.2, it provides 

                       (c)γh(s)β(r) + ( c)γδ(s)βh(r) = h(s)β(r)γ(c) + δ(s)βh(r)γ(c). 

Now, by using  h(K) Z(G)  and since  (K, +)  is an abelian, γh = hγ , and δγh = hγδ , it shows that  

                        h(s)β(c)γ(r) − h(s)β(r)γ(c) = h(r)βδ(s)γ(c)− h(r)β(c)γδ(s)  

Then ,  h(s)β([c,r]γ )= h(r)β([δ(r), (c)]γ)  ,s,r  K,  c G and  γ, β Γ. 

Suppose  that  K  is not a central ideal.  

By choosing   r K  and  c G,  such that  [c ,r]γ ≠0.  

And since  h(K) K,  let  s = h(x) Z(G),  where  x K,  which gives 

                       h
2
(x)β([c,r]γ) = h(r) β([δ(r),(c)]γ)  , x, r K, c G and  γ, β Γ. 

Then, h
2
(x)β([c,r]γ)  = 0. 

 By Lemma 2.6 (i), the central element  h
2
(x) cannot  be a nonzero divisor of zero, then  we conclude 

that  h
2
(x) = 0,  x k.  

 By using Lemma 2.8, we obtain that  h(x) = 0 

This contradicts that h is a nonzero  Γ- ( ,δ)- derivation  on G.  

So, we obtain that ([c,r]γ) = 0,  r K ,c G . 

Because  (K)=K, this gives a contradiction with the assumption. Then   K   is a central ideal. □ 

Theorem 2.14. Let  h  be a nonzero Γ -( ,δ) – derivation on  a prime Γ-near-ring G and  K  a semi-

group ideal of  G, so  γh = hγ ,δγh = hγδ for every γΓ, (K)=K , where h(K) Z(G), then  (G, +)  

is an abelian. If G is a 2 – torsion free and h(K) K,  then  G  is a commutative ring. 

Proof. By using  Lemma 2.13, it gives that (K, +) is an abelian. 

By  using Lemma 2.10, it gives that (G,+)  is an abelian.  

Now, assume that G is a  2 – torsion free. The application of Lemma 2.13.  

shows that  K  is a central ideal.   

Thus, K is a commutative. By Lemma 2.9, it implies that   

G  is a commutative ring. □ 

Theorem 2.15. Let  h be a nonzero   -( ,δ) – derivation on a prime Γ-near-ring G, and  K is  a 

nonzero semi-group ideal of  G, so h([s,r]ρ) = -[s,r]ρ where  tγkβu = tβkγu  for every  t,k,u  K and  

γ,β Γ, then  (G, +) is an abelian. If  G  is a  2 –torsion free and  h(K) K, then  G  is a commutative 

ring. 

Proof. Since  [s,sγr]ρ = sγ[s ,r]α  , s K, r G and  ρ ,γ Γ.  

By using Lemma 2.3(ii), we have  

                   h(v)βsγ[s,r]ρ  = sγ[s,r]ρβh(v)= sγh(v)β[s,r]ρ , s,v K, r G and ρ,γ,β Γ.  

By using Lemma 2.4 (i), we obtain that 

                   [s,r]ρ βh(h(v)γs – sγh(v)) = 0, s,v K  , r G and  ρ,γ,β Γ.   

Hence, [s,r]ρβh([h(v), s]γ) =0 

By Lemma 2.3 (i), we obtain that [s,r]ρβ([h(v), s]γ) =0 

The application of Lemma 2.4 (ii) gives  

either  [s,r]ρ = 0 or  [h(v),s]γ=0, s,v K  , r G and  ρ,γ  Γ.   

If  [h(v), s]γ = 0,    s,v K and  γ  Γ . 

Hence, h(K) Z(K). By Lemma 2.5, we obtain that  

h(K) Z(G). Then, by Theorem 2.14, we complete this theorem.  

So, if   [s ,r]ρ= 0,  s K , r G and ρ Γ. 



Ahmed and Majeed                                       Iraqi Journal of Science, 2020, Vol. 61, No. 3, pp: 600-607 

606 

 

We substitute   sγh(v) for  s, where  v  K,  which gives  

                    [sγh(v), r]ρ = 0 = sγ[h(v), r]ρ,   s,v K, r G and  ρ,γ  Γ 

Which gives,   Kγ[h(v), r]ρ = 0,   v K, r  G and  ρ,γ  Γ  

Because   K  is a nonzero semi-group ideal of  G  and  G  is a prime Γ-near–ring, this implies that       

[h(v), r]ρ = 0,  v K, r G and  ρ Γ. 

So, h(K) Z(G). By Theorem 2.14, the proof will be complete. □ 

 

Theorem 2.16. Let  h  be a nonzero   -(,δ)– derivation on a prime Γ-near-ring G, and  K  is a 

nonzero semi-group ideal of  G, so h([s,r]ρ)= [s,r]ρ and tγkβu = tβkγu  for every  t,k,u K and  γ,β 

Γ,(K)=K,  then  G  is a commutative ring. 

Proof . Since  h([s,r]ρ) = – sρr + rρs,   s K, r G and ρ  Γ. 

