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Abstract

The main goal of this work is to study some new characteristics of groupoids ring
of algebraic topology, and we started with algebraic cases and simple topology, but
it is vital as information background for comparing what we found as a result and if
we focused in our study on the topological projective ring groupoid and topological
projective cover. Taylor Robert, who talked about groupoid and topological
groupoids was the start of the topological group groupoid and topological groupoid
rings. The relationship between topological projective groupoid ring and topological
group groupoid was developed. We used the definitions, previous relationships
topological projective groupoids ring, topological group groupoid, projective cover
and topological projective ring harmonious with our work. Many results regarding
the topological projective cover for the topological projective groupoids ring and the
partial topological projective groupoid ring and topological ring quotient groupoid
are obtained. We applied some structures to clarify the relationships between those
different spaces. Lastly, we studied the direction summation of equations that forms
the topological projective cover of topological projective groupoid rings is the orderly
highlighted guidelines such that we proved the final number of the direct sum for the
topological groupoid covers ring is the cover of topological groupoid ring.

Keywords: Ring- groupoid, Topological ring- groupoid, Topological ring,
Topological groupoid.
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1. Introduction

The originality and revival of the study of functional analysis is rooted in its connections
with topological space. This area based on topological space has vastly gained interest by
numerous investigators, see [1-11]. The interest started with studying the topological rings by
Kaplansky [12], he used quotient rings as a main goal and metric topology and his interest was
on the locally connected rings and he mentioned in his paper to the definition of topological
quotient. Many researchers tried to explain topological rings like Nelson and Darken, their
main target was metric spaces. In our paper we discussed the topological groupoid rings and
precisely topological projective ring. We did not discuss countable spaces, metric spaces, and
topological linear spaces, [13]. A ring groupoid R be an entity equipped with a ring
configuration in which the maps that follow are groupoids' morphisms:

m: RXR—R, (r, s) —r +s, multiplication of groups.
p: R xR— R, r—-r group inverted map.

e:(*) —R, as well as (*) is one to one.

n: RxXR—R, (r, s) —r. s, multiplying rings.

Thus, in the case of e, it equals 0 by addition and 1 by multiplication. [14], [15] and [16].
Let ring R, we can define the ring groupoid RxR over R. In the ring groupoid we know that
ring operation by (r, s) (p, q) = (r p, s q) for each 1, s, p, ¢ € R. Within a ring-groupoid R
considering r, s €ER, the symbol for the groupoid composite is through r o s whenever a(r)=p(s)
such that a is source and f is target in groupoids R. The multiplication of the group by r +s,
and the multiplication of rings by r. s [17], [18] and [19]. Assume R additionally R be two
groupoids in rings. A transformation f: R— R’ from the R to R is an evolution of the underlying
groupoids that keep the ring structure intact. A morphism of groupoids R, R'is a functor.
Covering morphisms and universal covering of groupoids are defined in [20], [21] and [22].
The topological ring of groupoids be a ring object with topology within the class of topological
groupies [23]. A ring with topological properties R is a ring with topology on the underlying
set in such a way the mappings of the ring structure (i.e., collective multiplication), inverse
group and multiplication of rings are ongoing [24], [25]. A morphism of topological rings
(homomorphism in topology) of a ring along with topology into a different one is an abstract
homomorphism of rings it is a continuous mapping, as well. In a ring groupoid R with topology,
the interchange laws exist.:

(ros) +(peq)=(rtp)e(stq)and (res)(peq)=(rp) o(sq).

Whenever both (r os) and (p oq) are defined. Assume R be a topologically ring ,then a groupoid
of topological rings RxR object set R is defined in the following way: The pairs are the
morphisms (r ,s), then the mappings of the source and target are determined by a(r ,s)=r and
B(r ,s)=s, so the groupoid composition is defined by (t ,s)o(s ,r)=(t ,r), then group multiplication
[26], is defined by (z ,t)+(r ,s)=(z +1, t +s) and ring multiplication is defined by (z ,t),(r ,s)=(z r
,t s ). The RxR possesses a product topology. Thus, any ring-groupoid structure mapping RxR
turns into a continuous, subsequently RxR possesses a ring-groupoid topology [26], [27] and
[28]. A topological groupoid ring R is called connected space if and only if R is not able to be
split up into a union of open, non-empty subsets that do not intersect, [29]. Let R be the
topological ring ,then the topological ring groupoid RxR with object set be defined as :the
morphisms are the pairs( r, t),the source and target maps are known by a(r ,s)=r and B(r ,s)=s
,the groupoid composition be defined by (p, s) o (s, r)=( p, r), the group multiplication be
defined by (p ,q)+(s ,r)=(p +s, q +r ) and ring multiplication be known as (p ,q)(s ,-)=(p s ,q
r). Hence, RxR has product topology. Then all structure maps for ring groupoid RxR will be
continuous, then RxR is the topological ring groupoid
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2. Some results of topological projective ring groupoids

