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Abstract:

In data analysis, “Clustering” has emerged as a mechanism applied in machine
learning to group analogous data points or objects together based on their features,
attributes, or characteristics. Clustering attempts to detect underlying patterns or
structures in data without prior knowledge of group labels. Many algorithms are
used in clustering like K-means, one of the most widely used clustering algorithms
whose performance depends on the initial point and the value of K. Most clustering
techniques need to determine the number of clusters in the beginning. However, in
most cases, predicting that value is a high computational cost task. In this paper, an
algorithm is designed to compute the proper number of dataset clusters using
various cluster validity indexes. The most popular CVIs (clustering validation
indexes) are: Elbow method, Silhouette, Gap statistic, and Davis-Bouldin. The
paper also proposes a new technique for estimating the appropriate number of
clusters (k) depending on their indexes and ranks. The best result of the (ONC)
algorithm obtained by the average of silhouette is: (0.501).

Keywords: clustering, K-means, machine learning, Elbow method, Silhouette score,
Gap statistic, Davis-Bouldin index.
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Introduction

Machine learning (ML) is founded on the principles of computer science and artificial
intelligence (AI)[1]. Clustering is one of the most common unsupervised machine learning
techniques. It partitions input datasets into distinct groups[2]. In the context of huge datasets,
this method is essential for data-driven knowledge discovery[3]. Because of its versatility to
organize data into meaningful categories, clustering is one of the most important techniques
in data mining. It is also utilized in many other disciplines, including economics, marketing,
medicine, Image processing and pattern recognition[4] and [5].

The k-means algorithm is the clustering method most commonly used. It has gained
popularity due to its efficient theory, straightforward algorithms, fast grouping, and ability to
handle big data sets[6] and [7]. The process of allocating points to groups and updating the
centroids continues in many iterations until convergence is achieved. This approach aims to
minimize the within-cluster sum of squared distances, sometimes called inertia or distortion,
which assesses cluster compactness. To find a distance between points and centroid, various
distance metrics that play a vital role in clustering are calculated using K-means to allocate
these items to related clusters, such as Euclidean, Manhattan, Minkowski, and Cosine
Distance. It is important to note that the K-means algorithm can converge to a local
minimum, meaning the quality of the clustering result can be sensitive to the initial random
centroid initialization. To alleviate the issue, the algorithm is frequently executed numerous
times, but the difference is the initializations each time, and the best clustering result depends
on a chosen evaluation criterion. CVI, which stands for Cluster Validity Index, is an
evaluation metric employed to assess the quality and validity of clustering findings. CVIs
provide quantitative measurement to compare different clustering solutions and determine the
optimal number of clusters. The choice of CVI is based on the specified demand of the
clustering and dividing task and the characteristics of the data (points)[8] [9].

There are various clustering types, like partitioning-based, density-based, hierarchical-
based and grid-based[10]. The separability between the clusters and the compactness within
them are the two cluster properties that serve as the foundation for the definitions of CVIs.
CVIs are often calculated as the ratio of a compactness measure's value to a separation
measure's value or vice versa. Another way to describe CVIs is through the linear
combination of the two metrics. The maximum or minimum of this validity index can be
calculated to determine the appropriate number of clusters for a specific dataset[11].
Silhouette Coefficient[12], Elbow method[13], Gap statistic[14], Davis-Bouldin Index[15],
and other CVIs are utilized to locate the ideal number of clusters in the points of the dataset.
Finding the optimal number of clusters in a dataset is challenging, and it has many limitations
and difficulties. Different clustering algorithms and evaluation metrics may yield different
results; different metrics may lead to different optimal cluster numbers, and choosing the
same evaluation metric may introduce bias and influence the results.

In some cases, the data may not have a clear natural clustering structure, making it
difficult to set the optimal number of clusters. The underlying patterns may be complex,
overlapping, or spread out, leading to ambiguity in selecting the suitable number of clusters.
The computational complexity of clustering algorithms increases with the number of points
and dimensions. As the dataset grows in size or complexity, searching for the optimal number
of clusters becomes more computationally intensive and time-consuming.[8]
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Literature Review

