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Abstract

In this paper the problem of, unsteady, hydromagnatic free convective flow of
viscous incompressible and electrically conducting third order fluids past in infinite
vertical Porous plate in the presence of constant suction and heat absorbing sinks is
considered. It is found that the velocity and temperature distribution equations are
controlled by different dimensionless parameters, namely, Grashof number Gr,
prandtl number pr, Eckert number Ec, sink strength s, material moduli £ and
coecostic parameter a. An analytic solution for each of the velocity and the
temperature distribution is obtained. The velocity and temperature distributions are

shown graphically taking many cases of Gr, pr, Ec, s, [# and a.

,S ﬂ ,Gr, pr Ec

Introduction

The problem of free convection flow of an
electrically conducting third order fluid past a
vertical plate under the influence of a magnetic
field attracted many scientists, in view of its
application in astrophysics, geophysics, engine-
eering and aerodynamics...etc.
The unsteady free convection flow past an
infinite plate with constant suction and heat

ey

sources has been studied by Pop and Soundalge-
kar (Y4Ve) [V]. The effect of magnetic field on
the convective flow of electrically conducting
fluid past a semi-infinite flat plate has been
analyzed by Gupta (91)) [Y], Nanda and
Mohanty (Y4V+) [¥]. Sacheti, Chardran and
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Singh (Y49¢) [¢] have obtained an exact
solution for the unsteady MHD problem Sahoo,
Datta

and Biswal (Y++Y) [°] have been studied the
heat transfer in mercuy (pr='.*Y®) and
electrolytic solution (pr=V.+) past an infinite
porous plate with constant suction in the
presence of uniform magnetic field and heat
sink.

Sharma el. at (Y+*£) [1] has been studied
unsteady MHD flow and heat transfer over
continuous porous moving horizontal surface in
the presence of an oscillating free stream and
heat Source-Noushima et-al (Y++A) [Y] had
extended the above problem to viscoelastic
fluid. Mostafa, Rafiuddin and Ramaria (Y++A)
[A] have been studied unsteady MHD to extend
the work of (Noushima et-al) with variable
suction.

Finally, in this paper we will study unsteady free
convection flow of third grade electrically
conducting fluid, an analytic solution for each of
the velocity and temperature distribution are
obtained.

The governing equation

The Cauchy stress tenser T of a third grade
fluid is defined by the Rivlin-Ericksen
constitutive equation (Rivlin and Ericksen
(Y3eo)[1]
T=—pl+pd +o, 4, +a, A’ + B,(trd}) 4,
Where:
P is pressure, I is the identity tensor, u is
coefficient of shear viscosity , while a,, arand Br
are the material constants which are satisfy u >
Sop=>c, Br>cand oyt or= ¢
A, and Ar are the first and second Rivlin-
Ericksen tensors defined as
A, =VV +VVT

— aAl
ot

4, +V =VA +AVV +VV T4

Where: V is the velocity vector.

Let the x-axis be taken in the vertically upward
direction along the infinite vertical plate and y-
axis normal to it, neglecting the inducted
magnetic field and applying Boussinesq's
approximation, In this case the continuity
equation is:

*

> _y (")

oy
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V" =—v, (constant) M)

The momentum equation is:

au*_'_v*@u* _ 62u*+a GRTE +V*63v*
Plar ™ o T e TN 5% T 7

2
ou' ) 0%’ .
ay*J 6})7*2+pgﬁg(T —To) 3)

+6ﬂ3(

An the energy equation
00"  .o6" o0
* +v Cl k A %2
ot oy oy

N2
S @
c,\ oy

The associated boundary condition, of the
problems are

+5'(0"-0))

u'=0,0"=1at y'=0 (c-a)
(°-b)

u’"—>0,60">1at y" > o
Method of Solution

To write the governing equation in dimen-
sionless form, we introduce the following
dimensionless quantities:

* *2 * *
w0 vsle-0)

Y Y % v v ’
0 0
v B vé ( *—9;)
pr P c= CP(Q* e;:): 0 (9: —9;)’ (6)
2 "
—al‘zjo, =ﬂéro,9=;ands=i—02v

Where pr, Gr, s and Ec are the prandlt number,
Grashof number, sink strength and Eckert
number respectively.

