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Abstract

Physics-informed neural networks (PINNs) are a novel deep learning model that
excels at solving both inverse and forward non-linear partial differential equation
(PDE) problems. This paper presents a new algorithm implemented using Python
and the IDRLnet library. The new algorithm of the open-source deep learning
package is designed to solve PDEs using PINNs and is mainly used for physics-
informed deep learning. This paper uses PINN to solve the 2nd-order Volterra
integro-differential equations (VIDE) for the first time, in which a series of iterative
solutions are established based on the Gauss-Legendre quadratic method after
converting the 2nd-order VIDE into a PDE. In addition, three different examples are
presented and solved using the new algorithm to highlight the accuracy and
efficiency of the proposed method. It is found that the L2 relative error is between
0.1e-3 and 0.1e-4, but the absolute error is between 0.1e-3 and 0.1e-5, which is a
good result., and the “training” time for all cases is 414.08, 724.2, 1339.31, and
2260.8 seconds for all the cases taken.

Keywords: Volterra Integro-Differential Equations (VIDE, Physics-Informed
Neural Networks (PINN), IDRLnet Liberty, Deep Learning (DL), Gauss-Legendre
Quadrature (GLQ).
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1. Introduction
Volterra's population dynamics studies from the start of the 20th century inspired the need
for modeling systems with spatiotemporal linkages beyond local modeling, which led to
Integro-Differential Equations (IDEs). IDEs have unique properties due to their non-local
nature [1-3]. Computational biology, physics, and engineering uses functional differential
equations, like IDEs, to represent dynamical systems with non-local properties, as Ordinary
Differential Equations (ODEs) and Differential Delay Equations (DDEs) cannot. Similar to
ODEs and PDEs, one of the main issues in the theory is the existence and uniqueness
problem for IDEs. Several general solutions, such as those obtained by the Tychono fixed
point or Schauder theorems, guarantee that the initial value problem for Equation (1) admits
solutions provided that the function k above is subject to acceptable regularity constraints.
Under other assumptions, the solutions are likewise distinct and continuous with respect to
the initial data [4]. Furthermore, a range of strategies for resolving IDEs are presented in [3,
5-9].
Integro-differential equations were used to explain a wide range of physical processes. These
formulas are essential to the creation of novel physical phenomenon explanations as well as
the mathematical representation of several theories. For instance, one is often interested in
one of the following types of phenomena while studying continuous media or fields [5]:
% Sound wave propagation in turbulent media is a phenomenon that cannot be moved from
one location to another.
% Phenomenon, when biological molecules are transported or diffused via permeable soils
[10].
Numerous physical processes, including the glass process [11], nanohydrodynamics [12],
drop-wise condensation [13], and wind ripple in the desert [14], result in integro-differential
equations. Such problems may be solved using a variety of numerical and analytical
techniques, but each approach is limited to a particular class of integro-differential equations.
Volterra studied the genetic implications while he was analyzing a population development
model. The research effort resulted in a peculiar topic, where both integral and differential
operators happened simultaneously in the same equation. This new kind of equation was
dubbed VIDEs, defined in the form:
In general, integro-differential equations are:
X

p™(x) = f(x) + Af K(x,t)p(t) dt, p®0)=a;, 0<i<k-1, (D
0
where p™(x) = ZZ—,?.

The VIDE (1) necessitates defining initial conditions such as p(0), p'(0), ..., p"'(0) to
ascertain the particular solution p(x). This requirement arises because the resulting equation
in (1) merges the integral operator with the differential operator. A VIDE is defined by the
presence of one or more derivatives outside the integral sign, such as p'(x), p"'(x) , ... . When
we use the Leibnitz rule to transform an initial value issue into an integral equation, we can
get the VIDE, [15].
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Numerous vision-related tasks, such as image identification and classification, video analysis,
and medical image analysis, have shown the exceptional efficacy of the CNN family of Deep
Learning algorithms [16-19].

