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Abstract

The authors introduce novel subclasses within the univalent and bi-univalent
function classes in the open unit disk 2. Using a newly defined operator, the study
explores the properties of holomorphic bi-univalent functions in U, focusing on
parameters such as the Taylor-Maclaurin coefficients | a, | and | a5 |, the Fekete-
Szegd functional, and the second-order Hankel determinant. These parameters are
critical for understanding the geometric and holomorphic characteristics of these
functions. The investigation emphasizes the significance of the proposed operator
and subclasses under varying parameter conditions, contributing valuable insights to
geometric function theory. Derived corollaries further refine existing results,
demonstrating practical applications and expanding the theoretical framework of the
field.

Keywords: Holomorphic functions, Bi-Univalent functions, Fibonacci numbers,
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1. Introduction
The normalized class of functions F satisfying the conditions F(0) = 0 and F'(0) = 1,
denoted by X, is represented by the following Taylor expansion:

FQO =0+ aif, Jeu &
7=2

Here, A = {{ € Cand |{| < 1 } denotes the open unit disk in the complex plane, where C
represents complex numbers, and the functions are holomorphic. Let G denote the
magnificence of all features in K which might be univalent in 2. According to the Koebe
One-Sector Theorem [1], for any univalent function F € G, the image of U under F includes

a disk of radius i
Thus, every univalent characteristic F has an inverse function F~1 such that:
FFHD)=¢ . €Wand
- 1
FFEIw) =w  (lwl < po(F)ipo(F) = 3).
The inverse function can be expressed as:
gw) = F Y (w) = w — a,w? + (2a3 — az)w? — (5a3 — 5aa; + a)w* + . (2)
They are normalized as in (1).

The principles of subordination and majorization are fundamental when comparing two
holomorphic functions F({) and 7 ({) in A. Function F({) is subordinate to 7 ({),
denoted F({) < 7 ({) , if there exists a holomorphic function ¢t({) in U, with t(0) =0
and [t({)| < 1, such that F({) = » (t({)). If » is univalent in A, then F({) < 7 ({)
implies F(0) = #(0) and F(U) < »(N), [1].

Similarly, F(¢) is majorized by #({), denoted F({) << »({), if there exists a
holomorphic function [A({)], |A({)| < 1, such that F({) = A({)7r(S).

For the bi-univalent class, Lewin [2] established a coefficient bound |a,| < 1.51. Clunie
and Brannan [3], conjectured a bound of |a,| < 2.

For the function F € X defined in (1) and g € XK, they are defined in the following
expressed.

9D =3+ bil, Gew. 3)
=2
The Hadamard product, or convolutioﬂ;, denoted by (F * g)((), is defined as:
FrD@ =7+ abd, Gew. )
7=2

The g -factorial [4], is represented as [#],!, and is calculated as:

o [Flald = 1417 = 21417 = 314 - [Blg[2]4[114, if 7 = 1.2, ...,
st = {1 if=0
where
L4 -1
(714 = -1
The g -derivative operator D, is defined as:
F@l) -F(Q) . _
D@ ={"Gg-ng T (5)
F'(0), if{=0,

where 0 < g < 1.
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For further details, see [5]. The q-exponential function e, ({) is defined as:

G
eq(§) = Z . Gew.
i 17lq!
The g-binomial series [6] is given as:

p

P - .
(1—a)g =Z(j.)(—1)7a7,p €N, 7 €eN,,
7=0

where, (';)) represents the coefficients of the g -binomial and formulated as follows:

(P) _ [p],!
7 [f]ql[p_f]ql ’
it represents the coefficients of the g -binomial.

n,0,v,q

The operator with g -differential € o a6 K — X, specifically designed for g-differential

frameworks. Fora > 0,0 > 0, =2 0, 0 < & < d, and { € U, the operator is defined
iteratively as follows:

CooiF () = F(Q) (©6)
€74 F () = (1 +oMl() —v)(d -6 - 1) ) F(O) — (o (MJ(@) - v)(d - 6)) +
_a(Mg(a) —v){a,(F(Q), (7
G T (@) = Ca s €y "FO). ®)
Next, using functions (1) and (8), getting
CLTAFQ = ¢
+ Z (1 + oM@ — )1, +d— 6 —1)) a;37 ,(n € Ny = N U (0})
i=2
where ’

prN_vp (P i+1,,7
ME @) = 3, () (-1 e
This operator incorporates the coefficients from the g-binomial expansion and provides a
versatile tool for analyzing g-deformed systems across diverse physical contexts.

The introduction of g-deformed oscillators, including the Arik-Coon oscillator and related
constructs, represents a significant step forward in quantum physics. These frameworks not
only extend our understanding of fundamental principles but also provide practical tools for
modeling complex physical systems under non-commutative and deformed settings. For
further details, readers are referred to [7-9].

