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Abstract

The main objective of this paper is to propose a new iterative method for
approximating fixed points of a type of mapping known as Suzuki mappings.
Important convergence results of the proposed method are also studied. To support
the main results of this work, a numerical example is presented where the numerical
results show that the new method is better than many other methods in terms of its
convergence to the fixed point.

Keywords: Banach space, Converge sequence, Fixed point, Iteration Scheme,
Suzuki mapping.
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1. Introduction

Functional analysis is a mathematical field that analyzes functions by investigating how a
particular function works and uncovering connections and assumptions that might occur. It is
also used to examine a variety of spaces [1-5]. One of the most difficult and quickly
expanding subfields in nonlinear functional analysis is fixed-point (FP) theory. In [6] authors
showed that there is an FP for a-n-fuzzy contractive mappings and extended B-C-fuzzy
contractive mappings. Other efforts and outcomes on FPs might be mentioned in [7-13]. FPs
are essential because they symbolize equilibrium, stability, and solutions to a variety of
issues.
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If the presence of a solution to a fixed-point problem including an operator () is assured
but a precise solution is not achievable, the demand to approximate the solution gets critical,
necessitating the use of various iterative schemes. Numerous researchers have created and
implemented many FP iteration systems in order to approximate the solution of equations,
given the theoretical and practical relevance of these schemes. O. G. Amechi et al. [14]
provided a new fixed point iterative strategy that approximates the solution of boundary value
problems. It is based on Green's function. However, S. A. Khuri and I. Louhichi [15]
introduced a unique method for the numerical solution of a wide class of third-order
boundary value problems that are based on embedding Green's function within the Ishikawa
fixed point iterative technique. Additional iterative techniques may be found in [16-23]. The
rate of convergence of the iteration scheme is one of the most crucial factors in selecting one
fixed-point iteration scheme over the other. Thus, in reality, a quicker fixed-point iteration
approach is always favored. The well-known Banach contraction theorem employs the Picard
iteration process to approximate FPs. Other well-known iterative procedures are E. Picard
[24], S. Ishikawa [25], M. A. Noor [26], R. P. Agarwal et al. [27] and D. R. Sahu [28].
Recently, J. Ali et al. [29] presented a three-step iterative scheme to approximate FPs of
Suzuki’s generalized non-expansive mappings. Their iteration methodology demonstrates
superior speed compared to established iteration methods using numerical examples. In 2021,
J. Ahmad et al. [30] introduced a novel iterative approach for estimating the FPs of Suzuki
mappings. They achieved significant convergence outcomes for their suggested iterative
approach. S.Rezapour et al. [31] describe a modified F-iterative procedure to determine the
FPs of three generalized a-nonexpansive mappings. N. Saleem et al. [32] provided a
technique for determining the common fixed point of L-Lipschitzian and total asymptotically
strictly pseudo-non-spreading self-mappings, and they established the proposed approach's
weak convergence theorem. Some other basic iterative algorithms are discussed in [33-43].

Influenced and prompted by ongoing research in this area, in this work a new iteration
scheme for estimating FP of Suzuki mappings (Suz- maps) to obtain a faster convergence rate
is presented. Consider (1: E — E be Suz- map where E is a nonempty subset of Banach
space(BN-Space) C. Then the sequence {9,,} is produced by ¥; € E and

_ @UptQy
On = o+l
wIn+Qoy,
= 2nTn 1
On o+l (1)
Un+1 = U6y,

where w = 0.

The goal of this work is to provide some convergence findings for the new iteration process
(1). An example demonstrates how this new iterative scheme outperforms existing methods
in terms of efficiency.

2. Preliminaries
A review of some lemmas and definitions that will be applied repeatedly throughout the

work follows. Throughout this work, F denotes the collection of all FPs of ().