In the view of eqs (°) and (1), the governing
equations (Y) and eqs (¥) can be written in
dimensionless form as

ou ou 0O%u [ 0’u 63uj
= a

ot dy oy’ ayot oy’

2 2
6p 2 2% s Gro
oy ) \ oy

L0020 2%

’
o oy T ot

™

2
+ prs@+ pr E(auJ M
oy

The corresponding boundary conditions, in non-
dimensional form, are:

u=0,60=1a y=0 (3-a)
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and
u—>0,0->1 as y—>ow (4-b)

To solve eqs (V) and (M), we assume

u(y,t) = uy(y)+ <€ e u(y) () +-a)
and
O(y,1) = G,(y)+ € e” 6,(y) () +-b)

The substituting of eq () *.a,b) into equations (V)
and (A) and equating the coefficients of o (&),
gives:

zero order equation

—uy=u, +Gré,—au, +6Bu,u; oY)

—pr6,=6,+prs6,+ prEcu;

Q)]

first order equation

iou —u, =u, +Gr 0, +a iou, —a u,

+6ﬁ(u02 u, +2u, u, “1)

")

priow 6, —pré, =6, + prsé, 06

+2prEcu,u,

and the boundary conditions are :

u, =0,u,=0,6,=1,6,=0at y >0

u, > 0,u, > 0,6, >0,6, >0 at y >
Equations(} -V £) are nonlinear third order we
are using multiparameters perturbation techni-
que and assuming Ec is very small, therefore u.,

u, 6., 6 can be expanded in term of Ec ,as
follows:

u,=u, +Ec uy, , u,=u,, +Ec u, 09)
6,=6, +Ec 6, , 6, =6,+Ec 6,

Putting the last equation into equations (YV-)¢)
and equating the power of Ec ,we obtain
Zero order of Ec

—pré, =6, + prsé, Q)

—pré, =0, + prsb, + 2 v
Prty =0y T prsty, + priuy

—uy =up +Gr 6y —au), +6Bu) ul ON

—Ug, =y +Gréy, —auy, + 09)

6B (g, ugy +2ug g Uy, )

First order of Ec
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pria)é’n—prﬁfl =<91"1+prs011 ")
priwb,, —prc91'2 = 491”2 +prs6, )
+2pr u(')1 uil

ia)u“—uil =uf1+Gr¢9“+aia)ufl (%)
— iy, +6B (ug; ty, + 2, g, 1)

iou,, —uiz = ul"2 +Gré,+aio ul"2

—a g, +6B (g uy, +2uy, Uy, Uy, (%)
+2u;1 “;)1 ”iz +”(§2 u('n ”11 +”£)2 u(';1 ”11)

For small value of [, we can write

001 :0011 +ﬂ 0012 s 902 :HOZI +ﬂ 9022

Ugy =Ugy + BUg,, Ug =Ugy, + Sugp, (Y8)

‘911 = ‘9111 +ﬁ 9112: 912 = 9121 + IB 9122

up=u, 4, u,=u,+fuy

From equations (1 1-YY),we get Zero order of B

_p”e('m =9(;11+p7‘89011 (¥0)
_Prg(;lz = ‘9(;12 + prsby, Y
_prg(;zl = ‘9821 + prsby,, +l”””(y)zn (YY)

— pr6yy, =0y, + prsOy, +2pr g, Uy,
(YA
— Uy 2”011+G79011 — O Uy, (Y
Uy SUg, — QUG + Gr9012
A,
+6(ugy, Ugy)
()
— Uy =Ugy, +Gr Oy — Aty (™)
— Uy =Ugy +Gr Oy, — Ay,

+6(u gy tgy, + 22U, Ugy Ugy,)

(rv)
First order of /3
priot, _p’”91'11 :91”11 +prs6,, (™)

priwb,,, —pr9£12 = ‘91”12 +prs,, (Y9
primb,, —pl’efgl' = 9121 (*o)
+prs6y,, +2prug, u,

priwb,, — pr 91y22 = ‘91”22 + prs@{zz (*1)

