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Abstract 

     The authors introduce novel subclasses within the univalent and bi-univalent 

function classes in the open unit disk 𝔄. Using a newly defined operator, the study 

explores the properties of holomorphic bi-univalent functions in 𝔄, focusing on 

parameters such as the Taylor-Maclaurin coefficients ∣ 𝒶2 ∣ and ∣ 𝒶3 ∣, the Fekete-

Szegö functional, and the second-order Hankel determinant. These parameters are 

critical for understanding the geometric and holomorphic characteristics of these 

functions. The investigation emphasizes the significance of the proposed operator 

and subclasses under varying parameter conditions, contributing valuable insights to 

geometric function theory. Derived corollaries further refine existing results, 

demonstrating practical applications and expanding the theoretical framework of the 

field.         
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1. Introduction  

      The normalized class of functions ℱ satisfying the conditions ℱ(0) = 0 and ℱ′(0) = 1, 

denoted by 𝒦, is represented by the following Taylor expansion: 

ℱ(𝜁) = 𝜁 +∑𝒶𝒿𝜁
𝒿

∞

𝒿=2

,     𝜁 ∈ 𝔄.                                                                  (1) 

Here, 𝔄 = {𝜁 ∈ ℂ and  |𝜁| < 1  } denotes the open unit disk in the complex plane, where ℂ 

represents complex numbers, and the functions are holomorphic. Let 𝒢 denote the 

magnificence of all features in 𝒦 which might be univalent in 𝔄. According to the Koebe 

One-Sector Theorem [1], for any univalent function ℱ ∈ 𝒢, the image of 𝔄 under ℱ includes 

a disk of radius 
1

4
.  

Thus, every univalent characteristic ℱ has an inverse function ℱ−1 such that: 

ℱ(ℱ−1(𝜁)) = 𝜁  , (𝜁 ∈ 𝔄) and 

ℱ(ℱ−1(𝓌)) = 𝓌       ,(|𝓌| < 𝜌0(ℱ); 𝜌0(ℱ) ≥
1

4
). 

The inverse function can be expressed as: 

𝑔(𝓌) = ℱ−1(𝓌) = 𝓌 − 𝒶2𝓌
2 + (2𝒶2

2 − 𝒶3)𝓌
3 − (5𝒶2

2 − 5𝒶2𝒶3 + 𝒶4)𝓌
4 +⋯.     (2) 

They are normalized as in (1). 

 

     The principles of subordination and majorization are fundamental when comparing two 

holomorphic functions ℱ(𝜁) and 𝓇(𝜁) in 𝔄. Function ℱ(𝜁) is subordinate to 𝓇(𝜁), 
denoted ℱ(𝜁) ≺ 𝓇(𝜁) , if there exists a holomorphic function 𝑡(𝜁) in 𝔄, with 𝑡(0) = 0 

and |𝑡(𝜁)| <  1, such that ℱ(𝜁)  =  𝓇 (𝑡(𝜁)). If 𝓇 is univalent in 𝔄, then ℱ(𝜁) ≺ 𝓇(𝜁) 
implies ℱ(0) =  𝓇(0) and ℱ(𝔄)  𝓇(𝔄), [1]. 

Similarly, ℱ(𝜁) is majorized by 𝓇(𝜁), denoted ℱ(𝜁) ≺≺ 𝓇(𝜁), if there exists a 

holomorphic function |𝒽(𝜁)|, |𝒽(𝜁)| ≤ 1, such that ℱ(𝜁)  = 𝒽(𝜁)𝓇(𝜁). 
 

For the bi-univalent class, Lewin [2] established a coefficient bound |𝒶2| ≤  1.51. Clunie 

and Brannan [3], conjectured a bound of |𝒶2| ≤  2 .  
For the function ℱ ∈ 𝒦 defined in (1) and 𝑔 ∈  𝒦, they are defined in the following 

expressed. 

𝑔(𝜁) = 𝜁 +∑𝑏𝒿𝜁
𝒿

∞

𝒿=2

 ,    (𝜁 ∈ 𝔄).                                                          (3)  

The Hadamard product, or convolution, denoted by (ℱ ∗ 𝑔)(𝜁), is defined as: 

(ℱ ∗ 𝑔)(𝜁) = 𝜁 +∑𝒶𝒿𝑏𝒿𝜁
𝒿

∞

𝒿=2

 ,    (𝜁 ∈ 𝔄).                                         (4) 

The 𝓆 -factorial [4], is represented as [𝒿]𝓆! , and is calculated as: 

[𝒿]𝓆! =  {
[𝒿]𝓆[𝒿 − 1]𝓆[𝒿 − 2]𝓆[𝒿 − 3]𝓆 … [3]𝓆[2]𝓆[1]𝓆 , 𝑖𝑓 𝒿 = 1,2, … ,

1                                                                                                  𝑖𝑓 𝒿 = 0
,

 

where 

[𝒿]𝓆 =
𝓆𝒿 − 1

𝓆 − 1
. 

The 𝓆 -derivative operator 𝐷𝓆 is defined as: 

𝐷𝓆(𝜁) = {

ℱ(𝓆𝜁) − ℱ(𝜁)

(𝓆 − 1)𝜁
        𝑖𝑓 𝜁 ≠ 0;

ℱ′(0),                       𝑖𝑓 𝜁 = 0 ,

                                              ( 5) 

where 0 <  𝓆 <  1. 
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For further details, see [5]. The 𝑞-exponential function 𝑒𝓆(𝜁) is defined as:   

𝑒𝓆(𝜁) =∑
𝜁𝒿

[𝒿]𝓆!

∞

𝒿=0

 , (𝜁 ∈ 𝔄). 

The 𝓆-binomial series [6] is given as: 

(1 − 𝛼)𝓆
𝜌
=∑(

𝜌
𝒿)

𝜌

𝒿=0

(−1)𝒿𝛼𝒿 , 𝜌 ∈ ℕ , 𝒿 ∈ ℕ0,  

where, (
𝜌
𝒿) represents the coefficients of the 𝓆 -binomial and formulated as follows: 

 (
𝜌
𝒿) =

[𝜌]𝓆!

[𝒿]𝓆! [𝜌 − 𝒿]𝓆!
  , 

it represents the coefficients of the 𝓆 -binomial. 

The operator with 𝓆 -differential 𝔈𝛼,𝜌,𝑑,𝒷
𝑛,𝜎,𝓋,𝓆

:𝒦 ⟶ 𝒦, specifically designed for 𝓆-differential 

frameworks. For 𝛼 >  0, 𝜎 >  0, 𝓋 ≥  0, 0 ≤  𝒷 ≤  𝑑, and 𝜁 ∈  𝔄, the operator is defined 

iteratively as follows: 

𝔈𝛼,𝜌,𝑑,𝒷
0,𝜎,𝓋,𝓆

ℱ(𝜁) = ℱ(𝜁)                                                (6) 

𝔈𝛼,𝜌,𝑑,𝒷
1,𝜎,𝓋,𝓆

ℱ(𝜁) = ((1 + 𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)(𝑑 − 𝒷 − 1) ) ℱ(𝜁) − 𝜁𝜎 ((𝑀𝓆

𝜌(𝛼) − 𝓋)(𝑑 − 𝒷)) +

𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)𝜁𝒶𝓆(ℱ(𝜁)) ,                                                                                              (7) 

.

.

.
   