The term "PINN" was first used by Rassi et al. in 2019, [20]. Physics-informed neural
networks are those that perform supervised learning tasks within physical boundaries or
somehow capture the partial differential equation (via the loss function, for example).

In recent years, the study of deep learning has focused increasingly on PINN for data-driven
PDE solution development. The fundamental concept behind PINN is to use a neural network
to represent the solutions to PDEs. The parameters of the neural network are trained using
gradient descent of the loss function connected with PDEs, together with boundary and initial
conditions. The deep learning community specifically uses the automated differentiation
approach to handle derivatives[21].

PINN is solved the 2"-order VIDE, in which a series of iterative solutions are established
based on the Gauss-Legendre quadratic method after converting the 2nd-order VIDE into a
PDE [22].

Because of its versatility and grid-less design, PINN has been extensively used in
scientific computing up to this point, particularly in the forward and inverse problem
solutions of nonlinear PDEs [23-25]. Both the governing differential equations and data are
used to train PINN simultaneously. PINNs are considered a useful tool for solving differential
equations that control physical systems, and they are attractive because they can solve inverse
problems with the least amount of code change needed for forward problems [21, 26-29].
Although partial differential equations have been solved using NNs since the 1990s [30],
there has been a recent upsurge in interest in PINN in various scientific fields. This is
attributable to the ease of access to open-source libraries like PyTorch [31] and TensorFlow
[32], which provide practical features like high-performance processing and automated
differentiation. Several libraries use Physics-Informed Neural Networks (PINNs) to solve
partial differential equations (PDEs) & (VIDE). For instance, see DeepXDE [22, 25],
NeuroDiffEq [33], IDRLnet [34].

The following scientific papers deal with the topic of solving integro-differential equations
using PINN as follows:

Lu et al. [25] published the Python library DeepXDE for PINN, which is meant to serve both
as a teaching tool and a research tool for solving difficulties in computational science and
engineering. To improve PINN training efficiency, he also developed a novel residual-based
adaptive optimization (RAR) approach. More specifically, inverse issues with extra data and
forward problems with initial boundary conditions are both handled by DeepXDE. More
broadly, DeepXDE facilitates the quick development of the emerging field of scientific
machine learning. Lu et al. used a degree 20 GLQ to approximate the integral and found that
the L2 relative error is 2e-3 when solving the 1st-order VIDE using PINN and DeepXDE.
Wei Peng [34] published IDRLnet, a Python framework for methodically modeling and
tackling issues using PINN. IDRLnet provides a base for a large variety of PINN algorithms
and applications. The numerical integral is approximated by a Gaussian-Legendre square of
degree 10.

The auxiliary PINN (A-PINN), invented by Yuana et al. [35], is a unique PINN architecture
intended to tackle forward and inverse problems with nonlinear integral differential
equations. It is proven that the recommended A-PINN gives a more accurate solution than the
usual PINN by specifying the auxiliary output variables to represent the integrals in the
governing equation and employing automated differentiation of the auxiliary output to
replace the integral operator. The 2D nonlinear Volterra IDE, the Volterra nonlinear IDEs,
the Fredholm nonlinear IDE, and the 10D nonlinear Volterra IDE were among the front-end
challenges in which A-PINN excelled. Lastly, the inverse issue of nonlinear IDs is tackled
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using the A-PINN framework, and the results demonstrate that even with highly noisy data,
unknown parameters can be recognized sufficiently.

The objectives of this study are to solve the second-order Volterra integro-differential
equations for the first-time using PINN and the IDRLnet library (All previous works did not
solve the 2" -order VIDEs) find and reduce the square of the relative error and absolute error.
The strength of the new proposed algorithm is demonstrated through calculated and
decreased L2 relative and absolute error, and three separate examples are used to illustrate
this.

The following is the structure of the parts that follow in this work: In Section 2, the
IDRLnet library's core design for the second-order VIDE solver is introduced, along with a
synopsis of the PINN. In Section 3, it demonstrates three examples using PINN and IDRLnet
to apply the second-order VIDE and provide the outcomes. Lastly, Section 4 provides the
most significant conclusions.