Many previous studies have addressed the issue of finding the optimal number of clusters.
The study in[16] proposed a novel discriminant for elbow point. This approach is offered to
produce a statistical measure that predicts the appropriate cluster number while dividing a set
of points into clusters. The rate of distortion determined by using the Elbow approach is
standardized on a scale of (0 - 10). The found values determine the (cos) cosine of the
intersected angles of elbow points. The obtained cosine of intersection angles is combined
with the theorem of arccosine to calculate the intersection angles; the estimated possible ideal
cluster number is determined using the index of the previously calculated least value of
intersected angles between elbow points. The outcome results from an experiment based on
simulated datasets, and a well-recognized standard dataset (Iris Dataset) applied that the
predicted optimal cluster number found by the newly suggested method is superior to the
used on wide-scale Silhouette coefficient.
Dinh, Duy-Tai, Tsutomu Fujinami, and Van-Nam Huynh[17] offered a method called k-SCC
(_k-means- clustering algorithm based on the silhouette analysis approach to estimate the
optimal number of clusters in categorical data clustering, namely k-SCC.) for predicting the
best k in dividing data clustering. While the clustering is executed, cluster centers are defined
by the algorithm using the kernel density estimation approach. Furthermore, it leverages the
dissimilarity theorized by the information so that the distance between centers and other
items is measured in all clusters. The quality of the clustering results in the previous stage
and the optimal value of k are calculated using an approach based on the silhouette analysis.
The k-SCC algorithm was tested by comparative experiments on both synthetic and actual
world datasets to check which techniques tested were more effective for clustering than three
other clustering algorithms. The results show that k-SCC does better than other algorithms to
find the best number of clusters for each data set.
Joo, Yeongin[18] suggested a new technique to improve the gap statistic method to estimate
k. It has been applied to many datasets, and the findings are superior to the original gap
statistics. The novel approach is also suitable for other clustering algorithms that need the
integer k. This is because the new methodology, like gap statistics, is compatible with any
clustering method.
Rena Nainggolan et al.[19] resolved the weaknesses in the K-Means algorithm through
enhancements to improve clustering quality. To find the number of clusters, their method
applied the Sum of Squared Error (SSE) technique, where groups have a high degree of
member similarity. They also employed the elbow method to enhance the performance of this
process by obtaining cluster determination, thereby further boosting the performance of the
K-Means algorithm.

In a similar vein, Sagala, Noviyanti TM, and Alexander Agung Santoso Gunawan[20]
applied various techniques such as Elbow, Silhouette, Gap Statistics, and Nb-Clust on Major
Crime Indicators dataset (MCI) from 2014 to 2019. Their experiments showed that the
Elbow, Silhouette, and Nb-Clust methods always found two as the optimal number of
clusters. The results of these were verified by the average Silhouette method, where two
clusters were found to be the best fit for the data with a Silhouette value of 0.73, indicating
very strong cluster cohesion[21].

This research offered a divide-and-conquer technique for completing the same activity in
less time. K-means clustering has been found in the time complexity for O (n2). But this
algorithm is based on the silhouette score optimal cluster formation, which has to execute at
least V N times to identify the best number of the cluster. Therefore, the total complexity of
the algorithm comes out to be O(n2 ) x O(\ n) = O(n5/2 ). The task was completed 2.5 times
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faster with the proposed methodology than the iterative method;, but some memory parts
costs are needed to store the results. Finally, in this paper, the elbow method, gap statistic,
silhouette coefficient, and Davis-Bouldin model are used, and by ranking the results, we can
predict the optimal number of clusters in 6 datasets. Table 1 shows the previous studies.

Table 1: Literature Review to find the optimal number of clusters

Technique The value
Name of paper Problem (Algorithm) dataset result of k
A quantitative The estimated
discriminant optimal cluster
method of elbow Solve the number obtained
. The best
point problem of Elbow method by our newly value of k
for the optimal smooth curve | Silhouette coefficient | Iris dataset | proposed method .
. . to Iris
number of elbow Cosine law is better than the dataset is 3
of clusters method widely used
in clustering Silhouette
algorithm (2021) method.
Experimental
Estimating the results show
optimal number that £-SCC
of clus..ters in Estimating the Synthetic outperforms the
categorical data K-SCC compared
. number of and real . . K €[2,10]
clustering by clusters (k) k-modes Jatasets algorithms in
silhouette determining the
coefficient number of
(2019) clusters for each
dataset.
A new approach
to determining
the optimal Solve the .
number of overlapping Gap statistic Synthetic Imp‘r ove the gap K=23
datasets statistic method
clusters based on problem
the gap statistic
(2020)
Improved the
Performance of Determinin
the K-Means the o timaig Build a cluster is
Cluster Using the p k-means better for finding
number of 20 data for
Sum of Squared SSE ( sum square . the most K=3
clusters by patient .
Error (SSE) usine the error) optimum cluster
optimized by elbow ;gn ethod center
using the Elbow
Method (2019)
Discovering the
SfP gﬁlﬁel\gﬁ;:; k-means Finding the best
. Estimate the elbow method MCI ( Major | optimal number
Using Elbow, o . -~
. number of gap statistics Crime of clusters for K=2
Silhouette, Gap . . ,
. clusters silhouette Indicators) Toronto’s MCI
e, £ nb-clust method datasets
Nb-Clust
Methods (2021)
Binning-based Proposed
. approach the task
silhouette k-means has been
approach to find Time silhouette Real- world completely faster
the optimal consuming elbow method dataset pietely

