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Abstract 

       Let R  be a commutative ring with identity and let M  be a unitary left 
R module. We call the R module M  kerquasi-injective if for every 

monomorphism  from  into , where  is a submodule of  

and  is a quasi-injective hull of 

f N )(MQ N )(MQ

)M(Q M  and for every homomorphism  

from  into 

g

N M , there exists a homomorphism  from Q  into h )M( M  such that 

. ghf kerker 
It is clear that every quasi-injective module is kerquasi-injective, however the 
converse is false. Also every ker-injective module is kerquasi-injective, however the 
converse is false. In this paper we give some characterizations of kerquasi-injective 
modules, we also study some conditions under which a kerqausi-injective module 
becomes quasi-injective. For example, if a kerquasi-injective module is a finitely 
generated, then it is a quasi-injective. We ought to mention that we were not able to 
give an example of a kerquasi-injective module which is not quasi-injective and ker-
injective.  
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  الخلاصة

M R M R .نقول ان الموديول   شبه اغماري النـواة اذا لتكن      حلقة ابدالية وليكن موديولا يساريا على
 موديـول جزئـي مـن الغـلاف شـبه الاغمـاري ، حيـث Q الـى  مـن كان لكل تـشاكل متبـاين 

للموديــــول 
f)(MN N

M g M) ولكــــل تــــشاكل Q الــــذي يرمــــز لــــه بــــالرمز  M) الــــى مــــن N يوجــــد تــــشاكل  
 الى Qمن

h

)(MM من الواضح ان كل موديول شـبه اغمـاري هـو موديـول .  يحقق
لقـد بينـا ان العكـس غيـر صـحيح بـصورة عامـة، كـذلك كـل موديـول اغمـاري النـواة هـو شــبه . شـبه اغمـاري النـواة

واخيـرا لابـد . كذلك اعطينا بعض المكافئـات الـى تعريفنـا. اغماري النواة  ولقد بينا ان العكس غير صحيح ايضا
رة الى اننا لم نستطع اعطاء مثال على موديول شبه اغماري النواة لكن ليس شبه اغمـاري ولا اغمـاري من الاشا

  . مثال كهذا مسألة مفتوحة) أو عدم وجود(وعليه نترك البرهنة على وجود . النواة

hfker ker g

  
Introduction  
    Two modules are subisomorphic if each has a 
monomorphism into the other [1]. Bumby, [1] 

has shown that if two modules are 
subisomorphic then their quasi-injective hulls 
are isomorphic. The purpose of this paper is to 
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initiate the study of modules which are 
subisomorphic   to   their  quasi-injective hulls. 
We introduce the following definition: a module 
M  is kerquasi-injective  if given any 

monomorphism , where 

)(KQI
)(MQ: Nf  N  is 

any submodule of the quasi-injective hull 
, and any homomorphism )M(Q MNg 

M
:
MQ )(

KQI

 

there exists a homomorphism  

such that . In section 1, we 

show that  modules are precisely those 
modules which are subisomorphic to their quasi-
injective hulls. In section 2 of the paper we give 
various conditions under which a  module 
becomes quasi-injective, we would like point 
out that our results parallel the results in [2] of 
ker-injecctive modules. Finally, we remark that 

h :
ghf kerker

KQI

R  in this paper stands for a commutative ring 
with 1 and a module means a unitary left 
R module.  

 
1. Characterization      of       kerquasi- 
 injective modules  
    We start  the section by the following: 
Theorem 1.1. Let M  be a R module, then 
the following statements are      equivalent: 

)(i M  is .  KQI
)(ii M  is subisomorphic to . )(MQ
)(iii

(MQ
Given any monomorphism  

, where 

Nf :
) N  is any submodule of the 

quasi-injective hull  and any 

homomorphism

)(MQ
MNg 

Mk :
Q(

:

h :

, there exists a 

monomorphism  and a 
homomorphism  such that 

.  

M
MM )

kghf 
)(iv
: Mf

hf

There exist two homomorphisms 

and such that 

 is a monomorphism. 