2. Problem statement

A family of non-local functional differential equations in time are called integral-
differential equations (IDEs). IDEs naturally describe many dynamical systems, nuclear
reactor physics, including population dynamics, and viscoelastic fluids, as studied in depth.
Further examples are models of brain dynamics, as well as infectious illness spreading.
Volterra investigated the genetic effects when assessing a population growth model. The
research effort produced a unique topic in which the differential operators and integral
appeared simultaneously in an equation. In this paper it will discuss a special case of these
equations, namely the second-order Volterra integro-differential equations, as follows:

YD) = £ + A f K(x,6) y(t) d. @
0

2
Where y@ (x) = % .

The Volterra integro-differential Equation (2) requires the definition of initial conditions
¥(0),y '(0) in order to get the specific solution y(x). This is because the resultant Equation

(2) combines the differential operator with the integral operator.

3. Methodology

IDRLnet is an open-source tool developed in Python based on physics-informed deep
learning and in the PyTorch framework. That is, the programming interface of this work is
aimed at the scientific and engineering purposes such as variational minimization, parameter
identification, surrogate training, and differential equations solving.

The library is named after the Robust Learning and Intelligent Design (IDRL) Laboratory
(IDRLnet), a Python framework for systematically modeling and addressing issues using
PINN. IDRLnet provides a foundation for many other PINN applications and algorithms. It
gives a formal framework to merge data sources, geometric objects, ANN, optimizers, and
loss metrics within Python.

3.1. Physics-informed neural networks

The main concept behind using neural networks to solve PDEs is to reframe the issue as
one of optimization, whereby the residual of the DEs has to be minimized. The PDE with IC
and BC conditions may be described as follows without losing generality:

Llu](x) =qx), xe 0 X[0,T]
Blu](x) = q(x), xe 0Q X[0, T] 3)
u(x,0) =uy(x), x€Q,
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where £ and B are the differential operators, u is the solution, and () is the spatio-temporal
domain [34].

Given that an exact solution u frequently resides in an infinite-dimensional space,
parameterizing the solution u as ug is one possible numerical technique to get close to the
real solution. Within the PINN framework, the model ug serves as a replacement artificial
neural network, with the neural network's biases and weights represented by the parameter 0.

The RY into RN is mapped by the surrogate ug(x). With the activation function o(x) =
swish(x) [10], IDRLnet uses a basic Multi-Layer Perceptron (MLP) by default, i.e.,
ug :=Ly,o000Ly_q000 - 000 L.
Where
Li(x) :=W;+ by, W, e R4*4 b, e R%,
Li(x) :=W;+b, W, € R%*d%-1 b, € R%,
Ly (x) := Wy + by, Wy, € R™ -1, ¢ R™,

If the differential equation is solved for ug, then the residual terms are found.

dee = L[ug] — q, xeQ X[0,T]
R, = Blug] — up, xe 0Q X[0,T] 4)
Ry = ug(.,0) — uy, xeQ

are identically zero [34].

Unfortunately, because ug is a finite-dimensional approximation, it is nearly impossible for
(4) equals to 0. During a neural network's training phase, one common method is to use the
PDE-induced residuals as part of the loss function. Therefore, the so-called PINN is
fundamentally PDE-informed, which is the core principle that IDRLnet builds on, but other
forms of loss functions are obtained from observable external data.

With a specified loss function L(-), solving the PDE turns into an optimization problem [34]:

> L(dee(x))+ls—1b| ZL(Rb(x))+ ZL(RO(x)) (5)

| pde| X€ESpde X€ESp XESy

where sets of sample points from the initial, inner, and boundary domains are represented by
the variables Sy, Sp,and Spq, respectively. An instance of a PINN structure is provided in
Figure 1.
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Figure 1: A PINN scheme for resolving generic PDEs, [34].
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3.2. Solving 2nd-Order VIDEs

The second-order VIDESs on [a, b], with u = h(x), are the exact solutions as:

d?u

5+ g(x) = fo (x — Hu(t) dt. (6)

Algorithm 1 for implementing the solution of the second order of differential integral
equations is as follows:

Algorithm 1 IDRLnet for solving 2" order Volterra integro-differential equations.