For F € X, the generalized derivative [10] operator 7, : X' — X, it is defined by

T F@ =3+ ) [L+G - DI Coeagl, G ew
=2

where n, k € No = {0,1,2,..J,u > 0and C(x,7) = (T # 7 1) = &=

K (1)j-1
Definition 1.1 : Let F € ),,{ € Y, and consider the parameters « > 0,6 > 0,v = 0,
0<4#<d knehN;={012,....}, andu>0 .We define a new operator

Un;:c,:g,[f, J(Q) =Y — Y as follows:
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N mas F@Q) = Coi s F () * T, F(O)

=¢ Z (1 +0(ME(@) — ) [lguG — D +d — & — 1)) Clef)azd?
=2

The preceding definition implies that

NELEEFQ) =+ ) Wyaayll, { €N ©)
with =
¥ja = ((1 +o(Mf () —v)[fluuG— D +d -6 — 1)) C(x, ). (10)

Remark 1.2: Special cases of the operator

The operator defined above is a specific instance of the convolution operator (EZ Z:Z"ET ),

which employs the generalized differential operator 7;l}, , previously introduced by various
researchers.

l. Fork =2,5=2,u=1,p = 1,d = 4, and the operators 7"2’:‘1 and €
the operator specified by Darus and Hadji, [11].

2. Fork=2,5=2,u=1,p = 1,0 = 1,v = 0, and the operators 7"2’:‘1 and €
derive the operator specified by Opoola and Lasode, [12].
3.Fork=2,j=2,u=1,d = 4,0 = 1,v = 0, and the operators Tz’fl and €
derive the operator specified by Hadi et al., [13] .

4. Fork=2,j=2,u=1p = 1,0 = L,Lv = 0,d = &, 7,4 and (SZ";"Z‘%, we have
access to the g -Al-Oboudi operator, which was first presented by Aouf et al. in their work
mentioned as, [14].

5.Fork=2,j=2,u=149 - 1,p = 1,d = 4, and the operators 7, and (52‘17:{{1,, we
derive the operator specified by Ibrahim and Darus in their work, [15].

6. For k=2,j=2,u=1,9 - 1,v = 0,d = 4,0 = 1, and the operators T{fl and

n,1,0,1
QEaf,p,d,d ’

7.Fork=2,j=2,u=1p=10=1v =0d=4a=1 774 and € ;% , at
our disposal. Possessing possessing the g -Salagean operator, as demonstrated by Govindaraj
and Sivasubramanian, [17].

8. Forg » 1,k=2,j=2,u=1p = 1,0 = L,Lv = 1,7, and @Z:E{i«s we derive the
operator specified by Opoola obtained in, [18].

9.For g - Lk=2,j=2p=1p=10=1v=1d=4 Thad Ei,
Possessing the Al-Oboudi operator that was introduced by Al-Oboudi, [19].

10. For k=2,7=2,u=19 - 1,p=10=1d = 4,v = 1,a = 1,7} and

(5711"11";:; possessing the Salagean operator as described by Salagean, [20].

0,014
a,p,db’

n,o,v,q

alas » We derive

n,1,1,g

a,l,d,b° we

1n,1,0,g

a,p,dd > we

we derive the operator specified by Frasin, [16].

11. For n=0,k €Ny, u>0 and €
operator, [21].

Quasi-subordination, a generalization of subordination and majorization, was introduced by
Robertson, [22]. For holomorphic functions F({) and g({), the function F({) is quasi-
subordinate to g({) denoted F({) <, g({), if there exists holomorphic functions £({)
and t({) such that:

F() =A(Dg(). t(0) = 0,|ADI= L[t(DI<1 ¢ e

If A4(Q) =1, then F({) = g(¢({)), implying F({) < g({) in A. Similarly, if ¢({) =,
then F({) = A({)g({), indicating F({) << g({) in 2.

we derive the Ruscheweyh derivative
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Many subclasses of analytic and bi-univalent functions were introduced and studied and
the non-sharp estimates of first two Taylor-Maclaurin coefficients |a,| and |as;| were
offered, mention to Xu et al. [23], Srivastava et al. [24]. Recently, Srivastava et al. [25]
introduced some new subclasses of analytic and bi-univalent functions to integrate the studies
of former researchers. Moreover, we also mention to Goyal et al. [26] for the subclasses of
analytic and bi-univalent functions associated with quasi-subordination. Fekete- Szego
functional problem was investigated in many classes of functions, refer to Al-Hawary et al.
[27], Orhan et al. [28] for the classes of bi-convex and bi-starlike type functions, Panigrahi
and Raina [29] for class of quasi-subordination functions and Pati and Naik [30] investigated
many new subclasses of analytic and bi-univalent involving the hohlov operator.

The class of bi-univalent described by quasi-subordination was presented in 2017 by
Magesh et al. [31] and the coefficient bounds were established. Ma and Minda introduced the
following unified function classes [32]:

D(E) = {T eac S8

70 <E(():CE€ ‘JI},

(F"()

0 < E(0):¢ €Ay,

where E({) is holomorphic, univalent, and satisfies Re(£({)) > 0 in the unit disk U, with
2(0) = 1,E'(0) > 0. The region E(UA) is symmetric about the real axis and starlike with
respect to 1(see to [32]). In this study, we assume that

L(E)={:FE?C:1+

”"({)=”"0+4’"1{+”"252+”"3(3+"' (11)
and
EQ) =14k QT+ k0 + k303 + - (12)
Magesh et. al. [33] introduced the k-Fibonacci sequence {Fk,f};ozo , k € R* defined as:
Fk,f+1:ka,f + Fk,j—l’ ijo = 0, Fk,l = 1, (j eEN= 1,2, ) (13)
Its closed form is given by:
(ke=Ly) L7 : k—VkZ+4
Fk,;' = W‘lk with Lk = > , (14‘)

where F ; respresents the nth element of the k-Fibonacci sequence [34].
Ozgur and Sokot [35] demonstrated that for the function

() = — T EE —1+i~ j 15
17404 _1—kﬁk(—ﬁifz_ .1Pk,;(, (15)
f:
then
Pr; = (Frj—1 + Fije1) Lh G211
such that
Pe(Q) = 1+ (Fio + Fie2) Li + (Fior + Fie3) Lg% + -

=1+ kL + (K +2)LE0% + (K3 +3k) L33 + -,

where £, = kVkvd (Cew.

