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Abstract

The main objective of this paper is to study a subclass of holomrphic and
univalent functions with negative coefficients in the open unit disk
U={w e C:lw =< 1} defined by Hadamard Product. We obtain coefficients

estimates, distortion theorem , fractional derivatives, fractional integrals, and some
results.

Keywords: Univalent Function , Hadamard Product , Distortion theorm, farctional
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Introduction
Let A denotes the class of functions of the form:

]

Fw) =w=) anw (@ = 0) €

which are univalent and holomrphic in the unit disk ' = {we T : [w| <1} . We define a
subclass K of A consisting of the functions by

aa)

flw) =w —Z a,w*. (a,=0) (2)

n=1

The function f (w) belongs to the class H{x,5 ,8 ,4 ) if it satisfies
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. { w(G(f )W) + w(G(f xg)w))” @}
(1= (6 = g)w)) + Aw(G(f » g)(w))’
> { w(G(f *g)(w)) + w(G(f x )W)’
(1 — D(G(F = g)(w)) + Aw(G(f * g) (W)
where (0 =6 <1),(0 =4 =1),=0wel, (0 <a <1),(0=@<1)and

.+@—1}+3J (3)

glw) =w-— Z b,w®, (b,=0) (4)
then the Hadamard product or (convolution)f = g of f and g is defined by
(Fx@®) =w = ) anbw™ = (g% H®) (®)

ande U7 .
Definition 1 : [1]
The fractional derivative of order o (0< a <1) is defined by

J‘ )
{ —a)dw) (w—1t)=

where f (w) is an holomrphic function in a simply — connected region of the w — plane containing
the origin, and the multiplicity of (w — ) ~%is removed by requiring log(z — t) to be real ,when (w —
t= 0).
Definition 2: [2]

The fractional integral of order a(a>0) is defined by

D flw) = dt (©)

DEf(w) = dt , (7)

J‘ (t)

r@) w-o=
where f (w) is a holomrphic function in a simply — connected region of the w — plane containing the

origin , and the multiplicity of (w — t)=~is removed by requiring log(w — t) to be real , when (w —

t)>0.

Definition 3: [2]

The fractional derivative of order n + & {n = 0,1,2,...) is defined by

+ d?
DEFef(w) = -

W ﬂ:w}, (S}

We put the holomrphic function flw) =w —XZ_,a,w™ inU, as follows
Mf(w) = M2+ a)w D% f(w)
i ..!" £+ﬂ:_:|

—_— :c T
=w-3r, 2 rins1re) @ a,w? , a=0. (9
And
GF (w) = I'(2 — a)w=DEf(w).
n! (2 — o) ,
—H—_ﬂmﬂnw , D=@a=1. (1{]}
—
Then , from (10) we get .
G(F + ) =w— ) $(n,da,b,w (1
n=1
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_ niriz-a
where  $(n,a) = ——— (12)
Lemma 1: [3]
Letw=u+iv.ThenRe (W)>cifandonlyif lw — (1+a)| = |w + (1 —a)l.
Lemma 2: [3]

Letw=u+ivand a, § are real numbers. Then
Rew = a |lw — 1] + fifand only if Refw(1 + ae'®) —ae®1 > §.

2. Coefficient Estimates
In the Theorem(1), we get the sufficient condition for the function f (w) in the class H{a ,5 ,6 ,4 )

Theorem 1:
A function f (w) defined by (2) is in the class H(x . ,6 ,4 ) if and only if

Z(i —A+nA)n(1+p) +0(1+8) -6+ pYnalab, =1+0—8 (]_3)

where (0 =8 =<1),{0 =21 = 1), =200 <a < 1),0=0=<1).

Proof:
By using Definition "3" , we get
w(G(f * g)(w))' + 2w (G(f * g)(w))" %
g ¥ + '?j =
(1- ,1}{(}(_,1” # g}(w}} + ,lw{(}(f # g}(w}}

ﬁ,{ w(G(f * g)(wW))" + w2 (G(f = g)(w))"

(1 —2D(6(f * g) W) + aw(G(f * g)(w))’ re- 1} o

By Lemma (2) , we have .