+2pr(ug,, Uy, + g, Uy,)
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iou, —uy,, =u, +Gro,,

it (™)
taiou, —a u,
iouy, _u1'12 :”Ilz +aiwu1"12
_aulmw +6(”;)211 ”1”11 +2”(;11 ”611 ulyn)
)
iUy, _“1'21 = “1"21 +Gro),, (¥4
+aia)u1"2] —au]mzl
iou,, _“122 = ”1”22 +Grb,, +
aia)ufn _aulmzz +6(“£)211 ”1"21 (£4)
+ 2y gy, Uy + 2y, Uy Uy
+”(§21 “(')11 ”1I11 +”(')21 “811 ”1'11)
Finally if a is very small, we can write
O =q+agq, Uy =W+av
0y, =p+ap, Uy, =f+ag
O =9, +aq, Up =W +aV,
O =p +ap, uy,=f+ag ()
0, =9 +agq, Uy =w, +av,
O=pi+tap, u,=f+ag,
O =qs+aqs Uy =w+av,
O =pstaps uy,=fi+tag,

And from equations (Y°-Y%), we get zero order
of a

—prq=q +prsq (£7)
—prp=p +prsp (£Y)
—prq,=q, +prsq, + prw’ (£%)
-w =w +Grq (¢°)
—f'=f"+Grp+6(w"w'2) (£Y)
-w, =w, +Grg, (£Y)
—prp,=p +prsp +2prw f (£A)
—fi = £ +Grp, +6(w, w? (£
+2w W wi)

pri®og; —prqs =qs + prsq; (°*)
Pri®ps— prpy = ps+ prsp; ")

priogs —prqs =qs+ prsqs
+2prw w,

pri@ps—prps = ps+ prsp;
+2pr(w fo+ [ w,)

iow, —w, =w, +Grq,
iof,—f=f, +6(w’w,
+2w'w w'z)

iow, —w, =w, + Grg,

(G

io f, —f; :f3" +Gr p; +6[W'2 w;
+2w'w1' w; 2w w w'3 + wf w w'2
+w1' w w'z]

(°v)

First order of o

— prq, =q, + prsq,

— prpy, = po+Prsp,

—prq; =q; +prsq, +2P”W'V'
—prp,=p,+prsp,+2pr(w g
+v'f')

-y =v”+Grq0—wm

—g' =g” —fm+G”Po

oWy 2wy w]

—v; = vl" +Grq, — w1

"9

-8 =8 +Grp,— fi +6[(w*v

+2WV W) + 2(w"w'v,' +V'Ww, + v'w"wl)]

)
priog,—prq,=q,+prsq,
priop,—prp,=p,+prsp,
V)

priogg — prqs =qe+ prsq;
+2pr(w v, +v' w,)

priopg— prpg = pg+ prs p;

+2pr[w g, +V i+ f vy g W]
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iov,—v, =v, +Grq, +iow, —w, (V)
i0g,—g, =g +iof, —f, +

6[w? vy +2w v w, +2w w v, )

+V W ow, v w ow, ]

iov,—v,=v, +Grq, +iow, —w, (Yv)
i0g, _g% = g; +Gr pg +ia)f3” _fsm

+6[wZ v, 2w v w, + 2(w w, v,

VW w, v, w wy )+ 2(w W v,

v W w, v W wy Wy, + ")
VoW w, v, wow, +w,w v,

+Vv owow, v w ow, ]

Solving these differential equations (£Y-YY) with
the aid of the corresponding boundary condit-
ions and then substituting these solutions into
relation (Y°, Y¢, £)) we obtain the velocity
distribution u and temperature distribution

O as

A4 Gr
pry & 2+pr+\/7,/pr 4s)

4Gra

\/7(\/74—1/191” 4s)

+(4,Gr+a Gr

-‘rﬂ(G}’} ad e’ +4,e

1
— = prypr-s)y

! 43, pry pr-4s)y
260 ate T

A6 e( —1-pr—{pr[pr-4s)y
(—2+pr+\/71/pr 4s) (pr+\/71/pr 4s)

32pr | pr—4ss
\/7( 2+pr+r,/pr—4s)

(4ot k)

L s prrfprfmranyy e prafprfprasyy
A, e +4,e?