2
Indeed, if k = 1, £, = L itis possible to write

o W —L7 (1-L) - L7
75 V5 '
~ 1.6180339887 ... is called the golden ratio and

7 €N,
such that ¢ = 1+2\/§

L= 1;—@ =1-¢=-1x~-06180339887 ....

Forq > 1andn > 1, Noonan and Thomas [36] declared the q'" Hankel determinant as:
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an Ant1 - a’n+q+1
An+1
Hy(n) =
a’n+q+1 a’n+2q—2

Multiple writers have also examined this determinant. For instance, Noor [37] calculated the
limit of the average increase of H;(n)) as n approaches infinity for functions defined by (1)
with boundary constraints. It is evident that the Fekete-Szego functional corresponds to
H,(1). Fekete and Szego expanded [38] on this by providing a more comprehensive
estimation of |a; — £a3 |, where ¢ is a real number for detail (see [39-44] ). In this work, we
will examine the Hankel determinant where ¢ = 2 and n = 2.

a; 4as

as d4|.
Definition 1.3: Let F € ) be a function given in (1) in the

class zﬁﬁ‘;ﬁ;‘ (6,7,0,4, ) satistying the following quasi-subordination conditions:

5 (Wrtame FO) | ve* (Wogud 7 ©)
Woaun FQ) (NGl F D)

o,v,q,1hK ov,q,1hK

$(NELEERE(Q)) + LA F ()"

o,v,q,UK o,v,q,1,K

+

C(NEPEETFQ) 4 BN E Q)

o,v,q,U,K o,v,q,ULK
D, ,5’, 142 -
+ (=D (WELEEF @) b= 1< E©)

~1, (16)

and
! n !
a,p,dbn a,p,dbn a,p,dbn a,p,dbn
Sw(Nam%u,,c g(w)) sz(Na,v,@,u,)c g(w)) w(Nam’%#’K g(w)) +¢¢y2(]\f[m,%u,,c glw))rn

a,p,dbn a,p,dbn !
(Nﬂ.v.tl.u.'c g(w)) (Nd.v.%.ﬂ.lc g(w)) w(]\f wp 'd'{y‘ng(w)) +Bw (I, @,p.d.b,n glw )

o,v,q,1K a,v,q, 1K

(1 = DwNELETR g (w) )t — 1 <4 E(w) — 1, (17)

o,v,q, 1K

where (0 <6<1,y=20,0<f<1landA=>0, {,w €A).
For specific parameter values «, p,d, &,n,0,1v,4,,68,y, 5 and A new and well-known classes
can be derived.

Remark 1.4: For § =0 a function F € ), as defined in (1), belongs to the class

szf{,(;',{;ﬁ (v, B, A, E), and fulfills the following quasi—subordination conditions:
0,46, " 0,48, ! 0,46, "
Y@ (WL E () C(NELEEIF Q) + PN F ()
a,p,d,b.n 0.d. b, ! ,0,d, 4, "
Ny F(E)) ¢ (Na‘f‘j%,ff(c)) + BN E ()

+ (1= DG (NEELEF @)t -1, 8@ ~ 1,

o,v,q,UK

and
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2 a,p,dbn " a,p,d,bn ! 2 a,p,d,bn
W, 0T, P,a7, 07, 14
yuw (Ncr,v,q,u,x g(w)) w (]\fa‘v‘%u,x g(w)) + w (]\faﬂ,‘%#‘,C gw))
a,p,dbn s ! 0.4,
Sl g(w)) w (Ndif%u.lcng (w)) +pw(N, a?i@,u,xng (w))"

+ (1 —A)w(]\fa‘ﬁf;zf,’cng(w)” —-1<,E(w) -1,
that (¥ =0, 0<B<1andA>0, {,w €A).

Remark 1.5: For § = 1, a function F € X, as defined in (1), belongs to the class

Za,p,d,l&,n

cvgurx (LY, B, 4 E), and fulfills the following quasi—subordination conditions:

D, ,f)‘, ! 0, ‘&’ 144
C(MEEabiF (@) s (Wybdtrr ()
(NEPLERE () (NEPEERE ()

ov,q, UK ov,q,UK
a,p,d,&n ! a,p,d,&n
$(NELAERE(Q)) + 2L F ()"

(WAL @)+ pRIELAIF Q)

o,v,q, 1K o,v,q, 1K

+ (1= DT (NELEEFQ) b= 1< E@) - 1,

and

a,p,dbn ! 2 a,p,dbn "
W (No g 9w))  yw? ( Ny o 9(w)

+
EHICT) EanAICT)

o,v,q, 1K o,v,q,UK

01,4, 1, K 0,1,G, 1K

) w (Na,p,d,[r,ng (’W’)) + 12 (Na,P,d,[r,ng (w))”

w (Na,p,d,fr,ng(w)) + ﬁwz(Na,P,d,[r,ng(w))u

ov,q,1,K ov,q,1hK

) !di’&! 144 —
+ (1 - DwWNo2mrg(w)” t —1 <, E(w) — 1,

o,v,q, UK

where ( y=20,0<f<1and1>0, {,w €A).