A topological ring groupoids R is called topological projective ring groupoid if for all
topological ring groupoid is epimorphism g: A — B, and for all topological ring groupoid
covering morphism [30], f: q — B, there exists topological ring-groupoid covering morphism
f*:q = Aforall gq,A and B are topological ring groupoids, for which the following Figure 1,
is commute:

Figure 1: Topological projective ring groupoid

The topological subring groupoid is subring groupoid and topological subspace of
topological space [30-33]. Allow H to be a topological subring groupoid of topological ring-
groupoids R cost that of H for element r is the set of all 7 + H where rR is a coset. Let H be
topological subring groupoid of R, then set R/H be topological quotient ring groupoid if:
(1) R/H is ring-groupoid.
(i1) R/H is topological groupoid on R with quotient topology.
(iii)  The mapping A(x + H) = Ax + H from R X R/H into R/H is continuous for all x, 1 €
R [34], [35]. The topological subring groupoid M of R is called small if for all topological
subring groupoid U of R then M + U = R, thus U = R [36]. The topological ring groupoid
homomorphism f: P — B is called small if ker f is small topological subring groupoid of P.
The surjective topological ring groupoid homomorphism h: P — M described as a topological
projective cover of M if P be topological projective ring-groupoid and h is small, surjective
topological ring groupoid [37], [38]. Every topological ring group RxR be a topological
projective ring group of RxR.

Proposition 2.1:
Let M is a topological subring groupoid of R, N is a topological subring groupoid of M and

. R R
R/N is a connected space then " / 5 be connected space.
Proof:
Since, there exists a topological equivalent between % additionally % / % in a way that the

official mapping q: % - %/ % , Figure 2, topological subring groupoid is commutative.

—>
Ry 1Ny

Figure 2: Topological subring groupoid
Such that f o qy/y © qu = qy thus f is continuous and open since qy,m,qn,qu are all
continuous and open. Under the continuous mapping, the connected set's picture is connected
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as a topological ring groupoid R be referred to be a connected space only if R cannot be split
up into a union of open, non-empty, non-intersecting subsets. Thus % / % a place that is
connected.

Assume % / % is an unconnected area thus, there are two sets of A,B # ¢, A = (x + M) +

N/M,B = (Y + M) + N/M where x,y € R, given that N/M be connected space because of
topological ring groupoid R is called connected space if and only if R not able to be
disconnected into a union of open, non-empty subsets that do not intersect, thus A and B is
connected. Let M be connected then x + M be connected and ANB # ¢, AUB =z +

M ,z € R, but the canonical map q'i/ﬂ E,q(A) Nqg(B) =¢, q(A) and q(B) are open

set and also q(4A) U q(B) = 1mphes — is disconnected which is a contradiction. Thus, — / -

1s a connected collection.
Proposition 2.2:

Let M be a topological subring groupoid of topological ring groupoid R, % / KM be

completely disengaged, % be complete disconnection then % be totally disconnected.
Proof:
Let U=x+ N, x € R,N be a subset of R and let q:% - %/% be canonical mapping,

continuous and surjective, then q(LI) is connected that contains one element since % / % be
totally disconnected hence Ll is included in a collection that of %where % be subgroup, but the
coset of % is a topological homomorphism with % that means % is completely cut off and L| has

R .
one component, thus 5 be disengaged.

/N

R —qP R/M/N/M

Figure 3: Topological ring groupoid
Proposition 2.3:
Let N and M be topological subring groupoids of R, then # be connected space if and

. M
only if —— be connected space.
MNN

Proof:
There exists a ring homomorphism P: M + N — # Then P is surjective ring homomorphic

M+N . : :
where ker ker P=N. a: M — % be a continuous ring homomorphism. As ker ker a =

connected set inside a continuous mapping connected since a topological ring -groupoid R is
referred to as connected space if and only if R cannot be able to be disconnected into a non-
empty union open subsets .That do not cross subsequently M /M N N maintain a connection.
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(M +N)

27

MnN
Figure 4: Connected spaces

M. .
Suppose ~o isnot connected space, then there exists two set Ll and V' # @ to the extent that

Unv=9,Ul UV=—"" when U=a+(MnN),V=b+(MnN), abeM.

Considering M N N is not connected, thus the coset is not connected. Notice, a topological ring

groupoid R is called connected space if and only if R is not split into a union of non-empty.

. . . . M M+N
The canonical mapping and open non-intersecting subsets P: prrvrin T

P(U)NPV) =0 and P(U) + P(V) are open set that P(U)U P(V) = where 2 be
disconnected, but that is a contradiction then % is connected space.