+4,)e”y )+

—](—12+7pr+71/;4 pr-4s)y it
+45e? Jree

+4,e
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‘(HW)V ;\/7(\/7+‘/m)y)
(e’ )G
o2 20— s o
1 1
7(“‘/%)}’ — 5 Prypr+y pr-as+dio
+a(4e’ 14 o 2l o)y
! 1
— (S Hdim)y —(3-pr—| pr-4s+|1+diw)y
+B(A e’ Fy-i—aA”)e? px/pi«/iy_'_

—]( —2—\/17( N pr-as+y pr-4s+dio))y

(Ag+adye?

(71%( pre pry pras )%(714 +dim))y
+

e 2+H<W>—mw
(4, + a 4,,)e?

( 3+ pr+(y/ pr—4s+V1+4iow))y
(Ay +ady)e?

77(1 2pr+2yprpr—4s +/1+4io)y
+ (A, +a Ay)e ?

y Ee((An +a A) — 3 (=pr=\pr{pr=ds +:/T+dim)y
¢4y 28) €

+ (A29 g A30)e 2(3+\/l+4m))y

—7(2+pr+\/;1 pr—4s+dio)y
+dy e’ )+ 77}

(V%)
where A\, Ay, Ar,....... , Ary and 7 is a function
of pr ,Gr,a,p ,s,y,i,0

And
1
—(pr+y pry pr—4s)y
e 2P +EA(
-2 Grpr3€
(pr2 +pr:’/2\/pr 4s)(1+ pr(— 1+s))
( 8192 G#* p'?'%| pr—4s
al
((—1+pr)42(4—pr+\/ﬁ,lpr—4s)2
— \/E(\/?H\/W Ny (pr+\/;m
+De )+B(Dye
1
—(—O+pr+y pry pr—4s)y _
+Dye 2 ol +D,e"
1 1
—(2+3pr+3y pry pr-4s)y —=(2+y pry pr=4s)y
Dy 2NN Dy 2

D —;\/;(x/;-h/pr—%)y-*—%(2(—3+%(pr+w/;1 pr—4s))+w/;1 pr=4s)y
e
7

D 7%\/17'(@4” pr—4s )y+%(pr+2(72+pr+\/;1 pr—4s)+ pr-4s)y
k€
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D (—8+pr—4(— pr—m N pr—=4s) y+(5— pr+§(— pr—m  pr=4s)y
+D,e
9

)

1
. ——(pr-%—«/;4 pr-ds+dio
+ee™(Dye ? + Ec((

L o pr s )y + s i)y
+D,e? 2 )

Lo (o pras—aio)y
+a(e ? (Vo)

D —;(72 priTdio— pr( pr—4s+([ pr-ds—4im))y
+ e
12

D -%( 12 praT+dio—| pr (| pr—as+({ pr—4s—4iw))y
+ e

13

D —;( prifprey pr74s+4i(u+2(fl+%(f pr—prypr-4s+dio))y
+ e

14

D —;(172 preledio— pr(| pr—4s+(|| pr—4s—4iw))y
+ e
15

M+y

where Dy, Dy ..., , Dyve and ¥ is a
function of pr ,Gr ,a ,f ,s,w,y,i

Skin Friction and Nusselt number

We can find the coefficient of Skin Friction
by using the formula

Cp B _[auJ
ay y—0

_ 2Gr N 2Gra
—pr—\/ﬁ,/pr—4s (\/ﬁ(\/;+,/pr—4s))
(—2—pr—\/ﬁ,/pr—4s (=pr* — pri’2\ pr—4s))
(=24 pr++[pri[pr—4s)?

4Gra(-2+ pre pr(pr+yprfpr—4s-2s)
Jor(Jpr ++pr—as) 2+ pr+prpr—4s)?

