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Abstract:

In this research, we investigated the impact of toxins in a predator -prey
paradigm where several externally harmful chemicals directly infect the prey.
During feeding, the predator indirectly inherits the detrimental health. To
investigate the impact of toxin-producing prey on the predator population, a
mathematical model is made public. It is believed that the poison emitted by the
prey population has a deleterious effect on the quantity of predators. In this paper
the stability and Bifurcation, be modeled. As demonstrated by the numerical aspect
addressed, the numerical solution showed that changing the parameters has an effect
on the model. The results are explained by numerical simulations. The system is
shown to have an extensive array of behaviours, including chaos. The effect of
toxin is to show the stability of the system, or it causes the predator to go extinct.
Increasing toxins have the potential to deplete symbiosis and wipe out entire
populations.

Keywords: Bifurcation analysis (BA); Equilibrium point (Ep); predator-prey;
Toxin effect; Stability.

O sially sl 73545 (10 ) ppacadl S0 Sualisal) sl

2% A dana a0 1 gga Copman ol b
Gball, Gaealall daals ,lagleal) LinsliSiy Cgalall agle 20, Angulall Cilagleall ki and!
@ball, dany daals , igl) Gl Adjeall aglall il IS, laalyl) ani’

1 LAl
Ppall o waall ol Cun G flally A il Zlgai (B pgenad) HEG Ay Ll Sl N2
cosftadl I yale pe (K5 agend) oda Jaiiy , 33l ol 8yl denyill daylall 5leal) 45l
padll () diasg dus fidall lilgaall alae) e agecdl Aatiall (el 80 Al el zdga 218
AUl LS b Ay qaadilly 4] Adilie s Cand) 138 b i il 4l Gualall adlls (3
Dt o gl Jal) RSy el zasalll o audl 53l Gl 8 Ly slSlad) pladiuly Saelil)
Blae cllee DA (o i) Had L goaed) Cuilall o maaly L zisall Lo 80 4l cilaledl

o) 52l el . gl 13 5 Lay eSSl (a dnaly desanen oy QU o RS 8, Ldud

*Email: may.m@ihcoedu.uobaghdad.edu.iq

2859


mailto:may.m@ihcoedu.uobaghdad.edu.iq

Maghool and Helal Iraqi Journal of Science, 2026, Vol. 67, No. 5, pp: 2859- 2881

elally Gaulaill Caliiiad ) agend) 5215 (535 My L eitall (bl 3 a4 g calaill el

1. Introduction

The study of system dynamics changes in prey-predator model or environmental is
essential to ecological research because it provides interactions future vision or organismal.
Traditional models frequently presume a perfect ecology free of outside effects. Becoming
increasingly vulnerable to a number of concrete effects, such as the introduction of pollutants
through human activity. These environmental toxins can have a major influence on both prey
and predator populations. They can emit environmental pollutants, land runoff or other
beginnings. The Toxins can have a direct impact on dynamical system. These dynamics are
further complicated by indirect impacts, such as shifts in the availability of prey or the
efficiency of predators.

The complex interactions knowledge is necessary for predicting how resilient ecosystems
will be to pollution and for developing strategies to mitigate the negative impacts of
environmental pollutants on biodiversity. The acceleration of global environmental changes
is creating new challenges for the stability and sustainability of natural ecosystems, making
this field of study more and more important. By including toxin dynamics into prey-predator
models, ecologists and environmental scientists may more accurately forecast the potential
long-term impacts of pollution and help develop effective conservation and management
methods.

Prey species in predator-prey food systems are impacted by environmental toxins, which
can change their mental and behavioral patterns and negatively affect their growth. Prey
species' aversiveness to predators is influenced by their toxicity; the more toxic they are, the
easier it is for them to evade predators and the fewer attacks they endure. Environmental
pollutants have an impact on the populations and behaviors of prey and predator species, as
well as the dynamics of the prey-predator interaction. Numerous predator-prey models,
notably those involving amphibians and woodfrog tadpoles, have shown these effects. A
mathematical model was developed and analyzed by Hallam et al., [1] and [2] to investigate
how a toxicant affects the rates at which biological organisms grow. A model was presented
by Shukla et al., [3] to investigate the combined effects of two distinct toxicants that are
released from various external sources, etc. These effects have been demonstrated in a
number of predator-prey models. Zhu et al., developed a model that considered the impact of
toxins on interactions between three distinct predator-prey species, [4-9].

They discovered that parameters pertaining to the release and consumption of toxins had
an impact on the stability of the system. Several of the most important studies are those by
Huang and others [10], who focused on how toxicity affects a population's first-order
kinetics. They suggested a terminal organismal concentration threshold value that, even in the
presence of limiting toxicants, can regulate the population's pace of extinction. Zhang, Tian
and others [11], [12] conducted more research on the existence of toxicity and adjusted the
model to account for toxicity from both environmental and food chain pathways. Some
researchers studied type of model helps in understanding how environmental factors like
toxins and human activities like fishing can influence the long-term sustainability of fish
populations and their ecosystems [13], [14]. Smith et al., [15] and [16], modified the prey-
predator model to take into consideration the impact of ambient toxicants, exposing both the
predator and the prey to the toxicants concurrently. However, most models pertaining to
toxicants are generic in nature, and they do not account for specific aquatic ecosystems. For
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the purpose of assessing ecological risk and managing ecosystems responsibly, it is essential
to comprehend how poisons affect ecological systems, as in [17], [18], and [19].