Proposition 2.4:

Let %and T be topological ring groupoids, f be topological ring groupoid cover

morphism from — to M*N to the extent that M N N cker ker f ., then there is a unique cover

MnNN N
morphism of topological ring groupoids g: Skl

MnNN N
Proof:
From the commutative diagram g is continuous and f is continuous as well, and g is an open
map since f is an open map, thus g is open surjective morphism. Then a unique topological

id ¢ hi M M+N
ring groupoid exists cover morphism g: — TR
M+ N
M , (M +N)
q l
M
MnN

Figure 5: A unique cover morphism of topological ring-groupoids

Proposition 2.5:
Let R be ring-groupoid topology and % be a topological quotient ring groupoid of R then

closure (%) be topological quotient ring groupoid of R.
Proof:
We show that x € closure (%) , Y € closure (%) subsequently x — y € closure (%) and

r € Rthenr.x € closure (%) that we demonstrate closure (%) be ring groupoid composed of
R and closure (%) be topological ring-groupoid of R. Assume W be arbitrary neighborhood
of x and y ,respectively such that A — B € W that a, b in % suchthata € A and b € B but
(a—b)+M€%,a—b € W that

wn % # {0}, (x —y) + M € closure (%) and let
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closure W neighborhood of r.x . That closure A and closure B are closed to x and
1, respectively such that closure A, closure B € W , closure x and closure y in % such that

R R
closure a € w , closure b € w, but closure (ab) + M € " Closure ab € w closure w N 7ha

{0}. That r — x € closure %. Then the closure of topological subgroup of topological group be
topological group.
Proposition 2.6:

Let hy:p; = M; and h,:p, > M, be topological evocative cover of topological ring
groupoids M; and M,, respectively then h; X h,:p; X p, = M; X M, be represented as
topological evocative cover of topological ring groupoids M; X M.

Proof:

We prove:

P; X P, is topological projective ring groupoid, since P; , P, are ring groupoids of topological
projectivity then P; X P, possess a ring groupoid topological projectivity. Then h is a small
surjective topological homomorphism.

P, X P,

h, X h, fXF

E; 1 2

M, XM, < B, X B,

91X 92

Figure 6: Topological evocative cover of topological ring-groupoids M; and M,
The surjective topological ring groupoid homomorphism h*: P — M is referred to topological
projective cover M. Let P be projective ring groupoid in topology. Then h* is a small,
surjective topological ring groupoid homomorphism. Then ker ker h* be small topological
subring groupoid of P; X P, , h: P — B be small and the ker ker h be small topological
subring groupoid of P. Thus, for all P; and P, .there exists u; < P;,u, < P, and
(ker ker hy xker ker h, )+ (u; Xu,) = P, X P,
= u; X u, = P; X P, we get
ker ker hy +u; = P; > u; = P,
ker ker hy +u, = P, = u, = P,.

Thus
ker ker h; Xker ker h, + (u; X uy) =P; X P, > uy Xu, = Py X P,.

Thus ,ker ker hy Xker ker h, is a topological subring groupoid smallest of P; X P,.

Then
hy X hy: Py X P, » My X M, is small, surjective topological ring groupoid homomorphism,
that means:
hy X hy: P; X P, = M; X M, be topological projective cover of M; X M,.
Proposition 2.7:

Let @1<i<nhit @1<i<nli = P1<i<nM;
and @1<j<nhj: @1<j<nlj = B1<j<nM;
be projective topological the front of topological ring groupoids @<;<,M; and D;<j<,M; ,
respectively then
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O1<isnhi X O1<j<nhj: O1<isnPiXD1<j<nPj = P1<j<nM; X @1<j<nM; be the topological
projective cover represented by topological ring-groupoid @1<;<nM; X D1<j<nM;.

D1<i<nPiXD1<j<nD;

@ Of.XDf;

< D1<i<nBiXD1<j<n Bj
D9, XDBg;

Oh XDh,

D1<icnM; X B1<j<nM;

Figure 7: A projective topological the front of topological ring-groupoids

Proof:
The proof is clear by Proposition 2.5.

Proposition 2.8:
Let hj:p; » M;(1 <i <n)and hj:p; > M; (1 < j < n) be topological projective cover of
topological ring groupoid M; X M; then
Di<i<ni<j<n (hi X hj): Di<i<ni<j<n (Pi X Pj) = Di<i<n1<jsn (Mi X Mj)
projective cover of topology of topological ring groupoid @©1<i<n 1<j<n (Mi X Mj)
Proof:
By Propositions 2.5 and 2.6, then we have

D1<i<n 1<j<n (hi X hj): Di<i<n1<j<n (Pi X P]) = Dicisni<jsn (Mi X M])
topological projective cover of topological ring groupoid @1 <j<n 1<j<n (Ml- X Mj).

D1<isn (P; X Pj)

15)’511,
D1sisn (hi X h—j) ,/'/
1<jsn /.” f
D
@ 1sisn (M; X M;) < B

1<jsn g

Figure 8: Topological projective cover of topological ring groupoids
3. Conclusions
In this work, we study a morphism ring groupoid, subring groupoid topological structure and
ring-groupoid topological quotients. New results have been gotten about topological ring
groupoid and topological quotients ring groupoid were written in the form of new propositions.
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