𝔈𝛼,𝜌,𝑑,𝒷
𝑛,𝜎,𝓋,𝓆

ℱ(𝜁) = 𝔈𝛼,𝜌,𝑑,𝒷
1,𝜎,𝓋,𝓆

(𝔈𝛼,𝜌,𝑑,𝒷
𝑛−1,𝜎,𝓋,𝓆

ℱ(𝜁)).                                      (8) 

Next, using functions (1) and (8),  getting 

𝔈𝛼,𝜌,𝑑,𝒷
𝑛,𝜎,𝓋,𝓆

ℱ(𝜁) = 𝜁

+∑((1 + 𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)[𝒿]𝓆 + 𝑑 − 𝒷 − 1))

𝑛

𝒶𝒿𝜁
𝒿 , (𝑛 ∈ ℕ0 = ℕ ∪ {0})

∞

𝒿=2

 

where    

𝑀𝓆
𝜌(𝛼) = ∑ (

𝜌
𝒿)

𝜌
𝒿=0 (−1)𝒿+1𝛼𝒿.  

This operator incorporates the coefficients from the 𝓆-binomial expansion and provides a 

versatile tool for analyzing 𝓆-deformed systems across diverse physical contexts. 

 

     The introduction of 𝓆-deformed oscillators, including the Arik-Coon oscillator and related 

constructs, represents a significant step forward in quantum physics. These frameworks not 

only extend our understanding of fundamental principles but also provide practical tools for 

modeling complex physical systems under non-commutative and deformed settings. For 

further details, readers are referred to [7-9].  

For  ℱ ∈ 𝒦,  the generalized derivative [10] operator 𝒯𝜅,𝜇  
𝑚 : 𝒦 ⟶ 𝒦, it is defined by 

 

𝒯𝜅,𝜇  
𝑚 ℱ(𝜁) = 𝜁 +∑[1 + 𝜇(𝒿 − 1)]𝑛 𝐶(𝜅, 𝒿)𝒶𝒿𝜁

𝒿

∞

𝒿=2

, (𝜁 ∈ 𝔄) 

where 𝑛, 𝜅 ∈ 𝑁0 = {0,1,2, … }, 𝜇 > 0 and  𝐶(𝜅, 𝒿) = (
𝒿 + 𝜇 − 1

𝜅
) =

(𝜅+1)𝒿−1

(1)𝒿−1
 . 

Definition 1.1 : Let ℱ ∈ ∑ , 𝜁 ∈ 𝔄, and consider the parameters 𝛼 >  0, 𝜎 >  0, 𝓋 ≥  0,
0 ≤  𝒷 ≤  𝑑 𝜅, 𝑛 ∈ 𝑁0 = {0,1,2, … . . } , and 𝜇 > 0 .We define a new operator 

𝒩𝜎,𝓋,𝓆,𝑑,𝒷
𝑛,𝜅,𝜇,𝛼,𝜌,

𝒥(𝜁) =:∑ ⟶ ∑ as follows: 
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𝒩𝜎,𝓋,𝓆,𝑑,𝒷
𝑛,𝜅,𝜇,𝛼,𝜌

ℱ(𝜁) = 𝔈𝛼,𝜌,𝑑,𝒷
𝑛,𝜎,𝓋,𝓆

ℱ(𝜁) ∗ 𝒯𝜅,𝜇  
𝑛 ℱ(𝜁) 

= 𝜁 +∑((1 + 𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)[𝒿]𝓆𝜇(𝒿 − 1) + 𝑑 − 𝒷 − 1))

𝑛

𝐶(𝜅, 𝒿)𝒶𝒿𝜁
𝒿 

∞

𝒿=2

. 

The preceding definition implies that 

𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁) = 𝜁 +∑𝛹𝒿,𝛼𝒶𝒿𝜁
𝒿,    𝜁 ∈

∞

𝒿=2

𝔄                                           (9) 

with 

𝛹𝒿,𝛼 = ((1 + 𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)[𝒿]𝓆𝜇(𝒿 − 1) + 𝑑 − 𝒷 − 1))

𝑛

𝐶(𝜅, 𝒿).                             (10) 

 

Remark 1.2: Special cases of the operator 

The operator defined above is a specific instance of the convolution operator 𝔈𝛼,𝜌,𝑑,𝒷
𝑛,𝜎,𝓋,𝓆

ℱ(𝜁), 

which employs the generalized differential operator 𝒯𝜅,𝜇  
𝑛 , previously introduced by various 

researchers. 

1. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝜌 =  1, 𝑑 =  𝒷, and the operators 𝒯2,1  
𝑛 and 𝔈𝛼,1,𝑑,𝒷

𝑛,𝜎,𝓋,𝓆
 , we derive 

the operator specified by Darus and Hadi, [11].  

2. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝜌 =  1, 𝜎 =  1, 𝓋 =  0, and the operators 𝒯2,1  
𝑛  and 𝔈𝛼,1,𝑑,𝒷

𝑛,1,1,𝓆
, we 

derive the operator specified by Opoola and Lasode, [12]. 

3. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝑑 =  𝒷, 𝜎 =  1, 𝓋 =  0, and the operators 𝒯2,1  
𝑛 and 𝔈𝛼,𝜌,𝑑,𝑑

𝑛,1,0,𝓆
 , we 

derive the operator specified by Hadi et al., [13] . 

4. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝜌 =  1, 𝜎 =  1, 𝓋 =  0, 𝑑 =  𝒷, 𝒯2,1  
𝑛 and 𝔈𝛼,𝜌,𝑑,𝑑

𝑛,1,1,𝓆
, we have 

access to the 𝓆 -Al-Oboudi operator, which was first presented by Aouf et al. in their work 

mentioned as, [14].  

5. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝓆 →  1, 𝜌 =  1, 𝑑 =  𝒷, and the operators 𝒯2,1  
𝑛 and 𝔈𝛼,1,𝑑,𝒷

𝑛,𝜎,𝓋,1
, we 

derive the operator specified by Ibrahim  and Darus in their work, [15]. 

6. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝓆 →  1, 𝓋 =  0, 𝑑 =  𝒷, 𝜎 =  1, and the operators 𝒯2,1  
𝑛 and 

𝔈𝛼,𝜌,𝑑,𝑑
𝑛,1,0,1

 , we derive the operator specified by Frasin, [16]. 

7. For 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝜌 =  1, 𝜎 =  1, 𝓋 =  0, 𝑑 =  𝒷, 𝛼 =  1, 𝒯2,1  
𝑛  and 𝔈1,1,𝑑,𝑑

𝑛1,1,𝓆
 , at 

our disposal. Possessing possessing the 𝓆 -Salagean operator, as demonstrated by Govindaraj 

and Sivasubramanian, [17]. 

8. For 𝓆 →  1, 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝜌 =  1, 𝜎 =  1, 𝓋 =  1, 𝒯2,1  
𝑛 and 𝔈𝛼,1,𝑑,𝒷

𝑛,1,1,1
, we derive the 

operator specified by Opoola obtained in, [18]. 

9. For 𝓆 →  1, 𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝜌 =  1, 𝜎 =  1, 𝓋 =  1, 𝑑 =  𝒷, 𝒯2,1  
𝑛 and 𝔈𝛼,1,𝑑,𝑑

𝑛,1,1,1
, 

Possessing the Al-Oboudi operator that was introduced by Al-Oboudi, [19]. 

10. For  𝜅 = 2 , 𝒿 = 2, 𝜇 = 1, 𝓆 →  1, 𝜌 =  1, 𝜎 =  1, 𝑑 =  𝒷,𝓋 =  1, 𝛼 =  1, 𝒯2,1  
𝑛  and 

𝔈1,1,𝑑,𝑑
𝑛,1,1,1

 possessing the Salagean operator as described by Salagean, [20]. 

11.  For 𝑛 = 0 , 𝜅 ∈ 𝑁0 , 𝜇 > 0 and  𝔈𝛼,𝜌,𝑑,𝒷
0,𝜎,𝓋,𝓆

, we derive the Ruscheweyh derivative 

operator, [21]. 