Remark 1.6: For y = 0 a function F € ), as defined in (1), belongs to the class

a,p,d,bn
Zcr,/zr,@,u,rc

(6,B,,2) and fulfills the following quasi—subordination conditions:

.45, ! 0,46, ! 0,46, "
8 (Noitauw PQ) S (Nlihiw P Q) + PO FO)
,p,4,46, !
Nowaue TED ¢ (NEPEEIFD)) + BN eI F ()"

o,v,q,U,K o,v,q,U,K
0,45, " -
F (A= D (NEETF@) =108~ 1,

and
S (Na,p,d,{v,ng (w)) w (Na,p,d,ﬁv,ng (w)) + w? (Na,p,d,fr,ng (w)) "

o,v,q, 1K 0,1,G,1,K O,1,G, 1, K

0,44, 7
(No(il«f@,u,xng (w)) w (]\f apdbmn (w)) + Buw (NP SN 0 ()"

o,v,q,UK o,v,q, 1K

+ (1 - A)w]\/‘a’p’d’&’ng(w))” - 1<, E(w) -1,

o,v,q,hK
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where (0 <6<1,0<f<1and1=>0, {,w €).
Remark 1.7: For f =0 a function F € ), as defined in (1), belongs to the
class YoP a.bn (6,7, 4, ) and fulfills the following quasi—subordination requirements:

o,v,9,ULK
0, ,/&’ ! D, ‘&‘ II
8¢ (MLt () s (Wbdonr ()
Nodgin F@O) NG F )

o,v,q, 1K o,v,q, 1K

{(NEDerF (@) + PO F )

ov,q, 1K ov,q, 1K

+ 7
S (Wlaini ()

o,v.q,4K

=+(1-24)¢ (N“'p’d”""f(())" -1<,E() -1,

and
a,p,dbén ! a,p,d,bn "
o (Wogion 9w)) v (Noifiu 9 (u)

O, Gl K Ol K

CHAICT0) EriAIICT)

ov,q,1,K o,v,q, 1K

w (N“'P'd"’ '"g(w)) + w (WL G ()"

o,v,q, 1K o,v,q, 1K

+ w (Na,p,d,{”r,ng (’W’)),

ov,q, 1K

+(1- A)w(]\fa‘f‘;ﬁz}f,’c"g(w)” — 1<, E(w) -1,
where, (0 <6<1,y>0and1>0, {,w €).

Remark 1.8: For f = 0 a function F € X, as defined in (1), belongs to the class

Za,p,d,&,n

cvgurc(8 ¥, 1,4, E) and fulfills the following quasi—subordination requirements:

D, '&’ ! D, ',6" n
8 (Noitauw P Q) vE (Noidguw 7 Q)

p,ad, b, ,0,d, b,
Wofaun FQD Vgl F D)
p.d,8, ! P, "
C(WEEEENE (D)) + P NL I F ()

C(NEPEETFQD) + PO

O,v,G, 1K ov,G, 1K

+ (1= DG (NEELEF @) -1 5@) - 1,

o,v,q9,UK
and
sur (N0 g(w))  ywr? (NI g(w))
NP EE g () * N2t g (w))

w (NELAERg(w)) + w2 (Nt g (1))

0,G, WK o0,G, K

+

a,p,dbn ! a,p,d,bn
w (NELEET G ) + w2 (D g ()"

+(1- A)w(]\fa‘p‘d‘&’ng(w))” - 1<, E(w) -1,

o,v,q, UK

where (0 <6<1,y=0and1>0, {,w €A).
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Remark 1.9: For A= 0 a function F € X, as defined in (1), belongs to the
classy o” ’d’{y’n(& ¥, 5, E) and fulfills the following quasi—subordination requirements:

ov,q,1hK
p.db, ' p.d,b, "
8¢ (Wyibutid #(9) s (Wypad 7 ()

,p,d4,8, p,d, 5,
(Noi,f),%#,an(()) (Nociﬁ%#,xnj:(g))
0,45, ! 0,45, '
LS (NRLEETF (D)) + L F () e (napsonz )’
p.db, ' 04,6, p LR ATR
{(WELEERF QD))+ BOENSLSETF (D))
- 1 <q E(() - 1 )
and
0,46, ! 0,46, "
Sw (N crc.r«f@,u.xng (w)) N yw? (N ao,[f,%uﬂfng (w))
,0,d, %, 0,48,
Wi 9(w)) N g 9(w))

0,44, ! p.d,b,
w (Naqu,u,xng (’W)) + wz(Na(fﬁ@,u,xng (w))"”

+

O, G, 1K ov,G, 1K

w (NI g () + B (VLo g ()

+ w (NEPEER G0y L — 1 <q Ew) -1,

o,v,q,ULK
where (0 <6<1,y=>0,0<p<1and {,wr €A).