The sustainability of biodiversity depends on the establishment of fascinating links between
toxicology and ecology. Toxinology should therefore only be viewed as a barrier when it is
first discovered. In similar investigations, other researchers represented process in tritrophic
food chain and food web models using different forms of function response (Holling types I,
I, IV), among others [20 - 27].

In general, toxins have an enormous effect on how ecological systems behave and how
they function. According to the toxinology notes, toxic animals can be researched like
substances, and toxicity needs to be looked at from all angles that are important for survival,
such as population control and parasites [28 - 33]. Tritrophic food systems have been the
subject of some research, with an emphasis on how toxicants affect the system's ability to
survive or go extinct [34 - 40].

In view of the previously mentioned, a tri-trophic food-web system is developed in this
study. Effects of environmental toxins on multiple species: unlike earlier models that
consider toxins affecting only prey or a single predator, this model incorporates toxin-
induced mortality across all levels. This allows a more accurate perspective on the impacts of
bioaccumulation in food chains.

The paper's outline can be summarized as follows: A detailed explanation of the model
and its dimensionlessness is provided in section 2. Section 3 describes the equilibrium point
and status. In section 4, the subject of local stability is covered. While the persistence of the
model is discussed in Section 5. Furthermore, the basin of attractions for equilibrium sites is
specified in Section 6. The local bifurcation (LB) is covered in Section 7. Section 8 deals
with the model's simulation. Lastly, conclusions provided in the concluding section.

2. The mathematical formulation

The ecological model in this section, which consists of a food chain system with three
species, can be mathematically described by the differential equations system that follows,
which is formulated mathematically as follows: A poisonous substance produced by another
outside source infects every species.

S=rx(1-2) -2y,

dT K 1+mq.X

ﬂ — elalXY_ a2YZ _ y YZ (1)
dT ~ 1+myX  1+myY 2%

az e,a,YZ

Zontt 72— d7.

dr = 1+m,Y

Where, X(t),Y(t) and Z(t) determine the size of the populations of the following at time t:

prey, predator, and top predator. The parameters are considered to be all positive and are

described by the following hypotheses based on the most recent Holling type-II functional

response, where X(0) = 0,Y(0) > 0,and Z(t) = 0.

¢ The juvenile prey depends logistically on the mature prey for all sustenance; in the absence
of the predator, it needs the mature prey's carrying capacity and necessary growth rate (r).

¢ In the meantime, the predator Y (t), uses maximal attack rates of &; > 0 and a, >0 to
consume both adults and juvenile prey in accordance with Holling type II. As a result, both
adult and juvenile prey with conversion rates of 0 < e; < land 0 <e, < 1.

e mq,m, are prey and predator preference rates, respectively.

e d is natural rates of top predator death.
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e Finally, y;,i = 1,2,3 is thought to represent the toxicity of the top predator, predator, and
mature and immature prey, respectively. The predator and top predator are indirectly
exposed to the dangerous compounds through their diet, but the detrimental substances in
the environment directly affect the prey species. As a result, poison has less of an impact on
predator species than on prey species.

System (1) involves 12 parameters, this makes analysis challenging. Consequently, the set of

parameters is whittled down to 8 using the non-dimensional variables and parameters listed

below, yielding the model (2).

X aY a,Z v1 K?
=—, =, =, t = T‘T, == km ) = )
x K y - z - $1 v $2 -
e K _ mpr _ Y2 _ 6 V3 _d
63_ r 164_ a ’ 55 _all 8;6_ a 167_612’ 5;8_7"
$1xy y
asq —25x° +(1—x) - — &x2.

=—x+——
(1+&x)? 1+&x
Consequently, the following is an outline of the non-dimensional system related to system

(2):

d

d_J: =X [(1 - x) - 1+);'1x - szz] = xfl(x:y; Z)y

av _ $3x z _

ac Y [1+$1x T 1tgy 553’] =yf(x,y,2), )
a ¢

E [ — - &) = 2y ),

The interactivity functions are defined on R3 = {(x,y,2):x(t) = 0,y(t) = 0, z(t) = 0}.
Additionally, because the interactive functions in system (2) have continuous partial
derivatives, they are Lipschitzian functions. Consequently, a unique system (2) solution
exists.