2o [( w(G(f = g)w))' +aw(6(f * )W)
(1 —D(6(f * @) w)) + aw(G(f * g)(w))
—T=<yY =T

or equivalently

Vw60 +9)()) (1 +Be) + w2(G(f = 9)(w))"(1+ Be)
(1 —D(G(F* g)w)) + Aaw(G(F * g)(w))’
o+ Be)[(1 = DG (f « ) (w)) + 2w(G(f = 9)w))'|
(1= DG * 2w + 2w(G(F * g)(w))’
Be¥ (1= D(G(F = )W) + aw(G(fF + D)) |
T (1= DG+ QW) + w6 x )’

,+@) (1 +ﬁef}“}—,ﬁ’ef}'1 = 8,

) (14)

Let

Aw) = [w(G(F + ) W) (1+ fe ) + Aw2(G(f « O w))"(1+ pe™r)]
+0(1+ e)[(1 - D(6(F « W) + 2w(6(f » HW)) |
— e [(1 = D(6(F » W) + w(6(f « )W) |

And B(w) = [(1 — DG * g)w)) + aw(G(f * g}(w}}']

By using (11) , we have

A-DG([Fxg)w) =w— Z Wwin,a)a,b,w™ — iw + Z Ap(n, a)a,b,wn,
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Awl(G(f = g)(w))' = Aw — Z Anp(na)a,b,w".

By Lemma (1), we have that (14) is equivalent to
[Alw)+(1—8)B(w)| = |Alw)— (1+8)B(w)| for0=8<1

But [A(w) + (1 — 8)B(w)|

|:(W — Z ﬂq’(ﬂJ Q}ﬂnbnwn){i + ﬁei}f} - Z(*ln(n - ']_}1,1,')(?‘1111}&”}}”%'”}{1 + ﬁei}r:l

n=2

n=2

+o(1+ ﬁe"}“}(w - Z Yin,ala,b,w™— iw
+ Z Ap(n,a)a, b w®+ Aw — Z Anyn, a)a,, bnw”)
- n=2 - n=2 -
—Be'Y (w - Z Pin,ala,b,w™—Aw + Z Ap(n,a)a, bw™+ Aw — Z Anyg(n, a}anbnw”)
n=2 n=2 n=1

+(1—-4) (w — Z(i — A+ niyw(n,ala,b, w”)”

==

=|w— Z n(n,a)a,b,w" + BeYw

n=21
oo [= =}

- ﬁ’ei}‘z ny(n,a)a,b,w™ — Z{ﬂ“(’” - D)y(n,da,b,w

n=2 n=2
(==}

—Bety Z{An(n — D )p(n,a)a,b,w™+ ow — Eﬁz Pin,aa,b,w™ + @Z Ap(n,a)a,b,wm

n=

Bra

(==

Yin,a)a,b,w™+ Eﬁﬁe"}’z Ap(n, a)a,b,w™
=2 n=2

T =

—@Z Anpln, a)a, b,w™ + 0FeYw— DFe'Y

—ppe'Y Z Angina)a,b,w™— fe¥w+ ﬁei}“z Yin,a)a, b,w™ — fe¥ Z Ap(n,a)a,b,w"
n=1 n=1 n=2

+5e' Z Anpin a)a, b,w™+w — Z(l —A+nip(nala,b,w” — 8w
n=21 n=2

+ 82(1 —A+niy(n,a)a,b,w”
n=1

2+0—-68w

oo

- Z [(n+inn— 1)) +0(1 —A+n)+ (1 —8) (L — 2+ nD]Y(na)a,bw"

n=2
(==}

—geir Z [(n+An(n— 1)+ 01 -4+ n)— (1 -1 +nDlyn oa,b,w"

n=2
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=(2+0—6)|w|

= =)

— Z [(n+Ann—1)) +06(1 —A+nd)+(1—-6)(1 —A+nD)pn a)a,b, |w™

s

—ﬁZ[(ﬂ +inn—1)+0(1 -2+ ni)— (1 -1+ nd)lYinala,b,|w™

Also
|A(w) — (1 + 6)B{w) |

= H(w — Z ny(n, a}anbnw”){i + ﬁef}‘} — Z(,ln(n — 1}1;!)(?11:1}&”&1”%'”}{1 + ﬁef}‘)

n=2

+o(1+ ﬁef}“}(uf - Z Yin,ala, b,w™+ Z Ap(n,a)a, bw™— Z Any(n, a}anbnw”)
n=2 n=2 n=2