Quasi-subordination, a generalization of subordination and majorization, was introduced by 

Robertson, [22]. For holomorphic functions ℱ(𝜁) and 𝑔(𝜁), the function ℱ(𝜁) is quasi-

subordinate to 𝑔(𝜁) denoted ℱ(𝜁) ≺𝑞 𝑔(𝜁), if there exists holomorphic functions 𝒽(𝜁) 

and 𝑡(𝜁) such that: 

ℱ(𝜁) = 𝒽(𝜁)𝑔(𝑡(𝜁)), 𝑡(0) =  0, |𝒽(𝜁)| ≤   1, |𝑡(𝜁)| < 1,  𝜁 ∈ 𝔄. 
If 𝒽(𝜁) = 1, then ℱ(𝜁) = 𝑔(𝑡(𝜁)), implying ℱ(𝜁) ≺ 𝑔(𝜁) in 𝔄. Similarly, if 𝑡(𝜁) = 𝜁, 

then ℱ(𝜁) = 𝒽(𝜁)𝑔(𝜁), indicating 𝐹(𝜁) ≺≺ 𝑔(𝜁) in 𝔄. 



Hamid and Salman                                     Iraqi Journal of Science, 2026, Vol. 67, No. 2, pp: 991-1010                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                

995 

 

     Many subclasses of analytic  and bi-univalent functions were introduced and studied and 

the non-sharp estimates of first two Taylor-Maclaurin coefficients |𝒶2| and |𝒶3| were 

offered, mention to Xu et al. [23], Srivastava et al. [24]. Recently, Srivastava et al. [25] 

introduced some new subclasses of analytic and bi-univalent functions to integrate the studies 

of  former researchers. Moreover, we also mention to Goyal et al. [26] for the subclasses of 

analytic and bi-univalent functions associated with quasi-subordination. Fekete- Szeg𝑜̈ 

functional problem was investigated in many classes of functions, refer to Al-Hawary et al. 

[27], Orhan et al. [28] for the classes of bi-convex and bi-starlike type functions, Panigrahi 

and Raina [29] for class of quasi-subordination functions and Pati and Naik [30] investigated 

many new subclasses of analytic and bi-univalent involving the hohlov operator. 

     The class of bi-univalent described by quasi-subordination was presented in 2017 by 

Magesh et al. [31] and the coefficient bounds were established. Ma and Minda introduced the 

following unified function classes [32]: 

𝐷(Ξ) = { ℱ ∈ 𝒦 ∶
𝜁ℱ′(𝜁)

ℱ(𝜁)
≺ Ξ(𝜁): 𝜁 ∈ 𝔄}, 

𝐿(Ξ) = { ℱ ∈ 𝒦 ∶ 1 +
𝜁ℱ′′(𝜁)

ℱ′(𝜁)
≺ Ξ(𝜁): 𝜁 ∈ 𝔄}, 

where Ξ(𝜁) is holomorphic, univalent, and satisfies 𝑅𝑒(Ξ(𝜁)) > 0 in the unit disk 𝔄, with 

Ξ(0) = 1, Ξ′(0) > 0. The region Ξ(𝔄) is symmetric about the real axis and starlike with 

respect to 1(see to [32]). In this study, we assume that 

𝓇(𝜁) = 𝓇0 + 𝓇1𝜁 + 𝓇2𝜁
2 + 𝓇3𝜁

3 +⋯                                               (11) 
and 

Ξ(𝜁) = 1 + 𝑘1𝜁 + 𝑘2𝜁
2 + 𝑘3𝜁

3 +⋯                                              (12) 

Magesh et. al. [33] introduced the 𝑘-Fibonacci sequence {𝐹𝑘,𝒿}𝒿=0
∞

 , 𝑘 ∈ ℝ+ defined as: 

𝐹𝑘,𝒿+1=k𝐹𝑘,𝒿 + 𝐹𝑘,𝒿−1, 𝐹𝑘,0 = 0, 𝐹𝑘,1 = 1,   ( 𝒿 ∈ ℕ = 1,2, … ).                                            (13) 

Its closed form is given by: 

𝐹𝑘,𝒿 =
(𝑘−ℒ𝑘)

𝒿−ℒ𝑘
𝒿

√𝑘2+4
     with      ℒ𝑘 =

𝑘−√𝑘2+4

2
,                                                            (14) 

where 𝐹𝑘,𝒿 respresents the 𝑛𝑡ℎ element of the k-Fibonacci sequence [34]. 

Ozgur and Sokół  [35] demonstrated that for the function 

𝑝𝑘(𝜁) =
1 + ℒ𝑘

2𝜁2

1 − 𝑘ℒ𝑘𝜁 − ℒ𝑘
2𝜁2

= 1 +∑𝑝𝑘,𝒿𝜁
𝒿

∞

𝒿=1

,                                                      (15) 

then 

𝑝𝑘,𝒿 = (𝐹𝑘,𝒿−1 + 𝐹𝑘,𝒿+1) ℒ𝑘
𝒿
, 𝒿 ≥ 1  

such that  

𝑝𝑘(𝜁) = 1 + (𝐹𝑘,0 + 𝐹𝑘,2)ℒ𝑘𝜁 + (𝐹𝑘,1 + 𝐹𝑘,3)ℒ𝑘
2𝜁2 +⋯

= 1 + 𝑘ℒ𝑘𝜁 + (𝑘
2 + 2)ℒ𝑘

2𝜁2 + (𝑘3 + 3𝑘)ℒ𝑘
3𝜁3 +⋯, 

where ℒ𝑘 =
𝑘−√𝑘2+4

2
   ( 𝜁 ∈  𝔘).  

Indeed, if 𝑘 = 1, ℒ𝑘 = ℒ  it is possible to write 

𝐹𝒿 =
ℓ𝒿 − ℒ 𝒿

√5
=
(1 − ℒ)𝒿 − ℒ 𝒿

√5
, 𝒿 ∈ ℕ0 

such that ℓ =
1+√5

2
≈ 1.6180339887… is called the golden ratio and 

 ℒ =
1−√5

2
= 1 − ℓ = −

1

ℓ
≈ −0.6180339887… . 

For 𝑞 >  1 and 𝑛 ≥  1, Noonan and Thomas [36] declared the qth Hankel determinant as: 
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𝐻𝑞(𝑛) = |

𝒶𝑛         𝒶𝑛+1     …   𝒶𝑛+𝑞+1
𝒶𝑛+1         …     …            …
…             …     …            …

𝒶𝑛+𝑞+1     …    …      𝒶𝑛+2𝑞−2

|. 

 

Multiple writers have also examined this determinant. For instance, Noor [37] calculated the 

limit of the average increase of 𝐻𝑞(𝑛)) as n approaches infinity for functions defined by (1) 

with boundary constraints. It is evident that the Fekete-Szeg𝑜̈ functional corresponds to 

𝐻2(1). Fekete and Szeg𝑜̈ expanded [38] on this by providing a more comprehensive 

estimation of |𝒶3 − 𝜀𝒶2
2 |, where 𝜀 is a real number  for detail (see [39-44] ). In this work, we 

will examine the Hankel determinant where 𝑞 = 2 and 𝑛 =  2. 

|
𝒶2     𝒶3
𝒶3     𝒶4

|. 

Definition 1.3: Let ℱ ∈  ∑ be a function given in (1) in the 

class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝛽, 𝜆, Ξ)  satisfying the following quasi-subordination conditions: 

{
𝛿𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 

+
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+ (1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 Ξ(𝜁)

− 1 ,                                           (16) 
and  

{
𝛿𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+

𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 +𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+

(1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′)} − 1 ≺𝑞 Ξ(𝓌) − 1 ,                                                                  (17)  

where (  0  ≤ 𝛿 ≤ 1  , 𝛾 ≥ 0, 0 ≤ 𝛽 ≤ 1 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄). 
For specific parameter values 𝛼, 𝜌, 𝑑, 𝒷, 𝑛, 𝜎, 𝓋, 𝓆 , 𝛿, 𝛾, 𝛽 𝒶𝑛𝑑 𝜆 new and well-known classes 

can be derived.  