Theorem 2.1: The solutions to system (2) beginning in R3 are uniformly bounded.
Proof. From the first equation of the system (2), it is obtaining

dx
— < x —x?
dt

Therefore, by resolving this differential inequality, the resultis x < 1 as t — oo.
In a comparable way, it can be seen from second equation of system (2) that: % < y—&y?,
which gives that y < fi ast — oo.
5
Mw,ﬂﬂ=§ﬂ0+y®+§d&mm
6

aQ 1

where & = {1,¢&g}.
Consequently, for t — oo, straightforward computation yields that:

(2 1)
Q) < HbtD
Therefore, every solution in the following domain is uniformly bounded.

3. The existence of eqilibiurm points (EPs)

There are four non-negative EPs; the points' forms and the conditions under which they exist
are given below.

1. The point of trivial EP that is shown by E, = (0,0,0) always exists.

2. The axial EP that is as shown by E; = (&, 0,0) exists when
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_ 141445,
X=——"=
28,
3. The top predator free EP, is shown by E, = (X, y,0), represented by where y = %,
5 1

and X is obtain by the fourth order polynomial equation where A,A* + A;A3 + A,A% + A1 +
A, = 0, exists if and only if the condition is met:
28 +& > &L
3)
Where
A, = _5255512, Ay = —[51255 + 2§,8185], Az = _[_51255 + 28185 + $28s5),
Az = —[2§85 +$3 + &), Ay = &s.

4. EP E; = (x*,y*, z*), arises uniquely in the interior of R3.
fi(x,y,z) =0, where f;, i = 1,2,3 are written in system (2) from f3(x,y,z) =0
we get

o _ foy—§a(1+527)
= ity where &gy > &(1 + &,y). (4a)

However, in the interior of the first quadrant of the the xy — plane, the point (x*,y*)
denotes the specific place at which the following two isoclines cross:

VA

vi(ny) = (1—x) = — & (4b)
_ €3x _ VA _
UZ (x, y) - 1+flx 1+f4_y Esy (40)

Clearly, from Equation (4b) we get y* = (1 —x —&x?)(1+&x) as x =0, the two
1soclines become:

Ul(OJ }’) = 1! (53.)

v2(0,y) = p1y® + p2y* + p3y +ps = 0, (5b)
where:

p1= ﬁfsf%

P2 = 2848587,

p3 = €587 + &6 — €4l

Py = &g

The following sufficient requirements have to be satisfied for each polynomial Equation (5a)
and (5b) to be given a unique positive root:

587+ &6 — 848 >0 or,
587+ &6 — 8485 < 0. (6)

The point exists uniquely if, in addition to conditions (6). These conditions are satisfied:

- (B2 <o

4. Local stability analysis

In this part, the system's local stability study is examined using the linearization technique
around the previously indicated equilibrium locations. At the position (x, y, z), the Jacobin
matrix (Jm) of system (2) can be expressed as follows:
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of of of
x ax + fl x ady x 0z
of, of, of, _
J= Yoy y5+f2 Yo, = (aij)3><3; (7
s 9fs s
z ax z ay z 0z T f3
where
— E1xy _ 2 _ _ Yy 2 .~ _ _
ajp = —Xx + (tEon)? 25x° + (1 —x) TrEx $2x%,  agp = T M3 T 0, ay; =
&3y _ _Sazy _ $3x z __~Y
argoz T2 7 Qrtar? &Y+ hrx L §sY » 23 = 10
as; =0, a3, = ez 33 287z + TtEy $s-
Therefore,
eThe Jm at E;, has eigenvalue 1p; = 1, 4y, = 0, 493 = —&g, since there is a positive Eq

hence E| is unstable non-hyperbolic point.

e The Jm at E; has the eigenvalues A;; = —(1 + 2&,x)x, A4, = %, and 1,3 = —&g, hence
1

is a saddle point.
eThe Jm at E, is reduced to:

Je, = (bij)3x3, (3a)
where
_ Sixy 2 _ = _
by, = —x + (148,22 286x%, byp = e b3 =0,
S -3/ - _ _ Y
by, = 48,202 by, = fsgy ,by3 = 148,y
b31 =0, b32 =0, b33 = %_ 58-
Then, the characteristic formula of J,, can written as;
[A% — (b11 + byz)A + (by1byy — byzbyy] (b33 — A) = 0. (8b)

Clearly, Eigen values of the Equation (8b) can written as:
1. = (b11+b22)+y/(b11+b22)2—4(b11b22—b12b21) 1 = (b11+b22)—/ (b11+b22)2—4(b11b22—b12b21)
21 = > » A2z = > )
If the following conditions are met, it is simple to confirm that J,, has all negative

eigenvalues and that E is thus locally asymptotically stable.