)(MQ MMQh )(:

 
Proof. . Consider the following 
diagram: 

)()( iii 

 

)(0 MQM i  
      I ↓ 
      M         h 
where i  is the inclusion homomorphism and I  
is the identity homomorphism. Since M  is 

,  there exists a KQI

homomorphism MMQh )(: such that 

0kerker  Ihi . This implies is   t
at  

ct,   if    (h

hat hi

0
a mo hism, we claim  th   is a 

sm . In   fa )   

and 0

nomorp
monomorphi

h
x

x , there exists Rr  su at ch th
Mrx0 , since (MQe M ) ( M  is an 

essentia extension of )MQ ), 

0)()(
l (

 xrhrxh ,but 0)()(  rxhirxh , 

hence 0


rx con ontradicti . Therefore h  is a 
momomorphism and hence M  is 

ng d am:  

subisomorphic to 

(iii


        

)(MQ .  

owi))(ii  .Consider the foll iagr

           )(0 MQN f  

  g            
 

 t             h 
O          M   I     Q(M)               M          
 

ere wh N  is a submodule  of th  
hull of )(MQ , f  is any monomorphis  

g  is any homomorphism. Let )(: MQMi   

omorphism. Sin )  
is quasi-inje e there exists a homomorphism 

)  such that tf  . 

From pa  there exists 

e 

n hom
v
(M

) a m

et st   

qua jective
m and

si-in

ce 

onom

be the inclusio
cti

)(: QMQt 
rt (ii

MQs )(:

(MQ

ig [3]

orphism 

anM . L h d ksi  .  

Hence  kghf  .  

) . Let()( iviii  MN  and g

(QN 

  identity 
homomorphism. 

)()( iiv  . Let :f
monomorphism and 

)M  be any 

MNg :  any 

homomorphism. Let )(: MQMi   be the 

)M  is 
quasi-injective there exists a homomo phism 

)(): MQQt   such that tf From 

part )(iv  there ex rphism s  such 

tha monomorphism. Let hst  . We 

b

(Q

ig .

. In fact

e 

 

inclusion hom

(M

t si  is a 
claim that

let hfx ker

omorphism. Since 

ists a homomo

 ghf kerker 

r
 

  then 

 ))(())((0 xfhxhf st  

(
))(( xf

))()( xg))(( sixigs  . But 

)( xg
si
0

 is a 

monomorphism therefore  and hence 

gx ker . 
 
Corollary 1.2. If  M  is  a KQI

y   diagram   of   the  f
 module,  

rm  then  for  ever o
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)(MQN f   0 
            g  
       M     M  
  

 such that 

there exists a  homomorphism  )(: MQh  

keM ghf rker  . 
 
Proof. From the proof of theorem

, if then       

 

 
 
Remarks and examples 1.3 

) If  is subisomorphic to 

is an injective hull of  

 

Proof ], ,but

, therefore 

 
s a monomo

nomorphism 

 and hence  is also a 

in th

 1.1 part 
gker)()( iiv  x 0)( xg

))(())()(())(())(( xfhxfstxigsxgsi 
hfker , that is

hf  . T


))(( xhf  and hence x

 g kerker  hus ghf kerker  .  

(1 )(MQ
)()(( MEME  then )M

)(MQ .)(ME   
 

. By [1 )( QM  )(ME )(MQ  

)(ME )()( MQME  . 

(2) If M  is subisomorphic to 2M  and 1M  is 

 is also.  

Proof. There exist rphism 

21: MMf   and a mo

(Q

1

, thenKQI 2M

1M

ono

1): Mg  fg

(Qmonomorphism. By [1] (Q  .Thus 

there exists a m morphism from )( 2Q  into 

2M .  

)) 21 MM 
M

(3) It is easy to see that if hfg kerker   e 

definition of KQI , then the module M  is not 

necessarily KQI (take ZM   as Z module).  

 clear that every quasi-injective is KQI . 
e converse is not tru in gen al. For 

example let )(ZEZM

(4) It is
But th e er

  as Z module. 