 

Remark 1.4: For 𝛿 = 0  a function  ℱ ∈  ∑ , as defined in (1), belongs to the class 

∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, Ξ), and fulfills the following quasi−subordination conditions: 

{
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+ (1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 Ξ(𝜁) − 1 ,  

and  
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{
𝛾𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 + 𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+ (1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′} − 1 ≺𝑞 Ξ(𝓌) − 1,    

that (  𝛾 ≥ 0, 0 ≤ 𝛽 ≤ 1 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄). 
Remark 1.5: For 𝛿 =  1, a function ℱ ∈ 𝛴, as defined in (1), belongs to the class   

∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(1, 𝛾, 𝛽, 𝜆, Ξ), and fulfills the following quasi−subordination conditions: 

{
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 

+
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+ (1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 Ξ(𝜁) − 1 ,  

and  

{
𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 

+
𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 + 𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+ (1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′} − 1 ≺𝑞 Ξ(𝓌) − 1,             

where (    𝛾 ≥ 0, 0 ≤ 𝛽 ≤ 1 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄). 
Remark 1.6: For 𝛾 =  0 a function ℱ ∈ ∑ , as defined in (1), belongs to the class   

∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛽, 𝜆, Ξ)  and fulfills the following quasi−subordination conditions: 

 

{
𝛿𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+ (1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 Ξ(𝜁) − 1 ,   

and  

{
𝛿𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 + 𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+ (1 − 𝜆)𝓌𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′} − 1 ≺𝑞 Ξ(𝓌) − 1,     
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where (  0  ≤ 𝛿 ≤ 1  , 0 ≤ 𝛽 ≤ 1 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄). 
Remark 1.7: For 𝛽 =  0 a function ℱ ∈  ∑, as defined in (1), belongs to the 

class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝜆, Ξ)  and fulfills the following quasi−subordination requirements: 

{
𝛿𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 

+
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 

= +(1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 Ξ(𝜁) − 1 ,     

and  

{
𝛿𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 

+
𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 

+ (1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′} − 1 ≺𝑞 Ξ(𝓌) − 1,        

where, (  0  ≤ 𝛿 ≤ 1  , 𝛾 ≥ 0 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄). 
Remark 1.8: For 𝛽 =  0 a  function ℱ ∈  𝛴, as defined in (1), belongs to the class 

∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 1, 𝜆, Ξ)  and fulfills the following quasi−subordination requirements: 

{
𝛿𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 

+
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+ (1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 Ξ(𝜁) − 1 ,      

and  

{
𝛿𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 

+
𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 +𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+ (1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′} − 1 ≺𝑞 Ξ(𝓌) − 1,      

where (0  ≤ 𝛿 ≤ 1  , 𝛾 ≥ 0 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄). 
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Remark 1.9: For 𝜆 =  0 a function ℱ ∈  𝛴, as defined in (1), belongs to the 

class∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝛽, Ξ)  and fulfills the following quasi−subordination requirements: 

{
𝛿𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 

+
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′
+ 𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

}

− 1 ≺𝑞 Ξ(𝜁) − 1 ,   

and  

{
𝛿𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 

+
𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 + 𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′)} − 1 ≺𝑞 Ξ(𝓌) − 1  , 

where (0  ≤ 𝛿 ≤ 1  , 𝛾 ≥ 0, 0 ≤ 𝛽 ≤ 1, and  𝜁,𝓌 ∈ 𝔄). 
 

Remark 1.10: For 𝑛 =  0, 𝜎 >  0, 𝓋 ≥  0, 𝛼 >  0, 0 ≤  𝒷 ≤  𝑑, and  a function  ℱ ∈  ∑, as 

defined in (1), belongs to the class ∑(𝛿, 𝛾, 𝛽, 𝜆, Ξ) and fulfills the following 

quasi−subordination requirements: 

{
𝛿𝜁ℱ′(𝜁)

(ℱ(𝜁) 
+
𝛾𝜁2ℱ′′(𝜁)

ℱ(𝜁) 
+

𝜁ℱ′(𝜁) + 𝜁2ℱ′′(𝜁)

𝜁ℱ′(𝜁)  + 𝛽𝜁2ℱ′′(𝜁)
+ (1 − 𝜆)𝜁ℱ′′(𝜁)} − 1 ≺𝑞 Ξ(𝜁) − 1 ,  

and  

{
𝛿𝓌𝑔′(𝓌)

𝑔(𝓌)
+
𝛾𝓌2𝑔′′(𝓌)

𝑔(𝓌)
+
𝓌𝑔′(𝓌) +𝓌2𝑔′′(𝓌)

𝓌𝑔′(𝓌) + 𝛽𝓌2𝑔′′(𝓌)
+ (1 − 𝜆)𝓌𝑔′′(𝓌))}

− 1 ≺𝑞 Ξ(𝓌) − 1  ,  

where (  0  ≤ 𝛿 ≤ 1  , 𝛾 ≥ 0, 0 ≤ 𝛽 ≤ 1 and 𝜆 ≥ 0 , 𝜁,𝓌 ∈ 𝔄. 

Definition 1.11: Let ℱ ∈  ∑ be a function given in (1) in the 

class 𝔙∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘)  satisfying the following quasi-subordination conditions: 

{(1 − 𝛾 − 2𝛽)
(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁)) 

𝜁
+
𝜆𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+ 𝜂𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′′

}

− 1 ≺𝑞 𝑝𝑘(𝜁) , 

where (  0  ≤ 𝜆 ≤ 1  , 𝛾 ≥ 0, 0 ≤ 𝛽 , 𝜂 ≥ 0 and   𝜁 ∈ 𝔄).      
 

Definition 1.12: Let ℱ ∈  ∑ be a function given in (1) in the 

class 𝒬∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘)  satisfying the following quasi-subordination conditions: 

{(1 − 𝛾 − 2𝛽)
(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁)) 

𝜁
+
𝜆𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+ 𝜂𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′′

}

− 1 ≺𝑞 𝑝𝑘(𝜁) ,                                                                                                                               (18) 
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and  

{(1 − 𝛾 − 2𝛽)
(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌)) 

𝓌
+
𝜆𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+ 𝜂𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′′

}

− 1 ≺𝑞 𝑝𝑘(𝓌)  ,                                                                                                                                      (19) 

where (  0  ≤ 𝜆 ≤ 1  , 𝛾 ≥ 0, 0 ≤ 𝛽 , 𝜂 ≥ 0 and   𝜁,𝓌 ∈ 𝔄).      
To determine the estimates coefficients |𝒶2| and |𝒶3|, the following Lemma must be 

investigated. 

Lemma 1.13: [45]  If 𝓉 ∈  𝑃, then |𝓉𝒿|  ≤  2 for all 𝒿, where 𝑃 is the collection of all 

function 𝓉, holomorphic in 𝔄 , for which ℜ{𝓉(𝜁)}  >  0}, (𝜁 ∈ 𝔄), where 𝓉(𝜁) =  1 + 𝓉1𝜁 +
𝓉2𝜁

2 + 𝓉3𝜁
3+. . . ., (𝜁 ∈ 𝔄). 

Lemma 1.14: [46] If 𝓉(𝜁)  = 1 + 𝓉1𝜁 + 𝓉2𝜁
2 +⋯, and  𝓉(𝜁) ≺ 𝑝𝑘(𝜁), then 

|𝓉1| ≤ |ℒ𝑘|,   |𝓉2| ≤ 3ℒ𝑘
2   and |𝓉3| ≤ 4ℒ𝑘

3. 
 