$6 Y
SLc (%)
§1y
1426x > 5 (9b)
§

(€5 +28680)(1 + & 0)% + (1+;1x) < &85y 9¢)
eThe Jm of the system (2) at E; the can be written as:

Je, = (Cij)3x3a (10)
where

o Sixyt %2 _ = _ __ &y

€11 = —Xx + (142,272 28,x™%, c1p = T2 €13 = 0,021 = (4,22

Z* * * Z* *
54 Yy 56 Yy E7Z*

_ _ * _ -y — — — —
C22 = (142,92 $sy" L Co3 = T+e,y" €31 =0, c3z (+Ey)7 C33
Thus, the characteristic equation of /g, can be expressed as:
B+ A2+ 4,1+ A4; =0, (11)
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where
Ay = —(C11 + Cap +C33), Az = C11Cpp + €11C33 + C22C33 — C12C2q — C23C32, and Az =
[c32€11C23 + €12 €21C33 — C€11CC33],With A= AjA; — A3 = — (€11 + €32 + €33)(C11C22 +

C11C33 + C22C33 — C23C32 — C12C21) — (€11C32C23 + €12 C21C33 — €11C22C33)-

As a result, the E5; becomes locally asymptotically stable When the real parts of each of the
eigenvalues in the characteristic Equation (11) are negative, in accordance with the Routh
Hurwitz Criterion, A; > 0 , A3 > 0, and A > 0. Accordingly, the following condition

* gly*
1+ Zfzx > m (12)

5. Persistence

The system (2) persistence is examined in this section. Since it is commonly accepted that
a system can only be said to persist if none of its species are extinct, system (2) can only
continue to exist if its trajectory begins on boundary planes where the omega limit is not
reached.
One subsystem of system (2) is located in a positive of the xy —plane and is expressed as
follows:

dx _ _ Yy 2] _
i [(1 x) Ty $2x ] = (),
dy _ [ &sx (13)

rrimb Al Fyvap —fsy] =1z (x,).

It is simple to confirm that the subsystem has positive EP inside the positive quadrant of
the xy —plane, which coincides with system (2). The Dulac function approach is now applied
to determine whether periodic dynamics could exist around interior positive point of (13).

Define 9(x,y) = % This is obviously continuously differentiable within the positive

quadrant of the xy — plane. 9(x,y) > 0, for all (x,y) € R2.
Furthermore, direct computation gives that
—9(9. 0 w)= Lty 5 2x &
A(XJ.V) - Ax (19 I"ll) +ay (19 I"I'Z) - y+(1+51X)2 y x°
Therefore, A(x, y) is does not change sign, not identically to zero under this condition:

6 2 &1
(1+&1x)? < (1+&1x)? + x + y ' (14)

Observe that anytime the subsystem has locally asymptotically stable in interior of R, it
indicates that subsystem (14) is globally asymptotically stable in the interior of the positive
quadrant of the xy —plane. As a result, the Dulac technique states that the subsystem's
positive quadrant of the xy —plane has no periodic dynamics.

Theorem 5.1: Assuming that the planes of boundaries do not exhibit Periodic dynamics,
then the system (2) is uniformly persistent as long as the criteria are met.

$6y
Tty ¢g- (15a)

Proof: Define ¢(x,y,z) = xPtyP2zP3 where p,,p,, p3 are positive constants, and
¢(x,y,z) >0 for (x,v,z) € Int RS with ¢(x,y,z) = 0 if one of x,y, and z approaches
zero. Thus, direct calculation yields:
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¢'(x,y,2)

o (x,y,2) = p1fr + 02f2 + D3fs,

Qx,y,z) =

where the system (2) contains the functions f;; i = 1,2,3. This is now the proof in terms of the
average Lyapunov method, assuming that Q(x,y,z) > 0 for all border equilibrium sites.
Therefore,

209 = [ =0) ~ gy ]
$ $6Y
4m41+ﬁx_1+Qx_&4+p3fja;_&z—%.

We have that

Q(Ep) = p1[1] + p2[0] + ps[—&sl.

It is determined that Q(E,) > 0 by selecting an arbitrary positive value for p; that is
sufficiently large in relation to ps.

Q(E) =p1[0] +p [ fox ] + p3[—$sl.

1+€1x
By suitable chose of the parameters ps, so that p, is suitable to be large in comparison to ps,
then obtain that Q(E;) > 0.
And, we have:

Q(E;) =3 [1?;:3/ - 58]-

Clearly, the condition (15a) assurances that Q(E,) > 0.
Hence, the system (2) uniformly persistent.

6. Globally stability

This part delves deeper into the dynamics of system (2) by utilizing the Lyapunov
function. Determining the basin of attraction for the non-hyperbolic point and the locally
asymptotically stable EPs is the goal.

Theorem 6.1: The first axial EP E; = (X, 0, 0) of system (2) is globally asymptotically stable
if the condition is hold:

1> 5
1+flx
(16)
Proof: Consider the following scalar function Ny = (x — x — x ln%) + iy + %z.
3 366

It is clear that N;: R3 - R, so that N;(E;) = 0 and E;(x.y.z) > 0 for {(x,y,2z) € R3:x >
0,y=0,z>0, (x,y,z) # E;}. Hence, N; is a positive definite function. Now, by
differential N; with respect to time and simplify the result it is obtain that

an, ~ N2 Xy & .2 &7 .2 &g

prale [1 + Ez(x + x)](x .X) + 14+ &% f3y fgfez $38e z

Hence,

le _ _ 533? 57 58
— < - — 0% - - B ‘- '
< [1+ &+ 0)](x — %) &5 &e [1 1+ flx] 53562 53562

Therefore, using the conditions (16) leads to % is a negative definite. Accordingly, the
function N; is strong Lyapunov function, hence the E; is globally asymptotically stable.