Import the required packages or libraries:

o Import 'idrlnet.shortcut' package as sc.
Stepl o Import a 'Sympy' package named sp.
o Import a 'Numpy' package named np.
o Import the '"Matplotlib.pyplot' package as plt.
Definition of symbols and functions:
¢ The symbol x is defined.
Step2 o Definition the symbol t as time.
¢ Definition the u as function.
o Definition the derivative of the function u with respect to x.
Definition of points and intervals and bounds for Volterra Integro-Differential
Equation:
o Define the 'interior function' to specify interior points and the constraints
Step 3 associated with them . ‘ - ‘ ‘ ‘
o Define the 'init function' to specify initial points and their associated
constraints.
o Define the 'infer function' to specify the points that will be used in
inference.
Step 4 Neural network definition:

o Defining a neural network using the code sentence 'sc.get net node'

Definition of partial differential equations:
Step5 o Define partial differential equations (PDEs) that contain the constraints
that need to be solved.

Problem solving:

Step 6 o Using the code 'solver.infer step' to solution the problem.

Step 7  Neural network optimization

Error calculation and Plot the results:

o Calculate absolute error and relative error.

Step8 o After solving the problem, the results are plotted using the code
'matplotlib.pyplot.'
o Time calculation.
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4. Results And discussion

3.3. Results

It will solve three cases of the 2" order VIDE with starting conditions using Algorithm 1 to
demonstrate the PINN's precision and effectiveness and support the success of the suggested
approach.

The aim is to ascertain the optimal solutions for the second-order Volterra integral-
differential equations by calculating the number of points for (x) to calculate (IDRLnet and
PINN) and the accuracy of solving the integral portion using the Gauss-Legendre quadratic
technique. Along with assessing the deep neural network's training time, for every case, the
outcomes were documented in the tables and figures that follow.

Example 4.1.1:
The VIDE of the 2" order in [0,6] and u(x) = sinx is the exact solution, [5].
X

u’(x) =—x+ f(x —t) u(t)dt, u(0) =0,u'(0) = 1. (7)
0
Solution:
When solving VIDE, it uses the method of automatic differentiation (AD) to compute
integer-order derivatives, both numerically and analytically. Additionally, it employs the
GLQM to estimate 1ntegra1 operators. F1rst use the GLQM to calculate the integral part:

f (x — ) u(D)dt ~ Z wi(x — £,00)u(t;(x)) d. @)

Now, using PINN we will solve the spe(nﬁed PDE Equation (9) instead of the original
Equation (7).

dZ
—+x = Z w;(x — t;(0) u(t; (x)) dt 9

dx?

As shown in Table 1, the solution t0 Equatlon (9) yields the value of X, the predicted
value of Equation (9), the exact value of Equation (7), and the absolute error. Figure 2 shows
how the sine function converges on the interval [0, 6] at different numbers of iterations.
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Figure 2: The graph shows how the sine function converges on the interval [0, 6] at different
numbers of iterations (Iter), L2 Relative Error = 0.007457045, Gauss-Legendre quadratic =
30, and time 'training' = 2260.8 second.
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Table 1: Represents the exact solution, the predicted value, and the absolute error at several
test points in the [0, 6] domain. Legendre quadrature points are applied for training by 30
degrees, time 'training' = 2260.8 second, numbers of iteration =15000.