Remark 1.10: Forn = 0,6 > 0, = 0,a> 0,0 < & < d,and afunction F € ), as
defined in (1), belongs to the class }.(4,7,B,4,2)and fulfills the following
quasi—subordination requirements:

{5(T'(€)+VCZT”(C)+ {F' (D) + *F ()
F© FO  {F(©O +B3PF(D)

+(1- A)CT"(C)} —1<4E8( -1,

and

{Mfg’(uf) yw?g"'(w)  wg'(w)+w?g"(w)
g(w) g(w) wyg'(w) + pw?g" (w)
—1<4Ew)—-1,
where (0 <6<1,y=>20,0<f<1landA1=>0, {,uw €U
Definition 1.11: Let F € ) be a function given in (1) in the
class Q}Zg: f,if:: (v, B, A,n, D)) satisfying the following quasi-subordination conditions:
.0, '
Nipb bl P @) A (Wottain F©))
+

1_ _2 o,v,q,UK
. ¢ Nyt F D)

o,v,q9,UK
where (0 <A1<1,y=20,0<B,n=>0and {€A).

+(1- A)WQ"(W))}

. ,d,{", n
+ 02 (NELAEIF (D))

Definition 1.12: Let F € ) be a function given in (1) in the

class ngjﬂf;’ﬁ:z (v, B, A,n, D)) satisfying the following quasi-subordination conditions:
NELEEIFQY) 2 (ML)

¢ Nk F ()

o,v,q,1K

—1<45x(D), (18)

1-y—-2p)

D, ,&, nr
#0187 (WLl F(©)
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and
bn a,p,d,én !
L8 g (w))  dwr (NGl g () UV
A-y=28 + +nw? (Mol 9(w)
w Nl g () (s )
—1 <4 P(w) , (19)

where (0 <A<1,y>0,0<p8,n=0and {,w €UA).
To determine the estimates coefficients |a,| and |as|, the following Lemma must be
investigated.
Lemma 1.13: [45] If ¢ € P, then |£;| < 2 for all j, where P is the collection of all
function %, holomorphic in 2 , for which R{£({)} > 0},({ € ), where £({) = 1+ £,{ +
£,0% + £303+....,( € ).
Lemma 1.14: [46] If £({) =1+ #,{ + £,{* + -+, and £({) < P ({), then

[t < 1Lkl |£2] <3LZ and |#3] < 4L3.

This study introduces subclasses of univalent and bi-univalent functions associated with
shell-like curves related to k-Fibonacci numbers. Additionally, initial coefficient bounds |a,]|,
|as|, the Fekete—Szegd inequality, and the second Hankel determinant have been examined
for functions within these classes.

2. Coefficient bounds for the class Za’p b b, v.B.AE5)

o,v,q, 1K

- .45, -
Theorem 2.1: Let F({) be defined as in (1) belong to the class zﬁ_ﬁ_%,ﬁ (6,7,B,A,E) . Then,
the following coefficient bounds hold:

|70 k1
|(4+68+2y—28—-20)¥,,|
|a,| < min , (20)
? 47| (ks + |(kz = ko)
|(12+28 + 6y — 68 — 6) W5, — (44 6 + 2y — 4B2)W2,|
|as]
{ 2kq|ro| + |71l
- |(12 + 26 + 6y — 68 — 61)¥; 4|
_ |”’0|k1 2kq|ro| + |74l
|(4+6+2y—28 —20)2W2,| "|(12+ 26 + 6y — 68 — 6)¥5 4
|47 (ky + |(ky — k1) } 21)
|(12 +25+6y —68 —6M)W3, — (4+ 8+ 2y —4BDW2,|)
where
n
Y, , = ((1 +o(MP(@) —v)[2)gu+d — b — 1)) C(x, 2)
and
n
Vio = ((1+0(M)(@) - v)[3],2u +d — 6 — 1)) C(x,3).
Proof.
Since F € szﬁ,‘;‘ﬁﬁ(& v,B,A4,E) and g = F~1, there exists holomorphic functions u, v €

K such that u,v € k such that u : A - A, v: A - A with v(0) = u(0) = 0, satisfying
the following conditions:
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p.db, ' 0.6, "
50 (N0 F Q) s (Vn D)

0,46, 0,46,
N un F) NVydgon FO)
. (NELEEF@Q)) + PN rF (D))
S (WL ) + B OE I F ()"
a,p,d,bn " —_
+ (1= D (NELEIF D)) b= 1< #(QE@E) - 1), (22)
and
o (Weior 900)) |y (ML )
0.4, p.d.b,
CONICS) Ve 90
L (MEL8bm g ) + w2 (NELEE g ()"
w (NELEER (1)) + Bur? (VL g (1))
a,p,dén "
+ (1 - A)W(Na,v,q,u,x g(w) )
—1 <4 rW)E@(w)) —1). (23)
Define the functions 7 and £ as follows:
1+v(J)
— =1 2 34 ... 24
T(fl) 1(_ 1)7(() +73(0) +120° + 1307 + (24)
+ u(w
= =1 2 3 ee 2
t(w) 1= u(w) + 4 (w) + tyw* + tzw?> + (25)
Equivalently,
(-1 _1 7\ _,
(w) = t(w)+1
) +1
1 tf
=s|awt |t —— w? 4. (27)

The functions 7({) and # (w) are holomorphic in U with 1({) = £ (w) > 1. Since both have a
positive real part in the unit disk 2, it follows that v;({) < 2 and u;(w) < 2fori =
1,2, ...