Theorem 6.2: In the interior of the R3 sub-region, there is E, = (%,%,0) that is
asymptotically stable and meets the following requirements:
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= §1Y
! +;2(x 0> Sy (172)
S8 Yy
¢6 > A+ &) (17b)
(12)? < 4 ajiay;, (17¢)

where all the symbols «; o, =123 is given in the proof.

. = = X
Proof: Let the scalar function N, = (x - X - xln%) (y y—yln= ) . %

It is clear that N,: R,> - R, so that N,(E,) = 0, and N,(x,y,2) > 0 for any {(x,y,2) €
R3:x>0, y>0,z=0, (xy,2) # E,}. Hence, the function N, is positive function.

Now, by differentiate N, with respect to time, and then simplify the result, it is obtained that
dn.
—r=—a(x— D+ apc—- D - P -G - PP

(s &,
(56 (1+E4y))Z 7

— =N _ &y _ &G x4
where @y, = (1 &0+ 0 - s s@)' 27 G e0at 60

Hence, using the above conditions (17a) - (17c) gives

dN2< [\/W(x— X)+\/g(y y)] _(5_:_(1:;31))2—2—222

dn . . .
N, is a strong Lyapunov function since it is evident that d—: is negative definite. The E; is

therefore asymptotically stable in the area that meets the aforementioned set of require.

Theorem 6.3: Let us assume that E; = (x*,y*, z") is a locally asymptotically stable EP, then
it has a basin of attraction in the interior of R, > that satisfy the conditions:

* El y*
1 + EZ(‘X‘-: )i ) > (1_+_ Elx)(l‘l' Elx*) 9 (183)
54z
$5 > gy vty (180)
(U12)% < 2p11H9, (18¢)
(U23)? < 2uzpp33, (18d)

where all the symbols y;;; 1, j = 1,2,3 are given in proof.

Proof: Let the following scalar function
N3—(x X" —x lnx*)+(y yi—y lny*)+(z zt—z lnz*).
It is clear that N3: R, > = R, so that N3(E3) = 0, and N3(x,y,z) > 0 for any
{(x,y,z) E RY:x,y,2>0, (x,y,2z) # E5}. Hence, the function N; is positive definite
function. Now by differentiate N3 with respect to time, and then simplify the result, it is
obtaining that:
dN3 *\ 2 * *
WS_#n(x_ x)* = (x = X)W — ¥ —pa
b -y . . .
_MZZT_MZS(Z_ 2y — y") —ps3(z — z%)%
_ * &1y” _ &uz”
where pyy =1+ & (x ;’ )~ Taoar ey M2 T8 T T areyy
1 3

— _ 6 —
Haz = (<1+flx) (1+flx)(1+flx*)) Has = ((1+ gy)  (+ &0+ f4y*))’”33 &7-
Hence, using the above conditions (18a) - (18d) gives

[\/E(x—xﬂ - y)] [%(y—y*H\/E(Z—Z*)r

2

v -y
2

dN3
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Nj is a strong Lyapunov function in the Sub region of R3: that satisfies the requirements
S dNs . . . .
(18a)—(18d) since it is evident that % is negative definite. As a result, for any trajectory that

begins at a point within the region and satisfies the aforementioned set of requirements, E5 is
asymptotically stable.

7. Local bifurcation analysis (LBA)

In this section, the Sotomayor's theorem for LB is used to study the sensitivity of the
dynamical behavior around the Locally asymptotically stable of the (2) to changes in a
particular parameter. It is not a sufficient requirement because LB can only occur when a
non-hyperbolic EP exists. This parameter is chosen to ensure that, for a given value of the
suggested Bifurcation parameter, the EP is non-hyperbolic.

Next, rewrite system (2) as follows:

dH
— =FX),X = (x,y,2)T,and F = (xfy, vfo, 2f5)T. (19)
Then the second derivative of F with respect to Y can be written as:

DZF(X)(&{), 80) = [$i1]3><1’ (20)

where g = (04, 05, 03)7 be anon zero real vector, with
$u1 = |2 - 66x + Toots| 0% - 2| o] 0102
D21 = [% ]012 +2 [(1+§€1x)2] 0102
|Gy — 285 02” — 2|z o20n
$H31 = [_ %} 0% + (1+§fy)2] 0203 — 2§705°.
The resulting theorems examine the possibility of LB within the system by utilizing the

computation (2) mentioned earlier.