Exact solution of

No. of x Value of x Pred of Equation (9) . Absolute error
Equation (7)

1 0 -1.27917160E-05 0 1.2791716E-05
2 0.122449 0.12215488 0.1221432 1.1660E-05
3 0.244898 0.24249779 0.2424573 4.0460E-05
4 0.367347 0.35919663 0.3591406 5.6000E-05

5 0.489796 0.47052902 0.4704458 8.322E-05

20 2.326531 0.72840744 0.727768 6.3938E-04
21 2.44898 0.63928604 0.63855 7.3570E-04
22 2.571429 0.54060227 0.53977 8.3202E-04
23 2.693878 0.43383098 0.432907 9.2394E-04
42 5.020408 -0.94698626 -0.95294 5.94974E-03
43 5.142857 -0.90184134 -0.90877 6.92916E-03
44 5.265306 -0.84290081 -0.851 8.09545E-03
45 5.387755 -0.77105981 -0.78048 9.41843E-03

50 6 -0.26154885 -0.27942 1.786665E-02

Example 4.1.2:
Let the 2nd-order VIDE be in the interval [0, 4], with the exact solution p(x) = e*, [5].
X

P =1+ x+ j @-0p®dt,  p'©0) =p0)=1 (10)

Solution:

When solving VIDE, it uses the method of automatic differentiation (AD) to compute
integer-order derivatives, both numerically and analytically. Additionally, it employs the
GLQM to estimate 1ntegral operators. Flrst use the GLQM to calculate the integral part:

f (x— ) p(t) dt ~ Z wi(x — t:(0))p(t: () dt. )

Now, using PINN, 1t will solve the spemﬁed PDE Equation (12) instead of the original
Equation (10).

2
% —1—x~ YL wi(x —;00))p(t;(x)) de. (12)
The solution of Equation (12) contains the value of X, the predicted value of Equation (12),
the precise value of Equation (10), and the absolute error. These results are shown in Table 2.
Figure 3 illustrates the accuracy between the estimated solutions and the actual value (e¥).
The estimated value was obtained by solving the IDE using PINN. Figure 4 illustrates the
convergence of the expositional function across the interval [0, 4] at varying iterations.
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Table 2: The table showed the (x) values, the true values, and the approximate values that
resulted from the new algorithm using PINN, numbers of iteration (Iter) = 10000, L2 Relative
Error = 0.00018295646, Absolute Error= Gauss-Legendre quadratic = 15, time 'training' =

724.2 seconds, and number of interior points = 100, Number of prediction points=50.

No.
of x

Value of x

Exact solution of
Equation (12)

Pred of Equation (10)

Absolute Error

L2 Relative Error

[0 - VS B \S

13
14
15
16
22
23
29
30
40
41
42
43
47
48
49
50

0.00000000000000E+00
8.16326513886451E-02

1.63265302777290E-01

2.44897961616516E-01

3.26530605554580E-01

8.97959172725677E-01

9.79591846466064E-01

1.06122446060180E+00
1.14285719394683E+00
1.22448980808258E+00
1.71428573131561E+00
1.79591834545135E+00
2.28571438789367E+00
2.36734700202941E+00
3.18367338180541E+00
3.26530623435974E+00
3.34693884849548E+00
3.42857146263122E+00
3.75510215759277E+00
3.83673477172851E+00
3.91836738586425E+00
4.00000000000000E+00

1.00000000000000E+00
1.08505713939666E+00
1.17734909057617E+00
1.27749097347259E+00
1.38615059852600E+00
2.45458841323852E+00
2.66336894035339E+00
2.88990712165832E+00
3.13571500778198E+00
3.40242958068847E+00
5.55270767211914E+00
6.02500486373901E+00
9.83270835876464E+00
1.06690492630004E+01
2.41352462768554E+01
2.61881294250488E+01
2.84156150817871E+01
3.08325634002685E+01
4.27385864257812E+01
4.63738021850585E+01
5.03182220458984E+01
5.45981483459472E+01

1.00018095970153E+00
1.08475327491760E+00
1.17710435390472E+00
1.27815485000610E+00
1.38622117042541E+00
2.45251917839050E+00
2.66286706924438E+00
2.89081168174743E+00
3.13704133033752E+00
3.40321540832519E+00
5.55237865447998E+00
6.02547121047973E+00
9.83237743377685E+00
1.06680450439453E+01
2.41322154998779E+01
2.61867027282714E+01
2.84143447875976E+01
3.08299369812011E+01
4.27435531616210E+01
4.63831672668457E+01
5.03301277160644E+01
5.46160507202148E+01