cluster using k-
means (2022)

central limit theorem

in comparison to
the iterative
method

1072



Ismail and Mustafa Iraqi Journal of Science, 2026, Vol. 67, No. 2, pp: 1069-1081

Clustering Types

There are several types of clustering, which can be classified into the following categories:
Partitions clustering: It aims to divide the data into K distinct groups or clusters; K-means is
one of the most widely used clustering algorithms. The algorithm assigns each data point to
the nearest centroid, iteratively refining the centroids to decrease the within-cluster sum of

squares[22]
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Figure 1: Partition clustering

Hierarchical Clustering: It builds a cluster hierarchy (agglomerative) bottom-up or (divisive)
approach. In agglomerative clustering, each data point is given to a separate cluster, and
similar clusters are iteratively merged until a stopping condition is met. Divisive clustering
starts with all data points in a single cluster and then separates them recursively into smaller

groupings[23]

Cluster
distance

UallllL

Data points

Figure 2: Hierarchical clustering

Density-based Clustering: Density-based clustering algorithms group data points based on
their density. They define clusters as areas of higher density separated by lower density areas.
The mechanism includes Density-Based Spatial Clustering of Applications with Noise
(DBSCAN) and Ordering Points to Identify the Clustering Structure (OPTICS)[24]
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Figure 3: Density-based clustering

Gaussian Mixture Models (GMM): It is a probability model that assumes the data points are
created by a mixture of Gaussian distributions. It estimates the parameters of the Gaussian
components and assigns data points to different clusters based on their probability of
belonging to each component[25]

Fuzzy Clustering: Fuzzy clustering enables data points to be assigned to different clusters
with varied membership levels. Instead of assigning data points to a single cluster, fuzzy
clustering assigns membership values to each data point, indicating the degree of association
with each cluster. Fuzzy C-means (FCM) is a well-known fuzzy clustering algorithm[26] [27]
Spectral Clustering: Spectral clustering utilizes the eigenvalues and eigenvectors of a
similarity matrix derived from the data. It involves transforming the data into a lower-
dimensional space and performing clustering in that space. Spectral clustering is particularly
useful for grouping non-convex or complex-shaped clusters[28]

Distance metrics

Euclidean Distance: Euclidean distance is the most extensively used distance measurement. It
is defined as the straight-line distance between two points in Euclidean space[29] [30]

d = \/(.\’3 — X ]2 + (2 —_1'1}3
(1
d: Euclidean distance
x1,yI: the coordinate of the first point
x2,y2: the coordinate of the second point

Manhattan Distance: The total of absolute differences is also known as city block distance
between the coordinates of two points[31] [32]

d(x,y) = Zf . lx; — wil
)
d (x, y): Manhattan distance.
(X, yi): The coordinate of points.

Minkowski Distance: is a generalized distance measure that encompasses both Euclidean and
Manhattan distances[33]
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ot = (£, )" i

D (x, y): Minkowski distance.

(Xi, yi): The coordinate of points.

In the Minkowski distance formula, the parameter "q" is a value that determines the type of
distance metric being calculated. Depending on the value of "q," the Minkowski distance
formula can represent different distance metrics

When g=1, the Minkowski distance reduces to the Manhattan distance.

When g=2, the Minkowski distance represents the Euclidean distance.