     This study introduces subclasses of univalent and bi-univalent functions associated with 

shell-like curves related to k-Fibonacci numbers. Additionally, initial coefficient bounds |𝒶2|, 
|𝒶3|, the Fekete–Szegö inequality, and the second Hankel determinant have been examined 

for functions within these classes. 

 

2. Coefficient bounds for the class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝜹, 𝜸, 𝜷, 𝝀, 𝚵) 

Theorem 2.1: Let ℱ(𝜁) be defined as in (1) belong to the class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝛽, 𝜆, Ξ) . Then, 

the following coefficient bounds hold: 

|𝒶2| ≤ 𝑚𝑖𝑛

{
 
 

 
 

|𝓇0|𝑘1

|(4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)𝛹2,𝛼|
 

√
|4𝓇0|(𝑘1 + |(𝑘2 − 𝑘1)|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼 − ( 4 + 𝛿 + 2𝛾 − 4𝛽2)𝛹2,𝛼
2 |
 
}
 
 

 
 

,      (20) 

|𝒶3|

≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0| + |𝓇1|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼|

−
|𝓇0

2|𝑘1
2

|(4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0| + |𝓇1|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼|

+
|4𝓇0|(𝑘1 + |(𝑘2 − 𝑘1)|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼 − ( 4 + 𝛿 + 2𝛾 − 4𝛽2)𝛹2,𝛼
2 |
},                                    (21) 

where   

𝛹2,𝛼 = ((1 + 𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)[2]𝓆𝜇 + 𝑑 −𝒷 − 1))

𝑛

𝐶(𝜅, 2) 

and  

𝛹3,𝛼 = ((1 + 𝜎(𝑀𝓆
𝜌(𝛼) − 𝓋)[3]𝓆2𝜇 + 𝑑 − 𝒷 − 1))

𝑛

𝐶(𝜅, 3). 

Proof.  

Since ℱ ∈ ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝛽, 𝜆, Ξ) and 𝑔 = ℱ−1, there exists holomorphic functions 𝑢, 𝑣 ∈

𝒦 such that 𝑢, 𝑣 ∈ 𝑘 such that 𝑢 ∶ 𝔄 → 𝔄 , 𝑣 ∶ 𝔄 → 𝔄 with 𝑣(0)  =  𝑢(0)  =  0, satisfying 

the following conditions:                     
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{
𝛿𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 

+
𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

+ 𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 + 𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+ (1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 𝓇(𝜁)(Ξ(𝑣(𝜁)) − 1),                    (22) 

and  

{
𝛿𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 

+
𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 + 𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+ (1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′)}

− 1 ≺𝑞 𝓇(w)(Ξ(𝑢(𝓌)) − 1).                        (23) 

Define the functions 𝜏 and 𝓉 as follows: 

𝜏(𝜁) =
1 + 𝑣(𝜁)

1 − 𝑣(𝜁)
= 1 + 𝜏1(𝜁) + 𝜏2𝜁

2 + 𝜏3𝜁
3 +⋯.                                      (24) 

𝓉(𝓌) =
1 + 𝑢(𝓌)

1 − 𝑢(𝓌)
= 1 + 𝓉1(𝓌) + 𝓉2𝓌

2 + 𝓉3𝓌
3 +⋯  .                                  (25) 

Equivalently,  

𝑣(𝜁) =
𝜏(𝜁) − 1

𝜏(𝜁) + 1
=
1

2
(𝜏1𝜁 + (𝜏2 −

𝜏1
2

2
) 𝜁2 +⋯).                                                                  (26) 

𝑢(𝓌) =
𝓉(𝓌) + 1

𝓉(𝓌) + 1

=
1

2
(𝓉1w+ (𝓉2 −

𝓉1
2

2
)𝓌2 +⋯).                                                                    (27) 

The functions 𝜏(𝜁) and 𝓉(𝓌) are holomorphic in 𝔄 with τ(𝜁) = 𝓉 (𝓌) > 1. Since both have a 

positive real part in the unit disk 𝔄, it follows that  𝑣𝑖(𝜁)  ≤  2 and 𝑢𝑖(𝓌) ≤  2 for 𝑖 =
 1,2, … 

Substituting (26), (27) into (22) and (23), we obtain: 

{
𝛿𝜁(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+
𝛾𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+

𝜁(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

+𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

𝜁(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′

 +𝛽𝜁2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))′′

+

(1 − 𝜆)𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁))
′′

} − 1 ≺𝑞 𝓇(𝜁)(Ξ (
𝜏(𝜁)−1

𝜏(𝜁)+1
) −

1),                                                                                                          (28)  

and  
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{
𝛿𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+
𝛾𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+

𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

+𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))
′

 +𝛽𝓌2(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌))′′

+

(1 − 𝜆)𝓌(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)′′)} − 1 ≺𝑞 𝓇(𝓌)(Ξ (
𝓉(𝓌)+1

𝓉(𝓌)+1
) −

1).                                                      (29)  

By using (26) and (27) in conjunction with (11) and (12), we find: 

𝓇(𝜁)(Ξ(
𝜏(𝜁) − 1

𝜏(𝜁) + 1
) − 1)

=
1

2
𝓇0𝜏1𝑘1𝜁 + (

1

2
𝓇1𝜏1𝑘1 +

1

2
𝓇0𝑘1 (𝜏2 −

𝜏1
2

2
) +

1

4
𝓇0𝑘2𝜏1

2) 𝜁2

+⋯,            (30) 

𝓇(𝓌)(Ξ(
𝓉(𝓌) − 1

𝓉(𝓌) + 1
) − 1)

=
1

2
𝓇0𝓉1𝑘1𝓌+ (

1

2
𝓇1𝓉1𝑘1

1

2
𝓇0𝑘1 (𝓉2 −

𝓉1
2

2
) +

1

4
𝓇0𝑘2𝓉1

2)𝓌2

+⋯  .         (31) 
From (28), (29), (30) and (31), it follows that: 

 (4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)𝛹2,𝛼𝒶2 =
1

2
𝓇0𝑘1𝜏1     ,                                                    (32) 

(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼𝒶3 − ( 4 + 𝛿 + 2𝛾 − 4𝛽
2)𝛹2,𝛼

2 𝒶2
2

=
1

2
𝓇1𝜏1𝑘1 +

1

2
𝓇0𝑘1 (𝜏2 −

𝜏1
2

2
)

+
1

4
𝓇0𝑘2𝜏1  ,

2                                                                                                                 (33) 

−(4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)𝛹2,𝛼𝒶2 =
1

2
𝓇0𝑘1𝓉1     ,                                                    (34) 

and 

−(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼𝒶3 − ( 4 + 𝛿 + 2𝛾 − 4𝛽
2)𝛹2,𝛼

2 𝒶2
2 + (24 + 4𝛿 + 12𝛾 −

12𝛽 − 12𝜆)𝛹3,𝛼𝒶2
2 =    

1

2
𝓇1𝓉1𝑘1   +

1

2
𝓇0𝑘1 (𝓉2 −

𝓉1
2

2
) +

1

4
𝓇0𝑘2𝓉1  ,

2                                                                   (35)  

From (32) and (34), we deduce: 

𝒶2 =
𝓇0𝑘1𝜏1

 (4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)𝛹2,𝛼

= −
𝓇0𝑘1𝜏1

 (4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)𝛹2,𝛼
 ,                           (36) 

which implies:  

𝜏 = −𝓉                                                                                  (37) 
and 

 (4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)2𝛹2,𝛼
2 𝒶2

2 =
1

4
𝓇0
2𝑘1

2(𝜏1
2 + 𝓉1

2).                                           (38) 

Adding (33) and (35), we derive: 

[2(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼 − 2( 4 + 𝛿 + 2𝛾 − 4𝛽
2)𝛹2,𝛼

2 ]𝒶2
2

= 2𝓇0𝑘1(𝜏2 + 𝓉2) + 𝓇0(𝑘2
− 𝑘1(𝜏1

2 + 𝓉1
2).                                                                (39) 
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By applying Lemma 1.13 to the coefficients 𝜏1𝜏2, 𝓉1 and 𝓉2, it follows from (37) and (38) 

that: 

|𝒶2| ≤
|𝓇0|𝑘1

|(4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)𝛹2,𝛼|
 ,                                                     (40) 

and 

|𝒶2| ≤ √
|4𝓇0|(𝑘1 + |(𝑘2 − 𝑘1)|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼 − ( 4 + 𝛿 + 2𝛾 − 4𝛽2)𝛹2,𝛼
2 |
.                           (41) 

This provides the coefficient bound for |𝒶2| as stated in (20).  