1.80959701538085E-04
3.03864479064941E-04
2.44736671447753E-04
6.63876533508300E-04
7.05718994140625E-05
2.06923484802246E-03
5.01871109008789E-04
9.04560089111328E-04
1.32632255554199E-03
7.85827636718750E-04
3.29017639160156E-04
4.66346740722656E-04
3.30924987792968E-04
1.00421905517578E-03
3.03077697753906E-03
1.42669677734375E-03
1.27029418945312E-03
2.62641906738281E-03
4.96673583984375E-03
9.36508178710937E-03
1.19056701660156E-02
1.79023742675781E-02

1.80959701538085E-04
2.80044681858271E-04
2.07870951271615E-04
5.19672175869345E-04
5.09121455252170E-05
8.43006826471537E-04
1.88434700248762E-04
3.13006632495671E-04
4.22972923843190E-04
2.30960737098939E-04
5.92535507166758E-05
7.74018844822421E-05
3.36555276589933E-05
9.41245089052245E-05
1.25574733829125E-04
5.44787581020500E-05
4.47040874860249E-05
8.51832883199676E-05
1.16211980639491E-04
2.01947681489400E-04
2.36607535043731E-04
3.27893445501103E-04

50 1

40

30 1

20 1

10 1

¢ Prediction
Exact

0.0 0.5 1.0

15 2.0 2.5

3.0 35 4.0

Figure 3: The graph shows the exact (exponential function) solutions with the approximate
solutions (which emerged from solving the 2nd order VIDE using PINN) on the interval [0,
4], numbers of iteration (Iter) = 10000, L2 Relative Error = 0. 00018295646, Gauss-Legendre

quadratic = 15, time 'training' = 724.2 seconds, and number of interior points = 100.

1677



Jasim and Al-Rozbayani Iraqi Journal of Science, 2026, Vol. 67, No. 3, pp: 1668-1684

v Prediction
50 == Exact

v Prediction
50 == Exact

10 10
1 iter. =500 .
0 n{ Iter.=1000

0.0 0.5 10 15 20 25 30 35 4.0 0.0 0.5 10 15 20 25 30 35 4.0

X X
v Prediction
+ Predictien 501 = Exact
501 — Exact
L}
L}
4 ¢
40
30

Iter. =2000

Iter. =1500

10

00 05 10 15 20 25 10 35 4 oo 03 10 15 20 25 10 13 40

% X
v Prediction v Prediction
50 = Exact iy 509 — Exact
3
0 ) 4
30 - 30
= Iter. =2500 =" | Iter.=8000
20 20
10 10
0 0
0.0 05 10 15 2.0 25 30 35 40 0.0 05 1.0 15 2.0 25 30 35 40
X %

Figure 4: The graphs show the convergence of the exact (exponential function) value of the
approximate solution (which originated from solving the 2nd order VIDE using PINN) on the
interval [0, 4] at different numbers of iterations (Iter). The following results of Iter = 8000
are: L2 Relative Error = 0.0007446787, Gauss-Legendre quadratic = 5, time 'training' =
414.08 seconds, and number of interior points = 50.
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Example 4.1.3:
Solving the VIDE in [0,5], where u(x) = sinx + cosx, is the exact solution, [5].
X

u'(x)= -1—-x+ f(x —t) u(t) dt, u(0) =1,u'(0) = 1. (15)
0
Solution:
To estimate the integral, we first use the Gauss-Legendre quadratic approach to a specific
degree.

f (x — D) u(t) dt ~ Zwl(x £,00) )u(t: () dt. (16)

Now, using PINN we will solve the spe(nﬁed PDE Equation (15) instead of the original
Equation (17).
d2

d—lzl +1 +x Z w; (x = t;(0)) u(t;(x)) dt. (17)

i=
As seen in Table 3, the solution to Equation (15) provides the value of X, the expected
value of Equation (17), the exact value of Equation (15), and the absolute error.