Theorem 7.1: A saddle node bifurcation of the system (2) at EP E; happens whenever ¢,
passes over the value &," = 172X

3x2°
Proof: At first axial equiliburm point w1th f 5, the Jm of the (2) is expressed as:
—2x + 1 —3&,x? i 0
S =] &) = 0 Y g
1+Elx
0 O _58

In this matrix, we have two eigenvalues have negative real part, and the third eigenvalue is
zero, Ay, = 0.Thus, first axial EP is a non-hyperbolic point at &,".

Let 8; = (ny1,n12,n13)7 is eigenvector conjugate to the eigenvalue 1,;," = 0.

So, J;&; = 0, gives that &; = (n,4,0,0)7, and n;; # 0 is any real number.

Now, let ©; = (911,912,9:3)7 represents the eigenvector conjugate with the eigenvalue
Ai1" = 0, of the matrix J;.

Thus,]1T®1 =0 we have 0, = (—% 915,912,0)7, with 9;, # 0 is any real number.

Then by Sotomayor theorem, given that

E_Ffz(x &) =(—x%0,00".
Therefore, 0, F 52*(E1,52 ) —% x39,, # 0, as a result, the first condition for the

occurrence of saddle node bifurcatlon i1s met. Moreover, since
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—-3x2 0 0
DF:,(X,¢&,) = < 0 0 0) = DFy, (E;, & )Ry = (=3x%ny3,0,0)7.
0 0 0
Then, ;" DF;, (E, & )Ry = 3x2 22 9;,ny, # 0.

aia

Also, by using Equation (20), it is obtained that

. . (=2 = 6¢;x) 19113
DF(Ey, &5 )(Ry, Ry) = 0 :
0
Accordingly, the following is obtained:

0, D2F(Ey, &) (Ry, Ry) = % 912(2 + 6&,x) 19113 * 0.

Then, a sable node Bifurcation take place.

Theorem 7.2: The saddle node bifurcation of the system (2) at the EP E, happens if &g

processes the amount &g = 1j6§y " provided that the following condition holds.
4
2§ Q12 Q21 G2 Q12 A1 _ Q22 2
<(1+f43’)2 257 (au azs a23)> (an azs azs) (nzz) 823 # 0. (21)

Proof: The Jm at (E,,&g™" ) is determined by:
Jo=J(E2 8" ) = ajj =

_ Sixy 2 Y —X
/1 Zx + (1+$1x)2 Zfzx 1+flx 1+flx 0 \
$3y _ $3x -y
k (1+&,2)7 ZsY*rx T )
_ $6Y
0 0 &g + Ttey

Two of the eigenvalues clearly have negative real parts under condition (9a), whereas the
third eigenvalue, designated 433" = 0, is zero. The non-hyperbolic point at & is hence the
top predator.

Let X, = (n,1,N5,,M53)7 be an eigenvector conjugate to the eigenvalue 133" = 0.

T

. a a a a . .

Hence, J, X, = 0, gives that X, = (— 2 n5s, M09, (M—ﬁ) nzz) , with ny, # 0 is
a1 a1 Az3 az3

any real number.

Now, let 0, = (9;,1,9,,,9,3)7 be an eigenvector conjugate to the eigenvalue A33"" = 0 of
the matrix J," .

Thus, /,7©, = 0 we have 0, = (0,0,9,3)7, with 9,5 # 0 is any real number.

Now, since:
a_fs = FES(X, 58) = (O, 0 ) _Z)T > % = FEB(EZ’ 58 ) = (0,0 ,O)T‘
Therefore, ©," Fg,(E,, &) = 0, then have the firs condition occurrence of saddle node

bifurcation is met. Moreover, since

O 0 O *% a a a T
DFSS(X’ES) = O 0 O BDng(SZ’fS )‘CZ = (0,0,_(_12 21 __22){22) .
0 0 —1 a1 Az3 azs
Then, ©," DFg, (E,, &)X, = — (% - %23) O33N, # 0.

Also, by using Equation (46), it is obtained that:
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DZF(EZJ 68**)(?{2' NZ) =

a1z 21

2 — 2l (2

2
i) (22— 2 ) =25

2¢¢
(1+&45)?

a2 A1

a1 az3

az2

o) n22>2

2
az2
- a )Tl22>
23

az3
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[_2_6§f+(;2;4(:f7QJZ_ZLH;@J(%anY
B _ 2 2
hiﬁ;]@in“)+zhu2@JGj"“)

Accordingly, the following is obtained:

T N2 sk _ 256 _ _ &

0,7 D2F (B, &™) (%o, Xy) = (—(Hm)z 26 )) (
Then, a saddle node bifurcation take place.

Theorem 7.3: The saddle node Bifurcation of (2) at E; is happens when &g passes over the

* * $6 )" _

value g = —2872" + 1+84y*  (€11€22—C€12€21)°

(P1911+P2021 + @31) # 0,
where the symbols of (22) are computed in proof.

a1z A1 a1z A1

- ﬁ) (n22)%9,3 # 0.

a1 azs a1 azs az3

C11C23C32

iff the resulting condition is fulfilled.
(22)

Proof: The Jm at E; and &g = & can be written as:

di; diy 0
JE =](E3;58*) =|dy dy d23 .
O d32 d33*

The Jm (10) has the entries d;;,i,j = 1,2,3, where d33” = d33(g" ), the J; determinant
equals 0, as demonstrated by direct computation. Thus, A33" = 0 gives the zero eigenvalue of
the matrix J3, and the two real parts eigenvalues are negative.