)(ME  is subisomorphic to M  and by (1) 

)M  is subisomorphic to (Q M . But M  is not 
quasi-injective since Z  is not quasi-injective. 
(5) It is clear that e r-injec  module very ke tive
M  ( )(ME  is subisomorphic to M ) [2] is 

KQI , but the conve  not tr  in general. 

For example take 2Z

rse is ue

M   as Z module, 

22( ZZQ that is 2Z  is qu  and 

injectiv  if 2Z  is ker-injeective module, 

the 2  is subisomorphic to

) 
hence by (4) 

asi- ve

 is   is not ker-

e because

n  and 

i inject

22Z KQI , but Z

Z 
22 )( ZZE

by [1] 22
ZZ  ,this  contradiction. Thus 2Z  

is KQI  but not k

Proposition 1.4.

 is

-

 

er injective. 

If M  is

 

 KQ
M and for every

I  then for every 

monomorphism Nf : 
homomorphism MNg :  there exists  a  

homomorphism  Mh :  
M  such that ghf kerker  .

wing diagram: 

)  

 
 
Proo onsider  the  fof. C llo

(MQ0  Mf iN

       g        h          t 

        M  
Since M  

orphism 

is KQI , there exists a 

() homom )MQ  such that(Q:t M  

gtif kerker  . Let hti  . Thus 

gtifhf kerkerker  .    
 
Lemma 1.5. If R  is principle ideal dom n then 
very nonzero hom

ai
orphism If :e om R , 

where I is nzero idea a no l of  R  is a 

 
Proof. Le )(r

monmorphism. 

t I   for som R  and let 

0)(
e r0

xf , Ix ,  this implies that 0)( srf , 

for some Rs  and hence 0)( rsf . But R  is 

i tegral domain, t e ore either 0an n her f s  or 
0)( rf . If )( 0rf f  is the zero , then 

homomorphism and this is impossible. Thus 
0s  and hence 0x f  is a 

monomorphism. 
 that is 

1.  rse of the proposition   The conve 4 is not 
true. For example let ZM   as Z m

: 
odule. 

Consid the folloer 

)
w diagraming 

Zfn  (0  

         g        h 

          Z  
Now we suppose that 0n and 0g . Since 
Z  is principle ideal domain therefore by lemma 
1.5, a omomorphism ZZh :  is a 
monom

n
o
y h
rphism also g  is a monomorph

mo o

ism,

rphism

 

. thus hf nom is also a 

Hence ghf kerker  =0 

But Z  as Z module   is not KQI .  
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2. Quasi-injective        modules       and 
 m es  

:  

. If

 kerquasi-injective odul
    We start with the following
 
Proposition 2.1  M  i QI  module, then 

there exists an ep )(MQ .  
 
Proof. S

s a

im

ince 

 K
 : Mhorphism

M  is 

monomorphism . This implies 

he following 
ram: 

where 

KQI , there exists a 

MQ(
er t

M )
onsid

f :
that )() MfQ  . C(M
diag

)()0 MQMMf ji   

       k                      t 
      )(MQ  

(

   

i , j  are inclusion homomorphisms  and 

 
ti o

that  is an epimorphism

, since  is an 

o ,  such that 

k  is morphism. Since )(MQ  is a quasi-
injec odule, there exists a homom rphism 

)()(: MQMQt    such 

k . This implies . 

Let htj   and let (MQx
y

an iso
ve m

tij

orphism

t
)

 there exists f
k

is m )(M
kxyk )( . Thus xyyhiyh )

m

))(( . 

.  

(
That is h  is an epim

. If  

orphis
 
Corollary 2.2 M  is , then 

.Let , by propositi

. But 

. This 

Corollary 2.3. For every  module,  

ere exists a proper submodule of 

KQI

))(MQannR . 
 
Proof. nMQann

()( annM R

Clearly )()) Man R  

ann
((R

)(Mr R

n   epimorphism

on 2.1 there  

exists  a M:
)(MQ ) , therefore  0 = 

  h  
(Mannr R

)()()()0( MrQMrMh 
, thus

rhh

implies ))(( MQannr R  (MannR )  

))(( MQannR . 