1.5
— Prediction

— Exact

1.0 1

0.5 1

> 0.0 A

-0.54

—-1.0 1

-1.5+4

Figure 5: The graph shows the exact (sin(x)+cos(x)) value with the approximate solution
(which emerged from solving the 2nd order VIDE using PINN) on the interval [0, 5],
numbers of iteration (Iter) = 15000, L2 Relative Error = 0.001478439, Gauss-Legendre
quadratic = 5, time 'training' = 1339.31 seconds, and number of interior points = 150.
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Table 3: The table showed the (x) values, the true values, and the approximate values that
resulted from the new algorithm using PINN, numbers of iteration (Iter) = 15000, L2 Relative
Error = 0.001478439, Gauss-Legendre quadratic = 5, time 'training' = 1339.31 seconds, and

number of interior points = 150.

No. . . ”
(;f Value of X Pred 0{1]:]7()1uat10n Exact SOllltl((;l;)Of Equation Absolute Error
1 0.000000000E+00  1.000008941E+00 1.000000000E+00 8.940696716E-06
2 1.020408198E-01 1.096621275E+00 1.096662164E+00 4.088878632E-05
3 2.040816396E-01 1.181811333E+00 1.181915402E+00 1.040697098E-04
4  3.061224520E-01 1.254712820E+00 1.254872918E+00 1.600980759E-04
5  4.081632793E-01 1.314560175E+00 1.314775586E+00 2.154111862E-04
16 1.530612230E+00  1.038726330E+00 1.039366007E+00 6.396770477E-04
17  1.632653117E+00  9.356601238E-01 9.362701178E-01 6.099939346E-04
18 1.734693885E+00  8.228754997E-01 8.234341145E-01 5.586147308E-04
19 1.836734653E+00  7.015142441E-01 7.020316124E-01 5.173683167E-04
20 1.938775539E+00  5.728280544E-01 5.733255148E-01 4.974603653E-04
30 2.959183693E+00 -8.023562431E-01 -8.020104766E-01 3.457665443E-04
31 3.061224461E+00 -9.169182777E-01 -9.164905548E-01 4.277229309E-04
32 3.163265228E+00 -1.021954060E+00 -1.021435976E+00 5.180835724E-04
33  3.265306234E+00 -1.116364956E+00 -1.115755558E+00 6.093978882E-04
34 3.367347002E+00 -1.199159145E+00 -1.198467135E+00 6.920099258E-04
45 4.489795685E+00 -1.198153496E+00 -1.196087837E+00 2.065658569E-03
46 4.591836929E+00 -1.115653038E+00 -1.113002658E+00 2.650380135E-03
47  4.693877697E+00 -1.021739006E+00 -1.018338919E+00 3.400087357E-03
48  4.795918465E+00 -9.173874855E-01 -9.130810499E-01 4.306435585E-03
49  4.897959232E+00 -8.036475182E-01 -7.983241677E-01 5.323350430E-03
50 5.000000000E+00 -6.815962791E-01 -6.752620935E-01 6.334185600E-03

3.4. Discussion

% By comparing the true solution with the solution of the PINN model, it is visible that the
approximate solution is very close to the real one throughout the entire range, and therefore,
the main trends of the behaviour of the function are described sufficiently well.

% The improved accuracy of the approximation raises the model’s reliability when it comes
to providing accurate solutions to complex problems.

% Quantitative Analysis: The discrepancies between the approximate and exact answers are
negligible, demonstrating the model's capacity to manage noisy data and provide precise
outcomes.

¢ The chosen interval inside the solution domain determines the degree of the solution’s
accuracy. In other words, the further the interval, the lower the accuracy, and vice versa.

% The importance of the L2 relative error:

1. Accuracy assessment: Provides an accurate estimate of how near the calculated answer is
to the genuine solution, assisting in assessing the model’s efficacy.