Types of indexes

When evaluating the quality of clustering algorithms, several validation indexes can be
used to assess the performance of the clustering results[34]
Elbow method: It is a graphical method for estimating the optimal number of clusters in a
dataset. The method helps to know the "elbow" point in a plot within-cluster sum of squares
(WCSS) or the distortion against the number of clusters. The elbow point illustrates a trade-
off between the number of clusters and their compactness[35]

1500
1000

500

Sum of Squared Errors

Figure 4: Elbow method [36]

- Silhouette Coefficient: It assesses the compactness and separation of clusters and
calculates the average silhouette coefficient for every data point, ranging from -1 to 1. A
coefficient Close to 1 suggests well-separated clusters. A value Close to 0 means overlapping
status. A minus number implies that data points may be assigned to the wrong clusters[17]
Davies-Bouldin Index: The Davies-Bouldin Index evaluates the average similarity between
clusters while considering cluster separation and compactness. It measures the ratio of the
average distance between clusters to the average within-cluster distance. Smaller results of
this index indicate better clustering, with well-separated and compact clusters[37]

Gap statistic: A statistical approach used to assess the ideal number of clusters in a dataset. It
compares the within-cluster dispersion of the data to a reference null distribution to determine
if the clustering structure is significant. The method helps identify the number of clusters
where the clustering structure is significantly stronger than random [16][38]
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Our proposal

To find the optimal number of clusters, which is considered an NB hard problem[39], the
Python programming language and its libraries were used in this study. We follow several
steps depending on the set of indexes: elbow method, silhouette coefficient, gap statistic, and
Davies-Bouldin. Six datasets were used, three of which are standard datasets: iris dataset,
wine dataset, and digit dataset. The other three datasets were randomly selected, the first one
contains 100 points, the second one contains 10,000 points, and finally, the last one contains
1,000,000 points, representing big data.

The algorithm is a sequence of steps. Initially, we take the dataset and divide the points
into groups depending on the distance between them by using the k-means algorithm in a
range of clusters from 2 to 11 clusters. After that, we do some calculations, i.e., applying the
silhouette coefficient formula for each k (k is the number of clusters), then we use the gap
statistic, elbow method, and Davis-Bouldin for all the range of clusters 2, 3, 4...11.

The values resulting from these methods are then arranged and saved in tables, and the
silhouette coefficient result is sorted in descending order and ranked from 1 to 10. The value
with rank 1 represents the maximum number of silhouette coefficients, the matching number
of clusters represents the optimal number in this method, and so on in the gap statistic method
and the lowest value of Davis-Bouldin represents the optimal number of clusters.

Algorithm1: Optimal Number of Clusters (ONC)
Input: set of points of any dataset
Output: optimal number of clusters
1: Draw all the points in 2D coordinates
2: for k=2 to k=11 do
3: Apply the k-means to divide the points of the dataset into k clusters and find the center of
each cluster
4: Draw the distribution of points and determine each point belonging to any cluster
5: Calculate the silhouette coefficient and gap statistic and davis-bouldin
6: End for
7: Apply the elbow method
8: Calculate the ssd (Sum of Squared Distances)
9: Calculate the difference between the ssd (Sum of Squared Distances)
10: Sort the silhouette coefficient descending and rank the result from 1 to 10, and save the
results in a table
11: Sort the gap statistic descending and rank the result from 1 to 10 and save the results in
the same table
12: Sort the davis-bouldin ascending and rank the result from 1 to 10 and save the results in
the same table
13: Calculate sum of rank in each number of clusters
14: the maximum rank represents the worst value and the matching number of clusters
represents the bad number of clusters
15: The minimum rank represents the best value and the matching number of clusters
represents the optimal number of clusters.
Experimental results

This section presents the experimental results obtained using our algorithm on the Iris
dataset, a well-known and commonly used dataset in machine learning and statistics. It is
often used for classification tasks and is a benchmark dataset for evaluating algorithms and
models. The dataset contains 150 instances. The results can be summarized in the following
table.
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Table 2: The optimal number of Iris dataset

No.of . Gap . Rank of Rank of Rank of Sum of
cluster SHLOUTEE statistic LENL silhouette gap Davis ranks
2 0.681 10 0.404 1 6 1 8
T 1 T S T S
4 0.498 10 0.780 3 7 3 13
5 0.488 11 0.805 4 4 10
6 0.367 11 0.925 5 6 14
7 0.356 9 0.968 6 10 8 24
8 0.361 10 0.921 7 8 5 20
9 0.336 11 0.960 8 4 7 19
10 0.319 10 1.027 9 9 10 28
11 0.316 11 1.025 10 5 9 24

The Wine dataset is a popular dataset that contains information about the physicochemical
properties of white and red wine.