—Be' ((1 —-A) (w — Z Yin,ala,b, w”) + Aw — AZ ny(n, a’}anbnw”)

n=2

—(1+4) (w — Z(i — A+ niyw(n,ala,b, w”)”

=]

(6— 8w — Z [(n+Ann—1) +0(1 —A+ni) -1+ 61 -1 +ni)]yvnala,b,w™

n=2

oo

e ) [(n+Ann— 1)) +6(1— A+ nd) = (1 = 2+ nDp(n, )a,byw"

n=1

oo

= (@ —-8)|wl+ Z[(n +ann—-1)+0(1-1+nD)— (1+6)(1 -2 +nd)]Ylnaa,b,|lw”

+,|5’Z[(n +inn—1)+0(1 -2+ ndl)— (1 -2+ nDpna)a,b,|w™

and, so, |A{w) + (1 — a)B{w)| — |Aw) — (1 + a)B{w)|
=2(1+0— 8)|w|

—Z[{En +2in(n—1)) +20(1 -1+ n)—268(1 — 1 +na)]

—E=[E2n+ 2an(n— 1)) +26(1— A +n0)— 2(1 — 1 +nD)w(n, a)a,b,|wl”
=0

Z [(n+antn—1) +0(1 -2+ nD) -1 -2 +nd)
+Bn+inn—-1) +0(1 -A+n1)—(1-1 +n,l}]]w(n,a}anbn|w|” =0

Z mMl+8+Ann—DA+/)+0(1+/1-A+n)—-B+5)(1 -1 +nD)linaa,b,

]

n=2
=1+0-—8.
This is equivalent to
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D =2 +nDn(1+) +0(1+ B) - (8 + MY(n,Wanb, < 1+0 -6,
By putting @ = 0 in the above theorem, we have the result achieved by Abdul Hussein and Buti[4].
Conversely, assume that (2.1) holds , then we show that
u{G(f £ )w)) (1 + Be™) + Aw2(G(F * g)(w))"(1+ peiv)
(1— A}(G(f* g}(u}} +..1u((}(f *g}(u}}

L 201+ B0~ DG * g) (W) + aw(G(f » 2w)
(1— DG(F* @) w)) + aw(G(f * )W)’

(6 +Be™)[ (1= DG(F « W) + aw(G(f  9)(w))']
(1= (G(F * g) (W) + aw(G(F = g)(w))’

Upon choosing the values of z on the positive real axis where 0 = w =1 = 1, the above inequality
reduces to
(w—Zo—.nynala,b u”} (1+ e ) — (Br, in(n— D(n,a)a,b,w™)(1+ ger)
{ -¥r,(1 -4 +niy(n,ala, b,wm?
o(1+ ﬁ’e‘}‘} - B (1 - A+ny(na)a,bwn]
1-%7 .1 -A+niyna)ab,w?
'[E' +,|5’e‘}‘:} w—¥r (1 — A+ niyinag)a,b,w"]
1-%-.(1-A+n)y(nala,bwm?! } =0

(1+0- a} —¥r,[n(1+Be )+ (Anln—1))(1 + ge'r)
Re{ - ¥, (1 -2 +niyin,ala,bwm?
@{1 + ﬁ’e”“}(i A+ n)— (8 + e )1 — A+ n)wlne) a,b,w } N
— Y (1 -2 +niy(n,ala, b,wm? -
Since (—e® ) = —|e®¥| = —1, the above inequality reduces to

Re{‘ii +0—6) — Sl (1+4) + (in(n— 1) (1 +5)
¥ (1-2+nylnaa,brm?
LA +AA -2+ ) -6+ 0 - A+ n)pna)apb,r } }ﬂ
1-%2,(1-2+niinaa,b,r*? =
Letting ¥ — 17, we get the desired conclusion.