4GP —
+ﬂ((—Z+pr+\/ﬁ./pr—4s)3 (24\/;( pr=4s)

(—1—pr—\/ﬁ./pr—4s)(l+pr+\/;,/pr—4s)3 —
(6\/;(\/;./pr—4s)(4+pr+\/;,/pr—4s)3)

(2+pr+\/ﬁ\/pr—4s)
E(—~(4GrOpr (—1+5)+9pr" 2 pr—4s(-1+5)
— 405+ pr(1+ pr(-=1+5))(pr*?
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+ pry/ pr—4s =3,/ prs—+ pr—4ss)

—9pri(=3+s+3s%)+ pr(=20—Ts+ 7257 ) +
2\ pr(10=235)\/ pr —4s +20s — pr* (-5 +5s)
+ee " (B6Gr’(Gr(+y pry pr—4s+dio)’
(%(pr+,/pr —4s+4iw)))/2(pr(-1-2s +2iw) "
—\prapr—ds+dio+ pr¥'*)+
QiGr(pr++/prpr—4s+4io)* +
io)w)/(pr* — pr pr—4s+4io +
pri2pr—4s +4io - 2iw)))/

1
((—1+5(—\/pr\/pr—48))2
(+(pr++prpr—4s +4iw)? —iv)(1+4io)

+ pr(10 + 55 —36s%) + ) pr — 4s(~14 + 5s%)
+ pri (=14 + 35 +155%))))/

W pr(Jpr+pr—4s)’ 1+ pr(-1+5)

(40 +9pr® +9pr°2 \[pr — 4s

—9pr¥2 [ pr —4s(2 + 5) pr(=7 + 365)))+ € €™ (

(PG prs" (- 1+ (pr=[prif pr=4s)

(pr+ (14 1+ 4i)( 1+ 4ico - pr—4s + diw)’

(1=2pr—[prpr—4s + pr’’*[pr—4s + 4iw))) +
(Gr® pr(pr+ \/;,/pr —45))

(pr® ++pr3/2\/pr —-4ds+4io - 2iw)

N Gr pr((\/ﬁ—i- N pr—4s+dio)+ ia)))) e
2(pr’ + pr3/2\/m— 2iw

where £ is a function of pr Gr,a B ,s,0,y,i-

The rate of heat transfer in terms of Nusselt

number at the plate is

ay -0

—— CprJprpr=as)+ Ed
(—1+pr+%(4—3pr—3\/ﬁ\/ﬂ)
Gpr—Jprlpr=as)+

pre C3pr=3yprpr= )/ (([prpr-4s)
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—pr—|prpr—4
+ B8192G7 pr(F" Jpripr=ds)
2 pr(ypr+y/pr—4s)*
4
o pr4( 6Gr

(Lo Cprpr{pr=a)y 5
+af6Gr 1+ T+ HO) (1 +3 (=)
(pr +(2s+2i) + pr'* | pr—4s + 4ic - 2ic))
+OGr (140 (pr—pr=49)

(pr + pr{-1=25+2i@)— pry pr—4s))? -
Jpr{pr—ds +4io-2iw)+¢

Where @ is a function of pr ,Gr,a ,f ,s,0,y,i

Results and discussions

In this section, we will study the effects of
different dimensionless numbers upon velocity
and temperature distribution.

Figures ()-1), illustrate the effect of each of
material moduli, coecostic parameter, prandtl
number, Grashof number, sink strength and
Eckerts number, upon the velocity component
respectively.

Figure ()) exhibit the effect of material
moduli # upon the velocity component , the

velocity increases as material moduli ([
=¢ve00 0N VY Y)increase . Figures (Y, V)
show the effects of the coecostic parameter
upon the velocity component , we observe that
there is small change in velocity values even for
large value of a. .

From figure ( £ ), it is observed that the velocity
is increases when there is increasing in Grashof
number . However, figure ( © ), shows opposite
effect with prandtl number . The sink strength
has the same effects as Grashof number with
some different in velocity values, see figure (V).
The effect of dimensionless parameters upon
temperature are shown in figures (V -1 Y).

We note that there is increasing in temperature
values as the material parameter # decreases,
but this is true only for very small values of £,
see figures (V, A).

Figure (%, Y+), shows the effect of coecostic
parameter o upon the temperature, this effect is
clear for large values of a. Prandtl number and
Grashof number have opposite effects upon
temperature distribution , see figures() V) and
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(VY) .Figure (\Y) shows the effect of s upon the
temperature distribution.
Table) shows that as material moduli /S

increase there is increasing in the value of the
skin frication coefficient C,, also as a increases
there is a small increasing in the C, value .Table
Y shows that as Gr or s increasing there is
increasing in C, . However, the increasing in
prandtle number resulting a decreasing in C,
.Table Y shows that as o or B increasing there is
increasing in the Nusselte number Nu. Table ¢
shows that as Gr increasing there is increasing
in Nusselte number Nu , however as sink
strength s or Prandtl number pr increase loads
to a decreasing in Nusselte number Nu.