Definition 2.1:[44] A mapping Q: E — E is termed as Suz-map if the following fact holds:

1
> le; — Qeqll < lle; —e;ll = [1Qe; — Qell < [le; — el Ve, e, €E.
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Definition 2.2:[45] A BN-Space C fulfills the Opial’s condition if for any sequence {9, } in
C that converges weakly to y € C i.e., J,, = y it can be stated that,

lim sup||9,, — yll < lim sup||9,, — w|| for cach w € C withw # y.

n—oo n—oo

Definition 2.3:[46] Let {9J,,} S C be a bounded sequence. If @ # E € C (where E is convex
and closed), then the asymptotic radius of {9,,} which corresponds to E is given by
N(E, {9,})=inf {lim sup||9, —e||: e € E}.

n—>oo

Likewise, {9,} corresponding to E has an asymptotic center that is specified and
demonstrated via the formula
A(E, {On})={e € E: lim sup||d, — e[| =N(E, (I} )}

Lemma 2.4:[44] Suppose that C is BN-Space and @ # E € C. If Q:E — E is Suz-map,
then for every @ € E and m € Fq, the fact ||Qe — Qm|| < ||e — m]|| holds.

Lemma 2.5:[44] Suppose that C is BN-Space and @ # E € C. Let O: E — E be Suz-map,
then for every elements e, e, € E :
le; — Qe,|l < 3lle; —Qeql +(llle; — el

Lemma 2.6:[47] Let 0<p<9,<0<1 and C is uniformly convex Banach space
(UCB —space). If there is A > 0 (real number) such that {d,} and {b,} in C fulfill
lim suplld, |l <A,  lim sup|lb,ll <A and lim sup||9,,d, + (1 —9,)b,|l = A, then
n—-oo n—oo n—-oo

lim sup||d,, — b,|| = 0.
n—-oo

Lemma 2.7:[44] Assume that E is any nonempty subset of a BN-Space having the Opial
property. If Q: E = E is Suz-map, then the following requirement holds:
{93 S E, 0, »m, |9, — Q|| = 0= Qm = m.

3. Main results

In the current study part, extremely interesting and relevant Suz-map results are
analyzed using the newly presented method A required lemma for the major conclusions is
presented and demonstrated below, which will play a key part in each of the subsequent
section's results.

Lemma 3.1: Let C be BN-Space and @ # E S C (where E closed and convex ). Consider

Q:E — E Suz-map with Fq # @. If {9,,} a sequence produced by (1), then lim ||Qd9,, —
n—-oo

m|| exists for all m € Fj,.

Proof: Consider m € F. Based on Lemma 2.4, one gets

o, + QY, ”

—_— —-m

o, —m| =
low = mll = [P0

w 1
=[5 0 =)+ @0 )|
<=9, —m| +— |09, — Qm + Qm — m||
w+1 w+1

@ _ 1 _ + _
=— 19, —ml| + — 19, — m|[Z|[Qm — m||
= [0, —m]l. (2)
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Moreover,
oY, + Qoy,
I8 =l = [P =
= [z -+ g @ —m|
- 12D'+1 n — M w+1( On = M)
w
S— |19, —m|| + — |1Qa, — le + Qm — m||
w
< 218, —mll + = llo, — ml[*l|Qm — m|
= |9 —mll. 3)
It is evident from (3) that
19n+1 — mll = 106, — m||
< |6, — m||
< 9 —mll.

Thus lim ||9,, — m|| exists for all m € F,.
n—-oo

Theorem 3.2: Assume C is UCB-Space and @ # E € C (where E closed and convex). Let
Q:E - E Suz-map and {9,} produced by (1), then Fq # @ if and only if lim ||Q9,, —
n—-oo

9|l = 0 and {¥9,,} is bounded.

Proof: Consider that lim ||QY,, — 9,/ = 0 and {9,,} is bounded. Let m € A(E, {9,}) then
n—oo

according to Lemma 2.5, obtain,
AQm, {9,}) =lim sup||{J, — Qm]||
n—-o0o

<3 Tlllnolo sup ”Qﬁn - 1911” + ”1971 - m”
< lim sup ||{9,, — m/||

n—->oo
=A(m, {On}).

This illustrates that Qm € A(E, {9,} ). Thus Qm = m and Fqo # Q.