Substituting (26), (27) into (22) and (23), we obtain:

4

(g @) (s ) AR T©) H O G
OGirane PO OGILETO) (NI O @
a,p,d,bn " o (11
(1-2)¢ (Na,v.@,u,lc j—"(f)) } -1 = m(OE (T(€)+1) B
1), (28)

and
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14

suw(NiEidaw))  ywr (WL @) w(NEREER g () +u N 9wy
Nt o 9()) Voibaiax 960D wo(NEEEETg(w)) 4> NEE LT gy
p,d, b, 17 - (t(w)+1
(1 - A)W(NO'(,Z/U?%:H,Kng(w) )} - 1 <CI ’V'(W) (:‘ (t(w)+1) -
1). (29)
By using (26) and (27) in conjunction with (11) and (12), we find:
() (E T(C)—_l) -1
"\t +1
1 1 1 72 1 2\ 2
=§¢0T1k1(+ E”’Vlflkl'i'z”’vokl T2_7 +Z4’v0k2'l-1 Z
+ -, (30)
[(t(w)—1 1
TeIE oy 7 1
1 1 1 t2 1 ) 5
ZE’I’Votlklw*" E’Vvl’tlklz”’vokl t2_7 +Z4’V0k2t1 w
+ - (31)
From (28), (29), (30) and (31), it follows that:
1
(4 + 6 + 2 V - Zﬁ - 2/1)‘1’2,“(12 = E/l/volel ) (32)

(124286 + 6y — 68 — 6\)¥W34a3 — (4 + 6 + 2y — 4B*)¥Z a5

1 1 72
= _4’~1T1k1 + _/Iﬂokl Ty ——

2 2 2
1 2
1
—(4+6+2y—-2B-20)¥0a, = 54’0]‘1’5'1 ) (34)

and
—(12+ 28+ 6y — 6B —6)Ws a3 — (4+ 6 + 2y —4B*)Wia5 + (24 + 46 + 12y —

1 1 2
12 — 121)413,0(“% = 54’"1’t'1k1 + E’I"Okl (tz - 71) +

~rokat?, (35)
From (32) and (34), we deduce:

7ok, T4
T A st 2y - 26— 2%,
7rok174
T TG to+2y—28-20%,," (36)
which implies:
T=—% (37)
and
(446 42y~ 20— 2 W3,a] = 7 rki (e} + £D) (38)

Adding (33) and (35), we derive:
[2(12 + 26 + 6y — 68 — 6) W5, — 2(4 + 8 + 2y — 4BH)W2,|a3
= 270k, (12 + £3) + 1o (k;
— k(% + D). (39)
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By applying Lemma 1.13 to the coefficients 7,7,,%#; and £,, it follows from (37) and (38)
that:

|70 lkq
la,| < : (40)
|(4+6+2y—28—-20)¥,,|
and
4ro|(ky + |(ky — k
2| < [470] (k1 + | (kz — k1) R (41
|(12 4+ 26 + 6y — 68 — 60) W3, — (4 + 6 + 2y — 4B2)W2,|
This provides the coefficient bound for |a,| as stated in (20).
Subtracting (35) from (33), we obtain:
2(12 + 26 - 6ﬁ - 61)(@3 + d%)lp&a = 2”"’0](17:1 + ’Vvokl('l-z - 7[72) (4‘2)
By substituting (38) and (39) into (42) and using Lemma 1.13, we get:
2kq|ro| + |7 ré|k?
s 1l7ol + |71l |75 [kt (43)

= |(12 4+ 26 + 6y — 68 — 61)W5,| 1(4+6+2y —28 —20)2¥7, |’
|as]
< 2kq|ro| + |71
T [(12+ 28 + 6y — 68 — 61)¥5 4

| 47| (ky + [ (K — ky)|
(12+25+6y — 68 —6M)Ws4 — (4+ 6+ 2y —4B)WE,|
Equations (43) and (44) provide the coefficient bound as stated in (21), completing the proof.

+ | (44)

3. Coefficient bounds and Fekete-Szego inequality for the function class
pdb, ~
ngﬂe’,g,ﬂ,ﬁ (YJ B' AJ n' pk)
. p.d,6, -
Theorem 3.1: Let F({) be defined as in (1) belong to the class ng’ﬁ’%#’ﬁ(y, B,A,1,Dr).
Then the following coefficient bounds hold:

la,|
2k|k|| L
< k|| Ly | 45)
\/|k2Lk[2(1 + 204 61—y = 2B) W34 — AWE,] + 2Nk (1 + A —y — 28)2WZ,|
las]
k|| Lyl
T2+ 22+6n—y —2B)¥;3,
k3L2
+— - ——, (46)
k2L [2(1 + 22+ 61—y — 2B)Wsq — APZ] + 2Nk (1 + A —y — 2B)2W7,|
and fore € R
las — eas]
k||L k||L
ke[| Ly | 0.< () < ke[| L]

1+22+6n—y— 2,8)‘1’3‘6('
ANGIEIARNGE ol .
’ T2+ 22+6n—y —2B)¥;3,

where Ny =k — (k? + 2)L,,

20+ 22+ 60—y —2B)¥3,4 @

S(6) = (1-e)k3L2

D)= 2k2L,[2(1+ 24+ 60—y — 2B) W5 4 — AWZ,] + 2Nk (1 + A —y — 2B)2¥7,
Proof.
Assume that F({) € ng:f,’,%:z v, B, A, 1, Dx). Then, from (18) and (19), we have:
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N“'p'd’&’n?'(()) +/1€( aaf;lfykn?(())/