2. Appropriate for large-scale issues: Can be used to examine the correctness of solutions in
high-dimensional problems, making it appropriate for assessing PINNs solutions.
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3. Ease of interpretation: Plain to interpret which means that smaller numbers represent
correct solutions while bigger numbers represent less accurate solutions.

% The reason for choosing the relative error in this paper is:

1. complete evaluation: Provides a complete assessment of the correctness of solutions
across all points, making it suited for assessing PINN solutions that deal with complicated
partial differential equations.

2. Handling high dimensions: Can be utilized to evaluate solutions in high-dimensional
situations, making it suited for assessing PINNs solutions that deal with large-scale
optimization challenges.

3. Ease of interpretation: Easy to interpret it as a way of understanding the correctness of
solutions and to make alternatives to improve models.

% Absolute error has many advantages when used to assess the accuracy of solutions in
PINNSs or in any other methodology. The reason for choosing the Absolute error in this paper
is:

1. Ease of Understanding: Absolute error is a simple and easy-to-understand metric, as it
directly represents the difference between the true value and the estimated value.

2. Comprehensive Evaluation: Absolute error can be used to assess the accuracy of
solutions across all points, providing a comprehensive picture of the model’s performance.

3. Handling Small Values: Absolute error is particularly useful when dealing with small
values, as it can be more accurate than relative metrics in these cases.

4. Not Affected by Large Values: Unlike some other metrics, absolute error is not
disproportionately affected by large values, making it a balanced measure for evaluating
accuracy.

5. Ease of Calculation: Calculating absolute error is straightforward and does not require
complex computations, making it suitable for use in many applications.

% In the above examples, the "time training" ranged from 2750 to 400 seconds in all
circumstances.

% The GLQ degrees used in this study are 5, 15, and 30, and the greater the value, the more
precisely the Volterra equation's integral may be calculated.

% The correctness of the solution is significantly impacted by the number of iterations used
to train the network; the more iterations, the higher the accuracy. This is made very evident in
Figures 1 and 3, as well as in example 1. Please keep in mind that we needed many iterations
to adjust for this.

% The good discovery is that in all examined cases, the “L2 relative error” is in the range
between 0.1e-3 and 0.1e-4.

% A good result, the "absolute error" is located between 0.1e-3 and 0.1e-5 in this study.

% Finally, we should note that we used Python (9.3) with several libraries such as: Numpy
(2.2.0), Deepxde (1.12.2), IDRLnet (2.0.0), PyYAML (6.0.2), paddlepaddle (2.6.2),
matplotlib (3.10.0), Torch (2.5.1), mpmath (1.4.0), pandas (2.2.4), packaging (24.2), and
many more.

5. Conclusions

This study provides a novel approach that uses the IDRLnet Library and a physics-
informed neural network (PINN) to solve the second-order Volterra integro-differential
equations. The integration operator of the second-order Volterra integro-differential equations
was approximated using the Gauss-Legendre quadratic numerical approach. We then used
automated distinction and a neural network with knowledge of physics to solve the resultant
problem. It used automated differentiation of extra outputs and differential factors in integro-
differential equations (IDEs), selecting a multi-output, multi-input deep neural network to
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represent the cooperative and basic integrals in the governing equations concurrently. Three
examples for VIDE were resolved to confirm the stability and soundness of the suggested
network. The results demonstrated the excellent accuracy and effectiveness of this network. It
i1s found that the L2 relative error is between 0.1e-3 and 0.1e-4, but the absolute error is
between 0.1e-3 and 0.1e-5, which is excellent. A “training” period is 414.08, 724.2, 1339.31,
2260.8, seconds for all the cases taken. Finally, it has been found that the solution's accuracy
is inversely proportional to the function domain in the solution area and vice versa. The
number of network training iterations also influences solution correctness. The Volterra
integro- differential equation solution is more accurate as the Gauss-Legendre technique
degree increases.
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