Subtracting (35) from (33), we obtain: 

2(12 + 2𝛿 − 6𝛽 − 6𝜆)(𝒶3 + 𝒶2
2)𝛹3,𝛼 = 2𝓇0𝑘1𝜏1 + 𝓇0𝑘1(𝜏2 − 𝓉2).                          (42) 

By substituting (38) and (39) into (42) and using Lemma 1.13, we get: 

|𝒶3| ≤
2𝑘1|𝓇0| + |𝓇1|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(4 + 𝛿 + 2 𝛾 − 2𝛽 − 2𝜆)2𝛹2,𝛼
2 |
 ,             (43) 

|𝒶3|

≤
2𝑘1|𝓇0| + |𝓇1|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼|

+
|4𝓇0|(𝑘1 + |(𝑘2 − 𝑘1)|

|(12 + 2𝛿 + 6𝛾 − 6𝛽 − 6𝜆)𝛹3,𝛼 − ( 4 + 𝛿 + 2𝛾 − 4𝛽2)𝛹2,𝛼
2 |
   .                    (44) 

Equations (43) and (44) provide the coefficient bound as stated in (21), completing the proof. 

 

3. Coefficient bounds  and Fekete-Szego inequality for the function class 

𝓠∑𝝈,𝓿,𝓺,𝝁,𝜿
𝜶,𝝆,𝒅,𝓫,𝒏

(𝜸, 𝜷, 𝝀, 𝜼, 𝒑̃𝒌) 

Theorem 3.1: Let ℱ(𝜁) be defined as in (1) belong to the class 𝒬∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘). 

Then the following coefficient bounds hold: 
|𝒶2|

≤
2𝑘|𝑘||ℒ𝑘|

√|𝑘2ℒ𝑘[2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼 − 𝜆𝛹2,𝛼
2 ] + 2𝑁𝐾(1 + 𝜆 − 𝛾 − 2𝛽)2𝛹2,𝛼

2 |

,     (45) 

|𝒶3|

≤
|𝑘||ℒ𝑘|

2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼

+
𝑘3ℒ𝑘

2

|𝑘2ℒ𝑘[2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼 − 𝜆𝛹2
2] + 2𝑁𝐾(1 + 𝜆 − 𝛾 − 2𝛽)2𝛹2,𝛼

2 |
, (46) 

and for 𝜀 ∈ ℝ  

|𝒶3 − 𝜀𝒶2
2|

≤

{
 
 

 
 

|𝑘||ℒ𝑘|

(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
, 0 ≤ 𝔍(𝜀) ≤

|𝑘||ℒ𝑘|

2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼

2|𝔍(𝜀)||𝑘||ℒ𝑘|, 𝔍(𝜀) ≥
|𝑘||ℒ𝑘|

2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
.                                  

(47) 

where  𝑁𝐾 = 𝑘 − (𝑘2 + 2)ℒ𝑘, 

𝔍(𝜉) =
(1 − 𝜀)𝑘3ℒ𝑘

2

2𝑘2ℒ𝑘[2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼 − 𝜆𝛹2,𝛼
2 ] + 2𝑁𝐾(1 + 𝜆 − 𝛾 − 2𝛽)2𝛹2,𝛼

2
 

Proof. 

Assume that ℱ(𝜁) ∈ 𝒬∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘). Then, from (18) and (19), we have: 
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{(1 − 𝛾 − 2𝛽)
(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁)) 

𝜁
+
𝜆𝜁 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+ 𝜂𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′′

}

− 1 ≺𝑞 𝑝𝑘(𝜁) ,                                                                                                                 (48) 

and  

{(1 − 𝛾 − 2𝛽)
(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌)) 

𝓌
+
𝜆𝓌 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

𝑔(𝓌)) 
+ 𝜂𝓌2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
𝑔(𝓌))

′′′

}

− 1 ≺𝑞 𝑝𝑘(𝓌),                                                                                                      (49)   

where 𝑔(𝓌) = ℱ−1(𝜁) as defined in Equation (2), and  𝑝𝑘 is given by (15).  

Let 𝓋(𝜁) = 1 + 𝓋1𝜁 + 𝓋2𝜁
2 +⋯, and assume  𝓋 ≺ 𝑝𝑘 .Then, there exists a holomorphic 

function 𝓊(𝜁) such that |𝓊(𝜁) | < 1 in 𝔘 and 𝓋(𝜁) = 𝑝𝑘(𝓊(𝜁)). Therefore, the function 

𝒴(𝜁) =
1 + 𝓊(𝜁)

1 − 𝓊(𝜁)
= 1 + 𝓊1𝜁 + 𝓊2𝜁

2 +⋯, 

belongs to the class 𝑃. Consequently, 

𝓊(𝜁) =
𝒴(𝜁) − 1

𝒴(𝜁) + 1
=
𝓊1
2
𝜁 + (𝓊2 −

𝓊1
2

2
)
𝜁2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝜁3

2
+⋯, 

and 

𝑝𝑘(𝓊(𝜁)) = 1 + 𝑝𝑘,1 (
𝓊1𝜁

2
+ (𝓊2 −

𝓊1
2

2
)
𝜁2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝜁3

2
+⋯)

+ 𝑝𝑘,2 (
𝓊1𝜁

2
+ (𝓊2 −

𝓊1
2

2
)
𝜁2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝜁3

2
+⋯)

2

+ 𝑝𝑘,3 (
𝓊1𝜁

2
+ (𝓊2 −

𝓊1
2

2
)
𝜁2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝜁3

2
+⋯)

3

+⋯

= 1 +
𝑝𝑘,1𝓊1𝜁

2
+ (

1

2
(𝓊2 −

𝓊1
2

2
)𝑝𝑘,1 +

𝓊1
2

4
𝑝𝑘,2) 𝜁

2

+ (
1

2
(𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)𝑝𝑘,1 +

1

2
𝓊1 (𝓊2 −

𝓊1
2

2
)𝑝𝑘,2 +

𝓊1
3

8
𝑝𝑘,3) 𝜁

3

+⋯.      (50) 
Similarly, there exists a holomorphic function 𝓆(𝑤) such that  |𝓆(𝑤) | < 1 in 𝔘 and 𝓋(𝑤) =
𝑝𝑘(𝓆(𝑤)). Then, the function 

𝒳(𝑤) =
1 + 𝓆(𝑤)

1 − 𝓆(𝑤)
= 1 + 𝓆1𝑤 + 𝓆2𝑤

2 +⋯, 

belongs to the class 𝑃. Thus, 

𝑝𝑘(𝓆(𝑤)) = 1 +
𝑝𝑘,1𝓆1𝑤

2
+ (

1

2
(𝓆2 −

𝓆1
2

2
)𝑝𝑘,1 +

𝓆1
2

4
𝑝𝑘,2)𝑤

2

+ (
1

2
(𝓆3 − 𝓆1𝓆2 +

𝓆1
3

4
)𝑝𝑘,1 +

1

2
𝓆1 (𝓆2 −

𝓆1
2

2
)𝑝𝑘,2 +

𝓆1
3

8
𝑝𝑘,3)𝑤

3

+⋯.        (51) 
Using (48), (49), (50), and (51), we get: 