Let X3 = (n3q,n3y,n33)7 be an eigenvector conjugate to the eigenvalue A* = 0. Thus,
J3X; =0, gives that X3 = (Hyng3, Hings, n33)T, where ns; # 0 be any real number, and

—-d . dyrdzz—dozd
H, = 33, while H, = 220d33—d23d32
dzz dz1d3z

Now, let O3 = (931,935, 933)7 be an eigenvector conjugate to the eigenvalue 1* = 0 of the

matrix /5" . Thus, 3703 = 0, we have 03 = (01933, P2933, 933)7, where €55 # 0 be any real
dzpd3z—da3ds; —d33

di2dz3 d23
Then by using he Sotomoyar's theorem, we obtain

oF
a_‘fs = FES(Xr 58) = (0' 0, _Z)Ts
where Fg, is given in Equation (19). Therefore, it is obtained that:
93*F$8(E3;58*) = 933 #0.
Now by using Equation (20), it is obtained that:

DZF(E3’58*)(N3: R3) = [@i1]3x15
where

number , and p; = , while p, =

(23)
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_ 281y 1
[—2 — 65X + m] (Hy n33)? — 2 [m] H; Hy(n33)?
_2 7
r b | G + 2 [ ] s
2
+ [ﬂjﬁ -2 55] (H; n33)* —2 [m] H; (n33)?
2 2
[~ et ]t ma) 4 s s = 26 )

Consequently, it is easy to confirm that:
®3TD2F(E3;€8*)(U3; n3) = €33(P1911+P2P21 + P31)-
Clearly, ©37 D?F (E3, &57) (R3, X3) # 0, under the (23), Then, a saddle node bifurcation take
place.

8. Numerical results

The advantage of analyzing numerical simulations is that they help us recognize the
effects of changing the system's parameter values. System (2) has a globally asymptotically
stable to E5 for the values in Equation (24).
§1=0.1,§ =0.05& =05, =0.1,& =0.03,{, = 0.25,¢, = 0.01,&5 =0.1 (24)

@.gLLLL(aL)LLLL‘ (b)

os]

7}/ Wl
07h | o

08

U5y

04 1l i

03

02

@1 L L L L L L L 12 L |
O ©2 04 08 08 1 12 14 1B 18 2

X 10"
Figure 1: For the date given in Equation (24), the trajectory of system (2) with ; = 0.1,
approaches asymptotically to the E;, This trajectory's time series, as (a) and (b).

By changing the values of the parameters in Equation (24) we start with point ;. We notice
that the solution is still approaching the EP, when & = 0.5 and as the system continues to
increase &; = 0.6, the system still exists, as in the Figure 2.
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al
—z

Figure 2: When &; > 0.6, the system (2)'s trajectory asymptotically approaches the positive
point E5, according to the trajectory's time series as ( ¢ ) and (d).

Change the rate of the toxin parameter of the prey as the value of 0.5 <&, < 3, and by
increasing ¢, = 9 approaches asymptotically to the E.

(3]) (b)

= n‘ T T T
1 | ‘\ )

T

—a

Figure 3: (a) The time series of system (2) when &, = 0.5, approaches asymptotically to the
positive point, (b) The trajectory of system(2 ) when 0.5 < &, < 3, (¢ ) The time series of
system ( 2 ) when &, > 9, , (d) The trajectory of the system.

Change the predator's toxin parameter rate &5, and observe that the trajectory of system (2)
approaches the E; asymptotically when & = 0.3, 0.5, 0.6, as shown in Figure. (b). However,
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when &5 > 0.7, the system (2) loses persistence, and the solution of system (2) approaches
E,, as shown in Figure (c).

(b) (¢)

[ [ [ [ ¥ [ I

Figure 5. The time series of system (2) when & = 0.3, 0.5,0.6 approaches asymptotically to
the points (E3), while {5 = 0.7, the time series appere the equiburum point (E,) of system
(2), (d-e) the trajectory of the system (2).

Change the rate of the toxin parameter of the top predator &, , when 0.3 <&, < 0.7. It is
obvious trajectory of system (2) approaches asymptotically to the EP E;, as Figures (a-d), but
when &, > 0.7, the system (2) losses the persistence and the solution of system (2)
approaches asymptotically to E,, as Figures (e-f).

2873



Maghool and Helal

Iraqi Journal of Science, 2026, Vol. 67, No. 5, pp: 2859- 2881

(b)

x 10° i 04

05 0.2

Figure 6: The trajectory of system (2) when 0.3 < ¢, < 0.7, and time series of this
trajectory respectively, when &, > 0.7 the trajectory of system (2), this trajectory's time

series.