Velocity distribution

u

3
2.5
2
1.5
1
0.5
N B R
Figure V: Gr=° , Ec=+.+ Y, w=°, pr=+.:Y9,
s=r)0  a=r ) =PIV, E=2Y
s s B, BN, B
"
6
5
4
3
2
1
-2 2 4 6 8 10 y valhe

Figure Y: Gr=° , Ec=+.**\, w=° ,
p=~_n“°,
S=+e, B=rt, =Pi/V+ ,€=".Y

R P I
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u Temperature distribution
.
y value
0.9}
0.8}
. . . . . — y value t
-2 2 4 6 8 10 0.7
- 0.6
Figure Y: Gr=¢,Ec=:.:+\, @=° , pr=-.'%Y9, Figure V: Gr=° , Ec=+.++) , @ =°
s=+e0 ﬂ:..z ,t=Pi/V , €=1.Y pr=+.:Ye,
o= ,0=¢ ,a=N ,0="" s=+.\e | oa=+.\, t=Pi/V, €=".Y
u ﬂ: EER s ﬂ ,
8 ﬁ:.'.......f,ﬁ=~_nnnn~~~~~i
6 q
y value
4 6 8 10
4
0.9
2
0.8
_ y value
2 4 6 8 10 0.7
Figure £: Ec=+.+ ), @ =° ,pr='.:Ye,
S=~.\°,a=~.~\,ﬁ=~.i,t=Pi/\~,€=~.Y 0.6
, Gr=\+, ,Gr=Y+ Figure A : Gr=° ,Ec=*.+*), @=°, pr=+.+Y9,
0 s=+.\e Joa='.), t=Pi/V+ , €=.¥
B=\, B , B=V B =Y

*

q

y value
2 6 8 10
7.5 0.%5
5 0.9
25
0.8
- : : : 'y value
1 2 3 4 0.8
Figure ¢: Gr=° ,Ec=+.++\ , @=°,s='.19, 0.75

a=+.0Y, ﬂ:..z , t=Pi/V+, €=+.Y
Pr:....\, pr:...\‘a , pr:..fo . Figlll‘e“iGr=° ’ EC:'-"\’(U=°9 pr:'-'*°
) ys=000, =V =PI/, €=2LY

’a/=n-~\ ,(X='."‘,a,='."'\,a,='.""\

q

1
0.8
0.6
04
value
1 2 3 4 Y 0.2

Figure 1: Gr=2 ,Ec=+.+ ), @=°,pr=+.-1° N3 "
a=r. ), B=eut, =PI, €=

§=+.)

) , =7 Figure)+: Gr=° ,Ec=+.**\, ®=°, pr=+.:Ye

9
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s=00 B=Vt =PIV €=2Y

a:’ a: N ’a=\.
q
| —_— Ly value Table :Values of Sink Friction Cp when t=Pi/
ool 2 3 2 ,€=..Y’Gr:e,Ec:....\,a)=e,pr=...\’e,
08 s=+.\0,
i o C
o7l p »
06! o «vae0 CAVYYY S
0.5} o) Y YY)
0.4}
C ) N C YV eAdE
Figure VV: @ =°,Gr=° ,Ec=+.*+),0=".) v ' vAATIA
ﬂ=\~'*,t=Pi/\~, €=".9, ) ) Y vyvay
s Pre=rs Vo, pr=ey, pr=-.e, v V¥ YYITY
@ o YA YY..vo
y value
\ 2 3 4 « Y Y oooqo
20} ) 't CYYYYY
ol NI .t CAYYYYLe
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Table Y:Values of Rate of Heat Transfer

(Nusselt number Nu) when t=Pi/\: , €=:.Y ,

Gr=°,EC= Ve , w =° ,prz...\‘é ’Sz..\a.
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Table ¢: Values of Rate of Heat Transfer
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