(1 + 𝜆 − 𝛾 − 2𝛽)𝛹2𝒶2 =
𝓊1𝑘ℒ𝑘
2

,                                            (52) 

(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3𝒶3 − 𝜆𝛹2
2𝒶2

2 =
1

2
(𝓊2 −

𝓊1
2

2
)𝑘ℒ𝑘 +

𝓊1
2

4
(𝑘2 + 2)ℒ𝑘

2,        (53) 

and 
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−(1 + 𝜆 − 𝛾 − 2𝛽)𝛹2,𝛼𝒶2 =
𝓆1𝑘ℒ𝑘
2

,                                   (54)  

−(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼𝒶3 + 2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼𝒶2
2 − 𝜆𝛹2,𝛼

2 𝒶2
2

=
1

2
(𝓆2 −

𝓆1
2

2
)𝑘ℒ𝑘

+
𝓆1
2

4
(𝑘2 + 2)ℒ𝑘

2,                                                                      (55) 

From (52) and (54), it follows that 

𝓊1 = −𝓆1,                                                                      (56) 
and 

2(1 + 𝜆 − 𝛾 − 2𝛽)2𝛹2𝑣
2 𝒶2

2 =
(𝓊1

2 + 𝓆1
2)𝑘2ℒ𝑘

2

4
.                                                    (57) 

Adding (53) and (55) gives: 

[2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼 − 𝜆𝛹2
2]𝒶2

2

=
1

2
(𝓊2 + 𝓆2)𝑘ℒ𝑘

−
1

4
(𝑘ℒ𝑘 − (𝑘

2 + 2)ℒ𝑘
2)(𝓊1

2 + 𝓆1
2).                                          (58) 

Substituting (57) into (58) yields: 

𝒶2
2

=
(𝓊2 + 𝓆2)𝑘

3ℒ𝑘
2

2𝑘2ℒ𝑘[2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼 − 𝜆𝛹2
2] + 2𝑁𝐾(1 + 𝜆 − 𝛾 − 2𝛽)2𝛹2,𝛼

2
,           (59) 

where 𝑁𝐾 = 𝑘 − (𝑘2 + 2)ℒ𝑘. Using Lemma 1.13, we obtain (45). 

Now, subtraction (55) from (53) and applying (55), we find: 

𝒶3 = 𝒶2
2 +

(𝓊2 − 𝓆2)𝑘ℒ𝑘
2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼

,                                                              (60) 

By substituting (59) into Lemma 1.13, (60) reduces to (45). From (59) and (60), for 𝜀 ∈ ℝ ,  

we have: 

𝒶3 − 𝜀𝒶2
2 =

(𝓊2−𝓆2)𝑘ℒ𝑘

2(1+2𝜆+6𝜂−𝛾−2𝛽)𝛹3,𝛼
+ (1 −

𝜀)
(𝓊2+𝓆2)𝑘

3ℒ𝑘
2

2𝑘2ℒ𝑘[2(1+2𝜆+6𝜂−𝛾−2𝛽)𝛹3,𝛼−𝜆𝛹2
2]+2𝑁𝐾(1+𝜆−𝛾−2𝛽)2𝛹2,𝛼

2  ,  

which can be expressed as 

𝒶3 − 𝜀𝒶2
2 = [𝔍(𝜉) +

𝑘ℒ𝑘
2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼

]𝓊2

+ [𝔍(𝜀) −
𝑘ℒ𝑘

2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
] 𝓆2, 

where 

𝔍(𝜉) =
(1 − 𝜀)𝑘3ℒ𝑘

2

2𝑘2ℒ𝑘[2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3 − 𝜆𝛹2,𝛼
2 ] + 2𝑁𝐾(1 + 𝜆 − 𝛾 − 2𝛽)2𝛹2,𝛼

2
. 

Taking the modulus, we get: 

|𝒶3 − 𝜀𝒶2
2| ≤

{
 
 

 
 

|𝑘||ℒ𝑘|

(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
, 0 ≤ 𝔍(𝜀) ≤

|𝑘||ℒ𝑘|

2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼

2|𝔍(𝜀)||𝑘||ℒ𝑘|, 𝔍(𝜀) ≥
|𝑘||ℒ𝑘|

2(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
.

 

4. Second Hankel determinant for the function class 𝖁∑𝝈,𝓿,𝓺,𝝁,𝜿
𝜶,𝝆,𝒅,𝓫,𝒏

(𝜸,𝜷, 𝝀, 𝜼, 𝒑̃𝒌) 

Theorem 4.1: Let ℱ(𝜁) ∈ 𝔙∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘) .  Then 
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|𝒶2𝒶4 − 𝒶3
2|

≤
[4(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)2𝛹3,𝛼

2 + 9(1 + 𝜆 − 𝛾 − 2𝛽)(1 + 3𝜆 + 24𝜂 − 𝛾 − 2𝛽)𝛹4,𝛼𝛹2,𝛼]

(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)2(1 + 𝜆 − 𝛾 − 2𝛽)(1 + 3𝜆 + 24𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
2 𝛹4,𝛼𝛹2,𝛼

𝜏𝑘
4 ,    (61) 

where  Ψ𝒿 is defined in Eqution (10)  for 0  ≤ 𝜆 ≤ 1  , 𝛾 ≥ 0, 0 ≤ 𝛽 , 𝜂 ≥ 0 .  

Proof. Since  ℱ(𝜁) ∈ 𝔙∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘) , by Definition 1.11, we have: 

 

{(1 − 𝛾 − 2𝛽)
(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁)) 

𝜁
+
𝜆𝜁(𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′

(𝒩𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

ℱ(𝜁)) 
+ 𝜂𝜁2 (𝒩𝜎,𝓋,𝓆,𝜇,𝜅

𝛼,𝜌,𝑑,𝒷,𝑛
ℱ(𝜁))

′′′

} = 𝓋(𝜁) = 1 +

𝓉1𝜁 + 𝓉2𝜁
2 +

⋯,                                                                                                                                                       (62)   
and by expanding and equating coefficients in Eqution (62), it follows: 

𝒶2 =
𝓉1

(1 + 𝜆 − 𝛾 − 2𝛽)𝛹2,𝛼
, 

𝒶3 =
𝓉2

(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
 

and 

𝒶4 =
𝓉3

(1 + 3𝜆 + 24𝜂 − 𝛾 − 2𝛽)𝛹4,𝛼
. 

Using Lemma 1.14, we obtain: 

|𝒶2𝒶4 − 𝒶3
2|

≤
[4(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)2𝛹3,𝛼

2 + 9(1 + 𝜆 − 𝛾 − 2𝛽)(1 + 3𝜆 + 24𝜂 − 𝛾 − 2𝛽)𝛹4,𝛼𝛹2,𝛼]

(1 + 2𝜆 + 6𝜂 − 𝛾 − 2𝛽)2(1 + 𝜆 − 𝛾 − 2𝛽)(1 + 3𝜆 + 24𝜂 − 𝛾 − 2𝛽)𝛹3,𝛼
2 𝛹4,𝛼𝛹2,𝛼

𝜏𝑘
4. 

5. Corollaries and consequences 

Corollary 5.1: Let ℱ  be in class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, Ξ) . Then 

|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(4+2 𝛾−2𝛽−2𝜆)𝛹2,𝛼|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+6𝛾−6𝛽+−6𝜆)𝛹3,𝛼−( 4+2𝛾−4𝛽2)𝛹2,𝛼
2 |

 
},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(12+6𝛾−6𝛽−6𝜆)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(4+2 𝛾−2𝛽−2𝜆)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0|+|𝓇1|

|(12+6𝛾−6𝛽−6𝜆)𝛹3,𝛼|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+6𝛾−6𝛽−6𝜆)𝛹3,𝛼−( 4+2𝛾−4𝛽2)𝛹2,𝛼
2 |
}.  