In contrast, assume that Fq # @, and consider m € Fg. Conclusions of Lemma 3.1 provide
that lim ||9,, — m/|| exists and {9, } is bounded. Let
n—-oo

lim |16, —ml| =. @

Subsequently, by looking at the proof of Lemma 3.1 and taking consideration (4), one gets

lim sup||o,, — m|| < lim supl||9,, — m|| = 1. (5)
n—oo n—oo

According to Lemma 2.4, obtain
lim sup||QY9,, —m| < lim supl||9,, —m| = 1. (6)
n—oo n—oo

Along with (4), it provides (7

Making use of (5) and (7), acquire
lim ||, — m| = 7. (8)

n—->oo

According to (8), obtain
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T = lim||g,, — m||
n—->oo

B w9, + Q9,
-
= | = @ —m) + == (@9, —m) ©)

Thus,
T= hnlnag—(ﬁn-—4n)4—;%;(90n——4n)”. (10)

n—-oo 1

Based on (4), (6), (10), and Lemma 2.6, conclude that lim [|Q9,, —9,|| = 0.
n—-0o

Theorem 3.3: Assume C is UCB-Space where C fulfills Opial’s condition and @ # E C
C (where E closed and convex). Let Q: E — E Suz-map with Fq # @ and consider {9,}
produced by (1), then {9,,} weakly converges in Fq.

Proof: By Theorem 3.2, lim ||[Q9,, — 9, = 0 and {9,,} is bounded. Since C is UCB-Space,
n—->oo

C is reflexive. As a result, there is a subsequence {Uy, } of {9,,}, with 9, — 9 where J € E.
By Lemma 2.7, 9 € Fq. To prove that 9 is the weak limit of {9,,}. Let ¥ not be the weak
limit of {9,,}. Then, one could find another subsequence, {ﬁnj} of {9, } with 19nj - 9" and
9" # 9. Once more via Lemma 2.7, 9* € Fo. Now, employing Opial's property and
Lemma 3.1, obtain

|

lim [[9, — 91| = lim [|8,, — 0
< ,li_)ngo”ﬁnk -
= lim [[9,, — 9"

n—-oo

= lim ||0nj — 9
jm
<o o~
= lim |18, = 91l (an

Thus, lim ||9,, — 9| < lim ||49,, — I||, resulting in a contradiction, and so ¥ is a weak limit of
n—-oo n—-oo
{On}-
Next, the following results demonstrate the strong convergence.
Theorem 3.4: Suppose that C is UCB-Space and @ # E € C (where E is compact and
convex). Let \:E — E be Suz-map and assume {J,} is given in (1), then {J,} strongly

onverges in Fg.

Proof: By Theorem 3.2, lim [|Q¥,, — 9,|| = 0. A strongly convergent subsequence {¥y,, } of
n—->oo

{9,} with a limit, say y, may be found with ease since E is compact. Using Lemma 2.5, the
subsequent assertion is valid:
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Therefore, ¥, — Qy whenever k — o0, 50 Qy = y. According to Lemma 3.1, lim ||9,, —
n—-oo

y|| exists. Hence, y represents the strong limit of {9,,}.

4. Numerical results

This section offers an example to confirm the convergence result covered in the section
before it. The iterative scheme given in Equation (1) converges to Fp more quickly than
different iterative methods, as this example's numerical and graphical analysis shows.

Example 4.1: Let C = R and consider E = [0,1]. Setamap Q: E — E as follows:

1-—e #@<%
(@) = {eta , 1
_E_ lf.@ Z:E'

Initially, to demonstrate that Q on E possesses the Suzuki property. The partition of the proof

is as follows:
Casel: Choose e; € [0, %) and , e, € [%, 1] then

1 1
ller — Qe = —Q@1II < lle; — ;]| one has,

- 241 < e, — @ thatlsmean@z > L Thus one gets,

ey +4 e,+5e;—1 1

Ioe; — Qe,ll = 22— (1 —ey| = [ < 2
ley —esll = ley —epl > | — 2] =
e, —&|l= le, —e - —=| ==
1 2 1 2 6 2173