Corollary 1:

Letf (w) € H(a,5,8,4). Then
- 1+@-—8

Ay =

"TA-2+nDm(1+p) +0(1+ 6) - (8 +Bly(n,alb,

3. Distortion Theorem
In the Theorem(2) , we obtain the distortion theorem of

f(w)e H(a,B,8,1).

Theorem 2:

Iff{w)€ H{a ,f,8,1),then

1+p-8)03—-a)
20+ DR2B+D+0B+1) — (B+,ﬁ’}b]_|f(u}|
(1+0-8)(3—a)
20+ D21+ B +0(L+5) — (8 + B b

lwl| —w|?

= |wl| + w2
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Proof :
Since |f(w)| = [w| + W2 B, a,
from (13) , we get

oo

Z - (1+0-6)(3—-a)
L, = 20+ DRA+B) +0(1 +§) — (@ +Ab,] (15)
hence

1+0—-86)3—a)
20+ )R +1D)+(F+1)—(8 +L)b,]

IFw)| = lwl + lw|?
Similarly , we get
(1+0-8)i3—a)

W)l = wl = wl? 201+ [201+ @) +0(1+ B ~(8+ R
Theorem(3) proves that the class H(e , 5,6 ,4 ) is closed under arithmetic mean and closed under

convex linear combinations .
The function fi{w) is defined by

fielw) = W_Z AW, (@ = 0,n E )
n=2
Theorem 3:
A function fi(w) inequation (16) is inthe class H(e /5,8 ,4 ) for
(k=1,2,...,m). ;I'chen the function

(16)

F(w) =w— Z c,w™ (c, =0,n €M)
n=2 (17)

is also in the class H{a , 5,8 ,4 ), where

™m
1
C?‘! = E ﬂ’?‘!_.k .
k=1

Proof :
A function fi.{w) € H(a , 5,6 ,4 ), then from Theorem (1) , we get

Z(i —A+n)n1+p) +0(1+ ) - (6 +/lwnaa, b, = 1+0—8.

Hence
[= =]

Z(i —A+n)n(1+p) +06(1+8)— (@ +p)yna)c,b, =1+0—86.

E Qe

T
=1+0-4.
k=1

3=

Z(i —A+nd)n(1+g) +0(1+ ) — (8 + 5)]Y(n, alb, [

B

n=2
The #(w) € H(a 5,6 ,1).

Theorem 4:
The class H{e , 5,8 ,4 ) is closed under linear combinations .

Proof :
Let the functionf, (w)(k = 1,2), defined by (16), be in the class H(a ,5 ,8,4 ). We show that the

function E(w)=ffilw)+ (1 —£)f(w)(0=£F=1) is also in the class H{x,5.,8,1).
Since i (w) € H(z,8,8,1), then from (13), we get

Z(i —A+n)n(1+p) +0(1+p) - @+ aa, b, =1+ 0—8.
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And, so, f> (w) € H{a,f,8,4). Then from (13) we get

Z(i —A+n)n1+p) +0(1+ ) — (6 +/l(inaa, b, =1+ 0-6.

S

Elw)=w — Z [Eam +({1— é‘}amz] w?,

Targerefore, by?fl'zrfeorem 1 we have

Z(i —A+nD)m(1+p) +0(1+ ) — (8 +/lwin,ab,[fa,, + (1 —Oa,,|=1+0-8.

Hence, by Theorem (1) we have E(w) € H(w,5,8,4).

Theo rem 5:
A function fi. (w) of the from (16) is in the class

H(ﬂ',ﬁklﬁklﬂkl‘h’here(ﬂEﬂk = 1, ﬁk Eﬂ;ﬂ‘iﬂ‘ii;ﬂilkii
L0 =0<1,n=2), foreach (k=1,2,...,.m), then the function

1 [x
siw) =w—— Ly | W
w23 o]
n=2

k=1
is also in the class H{« , 5,8 ,4 ), where
B =min{f.}, #=min{f.} , 1=min{i}and &= min{@,}

1=k=m 1=k=m 1=k=m 1=k=m

Proof :
Let the functions fi (w) H{e By .6, Ay ), then from Theorem (1) we get

Z(i — A+ )1+ 8) + 0, (1 + 5) — (6, + Bl (n,a)an b, = 1+ 0 — 6,

hence
[= =]

Z(i — Ay +na )1+ 8) +0,(1+ 8) — (6, + B )lp(n,a)b, [%Z an,:{]
k=1

=— )Y (1+0, -
mZ( O — 6,
k=1

Therefore, (w) € H(a ,5,8,1).