By replacing  r  by  rγs  in this equation, we get 

h([s,rγs]ρ) = – sρrγs + rγsρs = (–sρr + rρs)γs , s K, r G and ρ,γ  Γ 

And, 

                  
          

    )(),()(

)(),()(,,,

shrsssrrs

shrssrshsrshsrsh








 

It follows from the two expressions for  h([s, rγs]ρ) that  

      δ(s)ρδ(r)γh(s) = δ(r)ρδ(s)γh(s),  s K, r G and ρ ,γ Γ         ……………. (4) 

 Replacing   r  by  vβr  in equation (4), where  vK  and  β Γ , we obtain that 

                  δ(s)ρδ(vβr)γh(s) = δ(vβr)ρδ(s)γh(s), s, vK, r G and  ρ,γ ,β Γ          ………..........(5) 

Left multiplicative equation (4) by δ(v)β, gives 

                 δ(v)βδ(s)ρδ(r)γh(s) = δ(v)βδ(r)ρδ(s)γh(s), s ,vK, rG and ρ,γ,β Γ     ……….…….(6) 

The combining of equation (5) and equation (6) gives 

                 δ([s,v]β)ρδ(r)γh(s) = 0,s,vK , rG and  ρ,γ,βΓ. 

Since δ(K) = K, and δ is automorphism on G. 

Hence, [s,v]β ΓGΓh(s) = 0.  

Because G  is a prime Γ-near–ring, this implies that h(s) = 0  or  [s,v]β= 0.  

Since h ≠ 0, therefore  [s,v]β = 0,  s,v K and β Γ . 

Thus , K  is a commutative. By Lemma 2.9, we obtain that  G  is a commutative ring. □ 

Lemma 2.17:- Let  h  be a nonzero   -(,δ)– derivation on  a prime Γ-near-ring G, and  K  be a 

nonzero semi-group ideal of  G, if [s,r]ρ = [h(s), h(r)]ρ, then the constant in  K  is in  Z(G). 

Proof: Let  s be a constant in  K.  i.e.  h(s) = 0, then  

                          [s ,r]ρ = [h(s),h(r)]ρ = [0, h(r)]ρ = 0,   r K and ρ Γ. 

Then, s Z(K). By Lemma 2.5, we obtain that  sZ(G).  

Theorem 2.18 . Let  h  be a nonzero    -(,δ)– derivation on a prime   - ring-near  G, and  K  is 

a nonzero semi-group ideal of  G that has no nonzero divisors of zero. If  K has a right cancellation 

and  [h(s),h(r)]α = [s ,r]α, tγkβu = tβkγu  for every  t,k,u K and  γ,β Γ, and h(K)  K, then  h is 

commuting and (G, +) is an abelian. 

Proof.                s K, [s, sγh(s)]ρ = [h(s), h(sγh(s))]ρ                                      …………….….. (7) 

By using Lemma 2.1 and 2.2, the right – hand side of equation (7) equals  
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The left – hand side of equation (7) equals 

               sγ[s,h(s)]ρ= sγ[h(s),h
2
(s)]ρ= sγh(s)ρh

2
(s)– sγh

2
(s)ρh(s),  sK and  ρ ,γ Γ 

It follows from equation (7), since δ(K)= K, it implies that 

               sγh(s)ρh
2
(s) = h(s)ρsγh

2
(s),   s K and ρ, γΓ.                                    …….. …..(8) 

Hence , by using the hypotheses, we obtain that  [s,h(s)]γ ρh
2
(s) = 0 , s K and ρ,γΓ. 

If  h
2
(s) = 0, s K.  

Then,  h(s)  is constant in K, by using Lemma 2.17, we obtain that  

 h is central. Thus, h is commuting in K.  
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By Theorem 2.12, we obtain that (G, +) is an abelian. 

Otherwise, h
2
(x)  can be cancelled on the right in equation (8).  

In either event, [s,h(s)]γ = 0,  s K and γΓ.  

Then, by using Theorem 2.12, we obtain that  (G, +)  is an abelian. □ 

Theorem 2.19. Let  h  be a nonzero   -(,δ)– derivation on  a prime Γ-near-ring G, and  K  be a 

nonzero semi-group ideal of  G that has no nonzero  divisors of zero. If  h  is commuting on   K and 

[s, r]ρ = [h(s),h(r)]ρ, then  G  is a commutative ring. 

Proof. For every  s,r  K,  we have  

                                     [s, sβr]ρ = [h(s),h(sβr)]ρ = [h(s), h(s)β(r) + δ(s)βh(r)]ρ                             

By using Lemma 2.2, we have 

                                    [h(s),h(sβr)]ρ = h(s)β[h(s), (r) ]ρ + δ(s)β[h(s), h(r)]ρ                                                              

Since h is commuting, by using Theorem 2.12, (G, +) is an abelian, and δ(K) =K , 

 we obtain that  

                      sβ[s, r]ρ= sβ[h(s),h(r)]ρ= h(s)β[h(s),(r) ]ρ + δ(s)β[h(s), h(r)]ρ , s,rK and ρ, β Γ.  

Hence, h(s)β[h(s),r]ρ = 0. 

Since K  has no nonzero divisors and  h  is a nonzero, we conclude that  

                                    [h(s),r]ρ = 0,  s,rK  and ρΓ. 

particularIn ,  s,r,tK, we have  

                                   [h(s),tβh(r)]ρ = 0 = tβ[h(s),h(r)]ρ.   

Hence,   

                                  Kβ[h(s),h(r)]ρ = 0,  s,r K and ρ, βΓ. 

Since  K  is a nonzero semi-group ideal of  G  and  G  is a prime Γ-near–ring, we obtain that       

[h(s),h(r)]ρ = 0,   s,r  K and  ρΓ. 

Then, we conclude that  [s,r]ρ= 0,  s,r K and  ρΓ. 

Hence,  K   is commutative. By Lemma 2.9, we have G  is a commutative ring.  
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