 
 KQI

th N M  such 

 

 hence 

is ry onto 

that NM /  is quasi-injective. Moreover 
(/ MQNM  ) . 

Proof. By proposition 2.1 there exists an 
epimorphism )(: MQMh   and 

)(ker/ MQhM  , pu hker . 
    A module  hopfian if eve

t N

endomorphism is an automorphism.    

Theorem 2.4. If M is a mod

is hopf

KQI ule and )(MQ  

ian, then M  is
y

t
m such that 

 quasi-injective. 
Proof. Suppose )(MQ is hopfian, b  the proof 
of proposition 2.1 here exists an 
epimorphis  )(: MQt )(MQ

ktji  . Since )(Q is hopfian, therefore t  

an rphism and hence 

M  is

moiso ji  is an 

isomorphism, this implies j  is an epimorphism 

and hence QM )(M .  

Theorem 2.5. I  M  f is a KQI  module and M  

or )(MQ  is finitely generated, then M  is 
quasi-injective.  
Proof. Suppose )(MQ  is finitely generated, 

)M  is hopfian and we use 
theorem 2.4 to have requirement .Now 
suppose 

then by [4] 
he 

(
 t

Q

M   finitely generais

4

ted. By 

is finitely 

and by

proposition 2.1 there exists an epimorphisim 
)(: MQMh   and hence )(MQ  

generated and by [ ] )(MQ  is hopfian  

proposition 2.4 M  is quasi-injective. 
    A module is cohopfian if every one to one 

s an automorphism.    
Theorem 2.6.  If 
endomorphism i

M  is KQI  and M  or )(MQ  

is cohopfian, then M  is quasi-injective.  
Proof. Suppose M  is cohopfian and 

)(: MQMi   is the inclusion 

homom rphism and MMQf )(:  a 

monomorphism . Then fi  is also a 

nomorphism, this implies fi  is an 

isomorphism and hence f  is an epimorph

o

mo

 is 

ism. 

Thus M is quasi-i ctive ile if  is 

cohopfian, if  is a monomorphism this implies 

if  is an isomorphism. Thus i  is an 

nje . Wh (Q )M

epimorphis t is m, tha M  is quasi-injective. 
ry 2.7. If Corolla M  is KQI  and (MQ  is 

directly finite (that is a module not isomorphic 
)

to any proper direct summand of it self [5, 
P.165]) then M  is quasi-injective. 
Proof. If )(MQ  is directly fi [6] 

)(MQ  is coho

nite then by 

pfian and by  theorem 2.6 M  is 
quasi-injective.  
Proposition 2.8. I  Rf  is an integral domain  

RR  has a submodule which is KQI , then 
 and
R  is 

a field. 
Proof. By [7]  is subisomorphic to every RR

submodule of RR . Since RR  has KQI  
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ysubmodule say I, then b  remarks and examples 
1.3 (2) R  is KQI . By proposition  

 
R

Q
2.1 there exists an epimorphism 

): RRf  . Since ( R  is finitely generated, 

then by theorem 2.5 R  is quasi-injective and 
hence R  is self injective. Thus by  [7] R  is a 
field. 
    Nex gi  proposition that shows tht we 

KQI
ve a at if 

every  on the ring R  is a quasi-injective, 
then that ring must be a s i-simple  artinian  
and conversely
Proposition 2.9. 

em
. 

R  is a semi-simple artinian iff  

every  KQI R module is quasi-injective. 

Proof. )(  By [8] every module is a quasi-

injective. Conversely let M  be any  module,  
this implies  )(MEM   is a ker-injective 
module and hence by remarks and examples 1.3 
(5) )(MEM  is KQI .Thus )(MEM   

 quasi-injective. Since a direct summais nd of a 
] then njective [5 M  quasi-injective is a quasi-i

is a quasi-injective and by [8] R  is a semi-
injective artinian.  
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