In the next two theorems we want to show the fractional integral and fractional derivative
introduced by Srivastava[5- 10].
Theorem 6: Let the function f (w) be in the class H{x ,5 ,8 ,4 ).

Then

e 1 2(1+0-6) ,
D f 0l = s S M M s DRgr DroG s D —G o1 V| 1P
and

e . 1 e _ 201+ —48) i
D f )l = sy M - ey ra+p oG+ D -+ o1 | 4P
(1+@—3}5(2+a}('1+1}[2(ﬂ+ 1+o(g+1)—(8+p)]

2r(2+a
The last equalities in (18) and (19) are accomplished for the function
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) = w (1+0-10)
) = e R+ roa+AH -G +A"

Proof: By using the Theorerpc (1) , we have

(1+0-6)

;a”£(1+A}[2(1+ﬁ}+@(1+ﬁ}—(9+ﬁ}]' (20)

From Definition (3), we get _
el 1 tta rn+1) nta
D) = oo™ L Thra+rD "
and .
ri2+a)w =D *f(w) =w — Z F(;(—; fi;(f 52} AW
=w —Zi,!}(n}anw” (21)
Where ( ) ) o
Frn+1lMa+2

wn) = FMn+a+1)

We get ¢(n) is a decreasing univalent function of n and 0 < ¥(n) = ¥(2) = E
By using (20) and (21) , we get

[~]s

IFr(2 + e)w™ 2D 2 f(w)| = |wl + ¥ (2)|w|® ) a,

(]

n=

20 +0—6)
2+a)A+1)R2(6+1)+0(g+1)—(6+ 5)]

= |lw| + lw|2.

and

MF:

P2 + a)w™ =D =f(w)| = |w| — (2)|w|?

(]

n=

2(1+0-48)
2+aQ+DR2A+p+0(1+p) (6 + ﬁ’}]

The proof is complete.
Theorem 7: A function f(w) is in the ¢ lass H{x , 5,8 ,4 ).

Then

= |lw| —

20l+0-48)
2-a)1+D20+8) +0(8+1) - (6 +5)]

IDEf(w)| = ﬁ lwlt=® {1 + """'J (22)

o 1 e 2(1+0-6)
Zre—a " {1 T Z— U+ AR+ 0B+ D @+ A
2-a-DR2E+D+00+p -( +ﬁ}]
2r(2 —a
The equalities in (22) and (23) are;ccoar?pllshed for a univalent function
) =W i DRa+m + o +pH -G +AI"
Proof: By using Theorem (1) , we hgcve

2{1+'§3—3}
Z”"‘"” N T E N CEY)

IDEfw)| =

IWIJ (23)

(1+p-6) =

n=2
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From Definition (2) , we obtainx

1 rn+1)

pe N~ l-a _ PR
wfw) F{E—g}u _ﬂF(n—a+1}anu

l—&
and

o Frn+ri2—a)

F(E—ﬂ'}u- .D-wf(“' _u_Z F(ﬂ._ﬂ"l'-l} QnW

= P2 — a) N

== ) Tl ) e =W ) n e @)

n=2 n=2
. _ INnriz—a)
since ®(n) = ————

for know that ©{n) is a decreasing univalent function of n and 0 < ®(n) = ®(2) =

-
&

or
&

Using (24) and (25), we have

IF(2 — a)weDZf(w)| = |w| + &(2)|w|?

= |lw| +

na,

[~]s

]
[

T

21+0-6) 12
oG+ DRB+D+roB+D—G+rm

we also have

(2 — a)weDZfw)| = |w| — 2(2)|w|?

= |lw|—

[~]s

Ny,

]
P

T

21+0-8)
2-a@+DRE+D+0E+1) -6+ 6]

lw]?
1

The proof is complete.
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