Corollary 5.2: Let ℱ  be in class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(1, 𝛾, 𝛽, 𝜆, Ξ) . Then 

|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(5+2 𝛾−2𝛽−2𝜆)𝛹2,𝛼|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(14+6𝛾−6𝛽−6𝜆)𝛹3,𝛼−( 5+2𝛾−4𝛽2)𝛹2,𝛼
2 |

 
},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(14+6𝛾−6𝛽−6𝜆)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(5+2 𝛾−2𝛽−2𝜆)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0|+|𝓇1|

|(14+6𝛾−6𝛽−6𝜆)𝛹3,𝛼|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(14+6𝛾−6𝛽−6𝜆)𝛹3,𝛼−( 5+2𝛾−4𝛽2)𝛹2,𝛼
2 |
}.  

Corollary 5.3: Let ℱ  be in class ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛽, 𝜆, Ξ) . Then 

|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(4+𝛿−2𝛽−2𝜆)𝛹2,𝛼|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿−6𝛽−6𝜆)𝛹3,𝛼−( 4+𝛿−4𝛽2)𝛹2,𝛼
2 |

 
},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿−6𝛽−6𝜆)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(4+𝛿−2𝛽−2𝜆)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿−6𝛽−6𝜆)𝛹3,𝛼|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿−6𝛽−6𝜆)𝛹3,𝛼−( 4+𝛿−4𝛽2)𝛹2,𝛼
2 |
}.  

Corollary 5.4: Let ℱ  be in class  ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝜆, Ξ) . Then 
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|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(4+𝛿+2 𝛾−2𝜆)𝛹2,𝛼|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿+6𝛾−6𝜆)𝛹3,𝛼−( 4+𝛿+2𝛾)𝛹2,𝛼
2 |

 
},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿+6𝛾−6𝜆)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(4+𝛿+2 𝛾−2𝜆)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿+6𝛾−6𝜆)𝛹3,𝛼|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿+6𝛾−6𝜆)𝛹3,𝛼−( 4+𝛿+2𝛾)𝛹2,𝛼
2 |
}.  

Corollary 5.5: Let ℱ  be in class  ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 1, 𝜆, Ξ) . Then 

|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(2+𝛿+2 𝛾−2𝜆)𝛹2,𝛼|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(6+2𝛿+6𝛾−6𝜆)𝛹3,𝛼−( 𝛿+2𝛾)𝛹2,𝛼
2 |

 
},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(6+2𝛿+6𝛾−6𝜆)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(2+𝛿+2 𝛾−2𝜆)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0|+|𝓇1|

|(5+2𝛿+6𝛾−6𝜆)𝛹3,𝛼|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(6+2𝛿+6𝛾−6𝜆)𝛹3,𝛼−( 𝛿+2𝛾)𝛹2,𝛼
2 |
}.  

Corollary 5.6: Let ℱ  be in class  ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝛽, Ξ) . Then 

|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(4+𝛿+2 𝛾−2𝛽)𝛹2,𝛼|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿+6𝛾−6𝛽)𝛹3,𝛼−( 4+𝛿+2𝛾−4𝛽2)𝛹2,𝛼
2 |

 
},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿+6𝛾−6𝛽)𝛹3,𝛼|
−

|𝓇0
2|𝑘1

2

|(4+𝛿+2 𝛾−2𝛽)2𝛹2,𝛼
2 |
 ,

2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿+6𝛾−6𝛽)𝛹3,𝛼|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿+6𝛾−6𝛽)𝛹3,𝛼−( 4+𝛿+2𝛾−4𝛽2)𝛹2,𝛼
2 |
}.  

Corollary 5.7: Let ℱ  be in class ∑(𝛿, 𝛾, 𝛽, 𝜆, Ξ). Then  

|𝒶2| ≤ 𝑚𝑖𝑛 {
|𝓇0|𝑘1

|(4+𝛿+2 𝛾−2𝛽−2𝜆)|
 , √

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿+6𝛾−6𝛽−6𝜆)−( 4+𝛿+2𝛾−4𝛽2)|
 

},  

|𝒶3| ≤ 𝑚𝑖𝑛 {
2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿+6𝛾−6𝛽−6𝜆)|
−

|𝓇0
2|𝑘1

2

|(4+𝛿+2 𝛾−2𝛽−2𝜆)2|
 ,

2𝑘1|𝓇0|+|𝓇1|

|(12+2𝛿+6𝛾−6𝛽−6𝜆)|
+

|4𝓇0|(𝑘1+|(𝑘2−𝑘1)|

|(12+2𝛿+6𝛾−6𝛽−6𝜆)−( 4+𝛿+2𝛾−4𝛽2)|
}.  

Corollary 5.8: Let ℱ(𝜁) defined in (1) be in class 𝒬∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(0,0,10, 𝑝𝑘). Then 

|𝒶2| ≤
2𝑘|𝑘||ℒ𝑘|

√|𝑘2ℒ𝑘[6𝛹3,𝛼 −𝛹2,𝛼
2 ] + 8𝑁𝐾𝛹2,𝛼

2 |

,      

|𝒶3| ≤
|𝑘||ℒ𝑘|

6𝛹3,𝛼
+

𝑘3ℒ𝑘
2

|𝑘2ℒ𝑘[6𝛹3,𝛼 − 𝜆𝛹2
2] + 6𝑁𝐾𝛹2,𝛼

2 |
,  

and for 𝜀 ∈ ℝ  

|𝒶3 − 𝜀𝒶2
2| ≤

{
 
 

 
 
|𝑘||ℒ𝑘|

3𝛹3,𝛼
, 0 ≤ 𝔍(𝜀) ≤

|𝑘||ℒ𝑘|

6𝛹3,𝛼
                                    

2|𝔍(𝜀)||𝑘||ℒ𝑘|, 𝔍(𝜀) ≥
|𝑘||ℒ𝑘|

6𝛹3,𝛼
.                                  

 

Where  𝑁𝐾 = 𝑘 − (𝑘2 + 2)ℒ𝑘, 

𝔍(𝜉) =
(1 − 𝜀)𝑘3ℒ𝑘

2

2𝑘2ℒ𝑘[6𝛹3,𝛼 −𝛹2,𝛼
2 ] + 8𝑁𝐾𝛹2,𝛼

2
. 

If 𝛾 = 𝛽 = 𝑛 = 𝜂 = 0 and 𝜆 = 1, Theorem 4 gives the next  example. 

Example 5.9: If ℱ(𝜁) ∈ 𝒬∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘)  , then 

|𝒶2𝒶4 − 𝒶3
2| ≤

108

24
𝜏𝑘
4. 

6. Conclusions 
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     This examine introduces and employs a singular operator wonderful from preceding 

investigations, which allowed the extraction of quasi-subordination consequences and the 

derivation of new effects within the unit disk. Specifically, the studies explored new 

subclasses: ∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛿, 𝛾, 𝛽, 𝜆, Ξ), 𝔙∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘)    and  𝒬∑𝜎,𝓋,𝓆,𝜇,𝜅
𝛼,𝜌,𝑑,𝒷,𝑛

(𝛾, 𝛽, 𝜆, 𝜂, 𝑝𝑘). 

These subclasses awareness on univalent and bi-univalent mathematical features, particularly 

emphasizing geometric residences and holomorphic conduct. Notable results consist of 

computations of |𝒶2|, |𝒶3|, the Fekete-Szegö inequality, and the second one Hankel 

determinant for univalent and bi-univalent capabilities in the framework of the newly 

described operator. 
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