Table 3: The optimal number of Wine dataset

No.of . Gap . Rank of Rank of Rank of Sum of
cluster silhouette statistic Davis silhouette a Davis ranks
BT T S ¥ L L S T
3 0.571 2 0.534 2 10 5 17
4 0.561 9 0.546 4 5 10 19
5 0.548 9 0.545 6 6 9 21
6 0.565 9 0.465 3 7 2 12
7 0.557 7 0.461 5 9 1 15
8 0.548 11 0.493 7 1 4 12
9 0.525 11 0.534 8 2 6 16
10 0.520 9 0.544 9 8 8 25
11 0.517 10 0.537 10 3 7 20

The Digits dataset, also known as the MNIST dataset, is a popular benchmark dataset
frequently used in machine learning. It consists of a collection of images representing
handwritten digits

Table 4: The optimal number of Digits dataset

No.of . Gap . Rank of Rank of Rank of Sum of
cluster silhouette statistic Davis silhouette gap Davis ranks
2 0.118 2.648 2.528 10 1 10 21
3 0.126 2.601 2.438 9 2 9 20
4 0.122 2.569 2.194 8 3 8 19
5 0.137 2.536 2.054 7 4 7 18
6 0.150 2.498 1.955 6 5 6 17
7 0.162 2.474 1.993 5 6 5 16
8 0.174 2.447 1.840 4 7 2 13
o zew e 1 s 1 w0
10 0.182 2412 1.924 2 9 4 15
11 0.182 2.398 1.921 3 10 3 16
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This algorithm was applied to 3 random datasets (the first set has 100 points, the second
has 10,000 points, and the last has 1,000,000 points). Each run obtained a good partition, and
the partitioning of points into suitable clusters depends on the average silhouette coefficient.
As a result, the optimal number of clusters can be found in many datasets.
Table 5 shows the result of the clustering of the synthetic dataset containing 100 points

divided into 4 clusters.

Table 5: The optimal number of synthetic dataset

No.of silhouette Gap Davis Rank of Rank of Rank of Sum of
cluster statistic silhouette gap Davis ranks

2 0.592 -5.702 0.518 4 9 4 17

3 0.757 -4.688 0.344 2 8 2 12

5 0.704 -3.854 0.511 3 2 3 8

6 0.565 -3.979 0.776 5 3 6 14

7 0.467 -4.076 0.7405 6 5 5 16

8 0.452 -4.071 0.916 8 4 8 20

9 0.465 -4.138 0.857 7 7 7 21

10 0.348 -4.097 0.948 9 6 9 24

Table 6 shows the result of clustering of synthetic dataset containing 10000 points divided
into 2 clusters.

Table 6: The optimal number of synthetic dataset

No.of
cluster

silhouette

S © 0 9 U A WN

0.822

0.566
0.309
0.315
0.310

0.319

0.309

0.301
0314

Gap
statistic

Davis

29500

0.250

-3.237
-3.484
-3.480
-3.552

-3.481

-3.522

-3.586
-3.596

0.910
1.257
1.080
1.047

0.943

0.942

0.976
0.883

Rank of
silhouette

DN O 0 W AN ab

Rank of
gap

O 0 N A QWL

Rank of
Davis

NN B 30O W

Sum of
ranks

7
21
15
20

12

18

23
16

Table 7 shows the result of the clustering of synthetic dataset containing 1000000 points into

6 clusters.

Table 7: The optimal number of synthetic dataset

No.of silhouette Gap Davis Rank of Rank of Rank of Sum of
cluster statistic silhouette gap Davis ranks
2 0.599 -4.747 0.640 1 7 3 11
3 0.576 -4.773 0.623 3 9 2 14
4 0.532 -4.753 0.671 6 8 5 19
5 0.544 -4.668 0.642 4 6 4
6 [N0.58c/N-4.160MNo. 574_
7 0.537 -4.266 0.745 5 2 6
8 0.475 -4.375 0.902 7 3 7 17
9 0.446 -4.453 0.973 8 4 8 20
10 0.412 -4.462 1.048 9 5 9 23
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The best result of silhouette is 0.8 when dividing a synthetic dataset containing 1000 points
into 2 clusters.
Conclusion

This study investigated a modification of the K-Means algorithm to locate the optimal
cluster center using the minimal sum of squared errors (SSE) value. The K-Means cluster is
implemented with the best cluster center. The number of clusters can be determined as a
critical step in cluster analysis. This study proposes using the sum of ranks for the set of
index clustering in the interior validity index to assess the right or most appropriate number
of clusters. The Manhattan distance performs better than the Euclidean distance method,
which is based on iris, wine, digits, and three other random datasets that become increasingly
high and low. Using the elbow method, silhouette coefficient, Davis-Bouldin, and gap
statistic methods, most validity indexes can be determined in predicting the optimal number
of clusters in any dataset.
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