Hence,gllel — Qe < lleg —el = ||Qe; — Qe < [le; — eyl

Case2: Select e, € [%,1] then

“lley — Qeyll = |22 —ep)| = =2 For S |le; — eyl < [le; — €| one has,
4_1?1 < |le, —eq] .Consequently, the following possibilities might arise:
(i) Ife,<ey, i< g—@ = €, > € [5,1]. So,
e;+4 ey+4 1
I0e; — Qe = 222 = L e, — eyl < [l — eyl

1
Hence, - lle; — Qe < [le; —e;l| = ||Qe; — Qe < [le; —e,l.

. 4-4e 4—4e 14e,—4 1
(11) If €1 > €5, 10 L < € — €, = € < € — ( 10 1) = 1(1) then () € [—g, 1]
Since e, € [0,1] , e 14(:1 = @; € [ 1] So, the case is €; € [14—4, 1] and e, € [0,1] .

Assume e; € [ ]and e, € [0 ,g) then,
5
IQe; — Qe,|l < g- and |le; — e,| >E-
Hence, ”Q@l - Q@le < ”@1 _@2”.
Next consider &, € E ]and e, €[0 l) then,
1Qe; — Qe,|l < - and le; — e, >‘
Hence, ||Qe; — Qezll < |le; — eyl So,
1 .
sller — Qe < ley —efl = [|Qe; — Qe < |le; —ey|l. Thus in all cases, Q

satisfies Suzuki property on E.
Table 1 and Figure 1 show the rate convergence of the new iteration scheme (1). It is evident
that iteration scheme (1) iterates approach @ = 1 more quickly than other schemes like E.
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Picard [24], M. A. Noor [26], R. P. Agarwal et al. [27], D. R. Sahu [28] and S. Rawat et al.

[48].

Table 1: Comparison of convergence rates for various iteration approaches

step

1
2

10
11
12
13
14
15
16
17
18
19
20
21
22
23

24
25

New
iteration

0.9
0.997190082
0.9999621043
0.9999697781
0.999399937
0.9999699998
0.999599999
0.9999999999
0.9999999999
0.9999999999

9

1

S**_Jteration
[48]

0.9
0.9980480000

0.9999618969
0.9999992562
0.9999999854
0.9999999997
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999

1

Normal
S[28]

0.9

0.992800000
0.9994(1)81600
0.999862675
0.99992973 12
6
0.999999806
0.9999599986
0.999399998
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
9

1

1649

Agrawal [27]
0.9
0.9902400000
0.9990474240
0.9999070285
0.9999909259
0.9999991143
0.9999999135
0.9999999915
0.9999999991
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999

1

Picard[24]

0.9

0.980000000
0.996(())00000
0.999;)00000
0.9995?40000
0.999;)68000
0.999;)93600
0.999;)98720
0.999;)99744
0.999899948
0.999599989
0.9999799997
0.9999999999
0.9999599999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
9

1

Noor[26]

0.9

0.975878400
0.994 ?8 1484
0.9985196480
0.999?6 1448
0.999971 8336
0
0.999980301
0.999395248
0.9999398853
0.9999899723
0.9999599933
0.9999399983
0.9999999996
0.9999199999
0.999399999
0.9999799999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
0.9999999999
9

1
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1.02

-
0.98 /

0.96
0.94
092

09
0.88
0.86

0.84
1 2 3 4 5 6 7 8 9 101112 13 14 15 16 17 18 19 20 21 22 23 24 25

=== New iteration ==@==Normal S Agrawal e=@==Picard Noor S** iteration

Figure 1: Graph corresponding to Table 1

5. Conclusions

This paper introduces an effective new iterative approach for estimating the FP of Suz-

maps. The proposed iterative strategy produces strong convergence results in the Banach
space. An example is offered to demonstrate the convergence of different results. This study
provides an excellent foundation for additional debate and research into iteration approaches
for approximating fixed points and their applications in various equations.
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