Change the rate of the toxin parameter of the prey and predator &, =2, & = 3 and &3 =
0.01, it's seen that trajectory of system (2) approaches to the EP E, as Figure (a).

(a)

0.8 T T T T T
071
06

0.5

0.4

0.3

0.2

0.1

x10°

(b)

Figure 7. The time serie and trajectory of system (2) whené, = 2, {; = 3 and &3 = 0.01.
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The collection of data (25) contains the second set of parameter values that cause chaotic
dynamics to occur in the system (2):

§,=6,§=0.6,§3=0.99,§ =0.002, &5 =0.005,¢, =0.6,& =0.002, & = 0.03
(25)
The dynamic behavior of the system (2) in the Figures (8) and (9) below.

-_—X
=
0.8 1 —

IRRARARRIRRARAARRARY

| AR

! 0 500 1000 1500 2000 2500 3000 3500 4000
x 070 00 time

o
o
s

populations
o
-
L

Figure 8: (a) Using the data set provided (25), and the time series of the chaotic attractors
provided, (b) The trajectory of the system (2) approaches a chaotic attractor.

d

0.5 -

0.4 -

0.3 1

b= ]

0.2 1

0.1 -

0.0 -

T T T T T T I I T
0.5 0.6 0.7 0.5 0.6 0.7 00 02 04

X X y

Figure 9: The projection on xy,xz, and yz planes are shown in (a), (b), and (c),
respectively.

Figures (8) and (9) show that the dynamics of the system (2) are rich, containing chaos,

periodic attractors, and point attractors. As the parameter values are changed, there are
numerous bifurcation points. It is commonly recognized that the chaotic attractor's sensitivity

2875



Maghool and Helal Iraqi Journal of Science, 2026, Vol. 67, No. 5, pp: 2859- 2881

to changing starting points is its most defining characteristic. Thus, Figure (10) demonstrates
unequivocally how sensitive the odd attractor shown in Figure (8) is to a slight alteration in
their starting position.

NIRRRRAARAAS
* 0.6 ]
—_— X
T T T T T
0 500 1000 1500 2000
fime
1
_— Y
=
D_ T J T J T T T
0 500 1000 1500 2000
time
—_— 7
M 0.5 1
D'ﬂ_ T T T T T
0 500 1000 1500 2000
time

Figure 10: The chaotic attractor's trajectory shown in Figure (8) is sensitive to the starting
values. (0.51, 0.61, 0.71). The graphs show the trajectories of x, y, and z depending on the
time interval.

Using the bifurcation diagrams, the effects of changing various parameter values on the
chaotic regions and the dynamic behavior of the system (2) are now investigated. It is known
that altering the parameter values will result in the birth and death of the attractors, as
represented by the bifurcation diagram. The bifurcation diagrams as a function of the
parameters &q,¢,, 3,86, &7 and &g are shown in Figures (11-16) and (17). Although the
bifurcation diagrams clearly show the existence of chaotic zones, it is shown that the solution
approaches periodic dynamics in the plane and that raising these parameters leads to the
extinction of one predator species.
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Figure 12: The bifurcation diagrams of a system (2) as &, in the range 0.1 < &, < 0.9 with

Figure 11: The bifurcation diagrams of a system (2) of &; in the range 0.1 < §; < 7 with the
the parameter values in (25).

parameter values in (25).

Figure 13: The bifurcation diagrams of a system (2) as &3 in range 0.1 < &3 < 2 using the

parameter values in (25).
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9. Discussion and conclusions

Important new information about the intricate relationships between species can be gained
by studying environmental toxins in prey-predator models. Toxin introduction can
significantly change a species' long-term survival, stability, and population levels within an
environment. Reductions in prey and predator populations brought on by the toxin may result
in the extinction of species that are already at risk or changes in the equilibrium of the
environment. Toxins can also alter reproduction rates, impair prey defenses, and change the
functional response of predators, which further complicates interactions. All of the solution's
features are discussed. We examine each possible EP's existence and local stability. The basin
of attraction for the equilibrium sites was calculated or global dynamics were examined using
the Lyapunov function approach. The conditions for LB near EPs are set. Finally, the
possibility of complicated dynamics was explored using a range of techniques, such as the 3D
phase portrait and bifurcation diagrams, in combination with numerical simulation. The
numerical simulation yielded the following results using a fake set of biologically realistic
parameter values. The food chain system is an example of a chaotic system that is subject to a
variety of attractors, system (2). A useful tool for comprehending the possible results of toxin
exposure and aiding in the prediction of long-term effects is mathematical modeling of these
effects,

To summarize up, it is important to incorporate environmental toxin dynamics into prey
predator models as a means to correctly represent ecological realities, finally, the effects of
environmental pollutants can be lessened by combining cutting-edge technology with
scientific studies. In order to develop sustainable solutions, future research should incorporate
ecological restoration and Al-based monitoring, depending on the type of environment being
examined and the type of toxin or pollution harming it.
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