(1 -y — 2p) 2oL 2 I Crrmpaclco)
¢ Ny F(O) (52ii 7€)
— 1<, Pk(D), (48)
q
and
d,&n !
NEPEER G (r)) I (WL g () wpdbm
(1 ) e 2,8) w + (Nap d{,ng(w)) + UWZ (No,/tr,@,u,lc g(w))
ov,q, UK
-1 <q ﬁk(w), (49)

where g(w) = F~1({) as defined in Equation (2), and P is given by (15).
Let v({) =1+ v,{ + v,{?+ -+, and assume @ < P, .Then, there exists a holomorphic
function () such that |«({) | < 1 in W and v ({) = Py (u({ )). Therefore, the function

+4KZ)
Y@=
1-u(()
belongs to the class P. Consequently,

_ 2 3\ 73
w§)= 5E2+1 %<+<u2_7>{2+<u3_u1“2+u—>€—+---,

3 3
ﬁk(u(c)) = 1 +ﬁk1< %) <’Mz3 _’leuz +%>%+ "'>
N ’
( 2) (“F“l“”?)?*"')

(e
g A u
oo
ACSEMCRERE
- + Uz —uguy +
+ 2

—1+/LL1§+/LL2§2+

and
UG

+ Pk.2

+Pk3< >
Drat1§ - u?
=1+ > <2 <u _7>Pk,1 +Tlpk,z>{2

1 u3 1 u?\ _ ud 5
+ S\ %~ ULy + — 4 Pk,1+2’l‘v1 Uz =~ | Prez +§Pk,3 4

+ .. (50)
Similarly, there exists a holomorphic function g(w) such that |g(w) | < 1 in W and v(w) =
Dk (4 (W)). Then, the function

X(w) =

1+ g(w)

1-gw)
belongs to the class P. Thus,

. Pradaw (1 a3\ . G
Pr(gw)) =1+ > + S\ %2~ 71> Pra1 + Tlpk,z w?

1 93 1 93 a3
+<§<%3_%1%2 4>Pk1+ %1(%2_71 Dk,2 + 81Pk3

g LI (51)
Using (48), (49), (50), and (51), we get:

I+A-y—-2B)¥a, =

=1+ gw+ g,w?+ -,

’LblkLk
2 )

1 u? u?
(L+24+ 67—y —2f)¥sas — A¥iaf = <u2 - 71> kL, + Tl(k2 +2)L2,  (53)

(52)

and
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Gk Ly
—(+ A=y = 2B)Woatz = ——,

—(1 421+ 60—y —2B)¥30as +2(1+ 21+ 60—y — 2B)¥3 a5 — AWZ a5
1 a2
=5 <6Z2 - 71> kL

U 2 42
+ T (k*+2)Lg, (55)
From (52) and (54), it follows that

(54)

Uy = —4qy, (56)
and
214+ 1 —y — 2B)2W2,a2 _ b4 ‘f;) £ (57)
Adding (53) and (55) gives:
[2(1+ 22+ 60—y — 2B)¥W5, — AWZ]|a}
1
=3 (uz + g2)kLy
1 2 2Y (1,2 2
1 (kLy — (k* + 2) L) (ut + g7). (58)
Substituting (57) into (58) yields:
a3
_ (uy + g2)k* L (59)
C2k2L,[2(1 + 24+ 60 — ¥ — 2B)W5 4 — AWZ| + 2Nk (1 + A —y — 2B)2¥2,
where Ny = k — (k? + 2)L;. Using Lemma 1.13, we obtain (45).
Now, subtraction (55) from (53) and applying (55), we find:
Uy — kL
a; = a (uy — g2)kLy (60)

+ )

20 +20+6n—y —2B)¥;3,
By substituting (59) into Lemma 1.13, (60) reduces to (45). From (59) and (60), for e € R,
we have:

2 o LI
a; —eas = 1-
3 2 7 2(1+22460-y—2B)¥s 4 (
Upt+qo)K3LE
8) (uz+4g2) k

2k2Ly[2(1+2A+6n-y—2B)¥3,a—AWE|+2N Kk (1+A-y—2B)2 W2, ’
which can be expressed as

az —eaj = |3J(&) + Kl Uy
20+ 22+6n—y —2B)¥3,

s kL,
SN T oA+ 22+ 61—y — 2B)Wag| ¥
where
N (1—e)k3L2
30 = :

2k2L[2(1 + 22+ 60 —y — 2B) W5 — A¥Z, | + 2Nx (1 + A —y — 2B)2¥2,
Taking the modulus, we get:
k|| L k|| L
k|1 Ly | 0<3(e) < k|1 Ly
1+20+6n—y—2B)¥;3, 20+ 20+6n—y—20)¥3,
[Fe|| £y |
1Sk Lk ], I(e) = 20+ 225 67—y —20) s,

las — ea3| <

4. Second Hankel determinant for the function class BY > A.bn (v,B.A,nDr)

o,v,q,LK

Theorem 4.1: Let F({) € BX“>%*"(y, B, 1,1, 5,) . Then

ov,q,1K
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laya, — a3l

[40+ 20+ 60—y —2B)°W2, +9(1+ 21—y —2B)(1+ 32+ 24n —y — 2B)¥4 V20| ,
(A+2A+6n—y—28)2(L+A—y —2B) (1 + 34 + 247 — y — 2002 ¥, o Wre

where W; is defined in Eqution (10) for0 <A<1,y=0,0<p,n=0,

Proof. Since F({) € Q}Z“'p'd'&’n(y,ﬁ,/l, 1, Dx) , by Definition 1.11, we have:

(61)

o,v,q9,U,K
a,p,dén !
oEpdinr@y)  M(VEIRTFQ) o apabnn |
(1~ — 2p) ot oy 10 (WG ©) = e @ =1+
010+ £,0% +
"y (62)
and by expanding and equating coefficients in Eqution (62), it follows:
a, = ‘1
A+ A-y - 2B
12
A =
ST (14204 60—y —2B) ¥,

and

13

Ay

T (1+31+24n—y —2B)¥,4

Using Lemma 1.14, we obtain:

laya, — a3

- [4(1+22+6n—y—2B)* W3, +9(1+ 21—y —2B)(1+ 32+ 24n—y = 2B)¥4 V20| ,
(A+22+6n—y=2B)2(A+2—y—=2B)(1+ 31+ 24n —y = 2PV W4 W2 T

5. Corollaries and consequences

Corollary 5.1: Let F be in class Za’p b v,B, A4, Z) . Then

OV, lLK

< mi LS [4770[(k1+|(ka—k1)|
|az| < MIn\ Gi2y2p—2209, 4] * | 1GZ+67—6B+—61 s o~ (424D 24 (-
. 2kq|ro|+|7 r&|k? 2kq ||+ |7
|6Lg|SmlTL 1l7ol+|r1l _ LS _— 1lrol+lrl +
|(12+6y-68—-6)W3 4|  |(4+2y—-28-20)2WZ,| ' |(12+6y—6B—61)¥s3 o
|470|(k1+|(k2—k1)|
|(12+6y—68—6)W3 o —(4+2y—4p2)¥Z,|)
. a,p,d,bn -
Corollary 5.2: Let F be in class Za_ﬁ’%#_,{(l, Y,B,A4,E) . Then
< mi |7olk1 [470]|(k1+|(k2—kq)|
|a,| < min |(5+2y=2B-20%, 4| * | |(14+6y—6B—6)Ws q—( 5+2y—4B2)WZ | (’
. 2kq|7o|+ |7 7E&|k? 2k |7 |+ |7
las| < min ilrol+lrl _ |76 | K3 — ilrol+]rl
|(14+6y-6B—6)W3 4|  |(5+2y—2B-21)2¥Z,| " |(14+6y—6B-6)¥; 4
[470|(k1+|(k2—k1)|
|(14+6y—6B—61)¥3 o—(5+2y—4B2)¥Z,|)

Corollary 5.3: Let F be in class Yo abn (6,B,4,E) . Then

o,v,q, UK

< mi [7olkq [470|(k1+|(k2—k1)|
laz| < min |(4+8-28-20)%5 4| " | 1(12426-6B—-6)W; o —(4+5—4B2)W2 | [’

|| < min {—2alroltinl |7 |K2 2ks |7l +174
31 = |(12426-68-6)Ws 4|  |(4+6-28-22)2%2 | *|(12+26-6B—61)Ws 4
|470|(k1+|(k2—Kq)|
|(12428-6B—-61) W3 o —(4+6-4B2)WZ,|)

Corollary 5.4: Let F be in class Yo dbn (6,7,A4,%) . Then

o,v,q, UK
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< mi [7olkq [470|(K1+[(kK2—k1)]
|a,| < min [(4+8+2y—20)W, 4| " [(12426+6Y—6) W5 4—(4+6+21) %2 (7

las| < min 2kq|rol+|rl . |76 | K% 2kq|rol+|rl
31 = |(12+428+6y—60)¥3 4|  |(4+6+2y—-21)2¥F | *|(12+25+6y—61)¥3 4|
[470[(k1+[(k2—K1)|
[(12428+6y—6) W3 o —(4+8+2y)¥2,41)

Corollary 5.5: Let F be in class Za’p ’d’&’n(& y,1,A,Z) . Then

O, G K
< mi [7olky [470| (k1 +|(ka—k1)|
|a,| < min |2+8+2 y—20)%5 4] | 1(6+28+6Y—6)Ws o—(8+21)WZ 4] [’

las| < min 2kq|ro|+|rl _ | 7§ %3 2kq|7o|+|rl
31 = |(6+28+6y-6M)W3 4|  1(2+8+2y-20)2%3,| " |(5+25+6Y—61)¥3 4|
[470|(K1+|(k2—k1)|
[(6+28+6y—61) W3 o—(5+2Y)¥3 1)

Corollary 5.6: Let F be in class Yo* 'd'&'"(& ¥,B,E) . Then

OV Gl K

. [7olkq [470|(k1+|(kK2—k1)|
la,| < min _ , _ _ TN
|(4+8+2y-2B)¥; 4] [(12+28+6y—6B) W3 o—(4+5+2y—4B2)WE |

|a3| Smin{ 2kq|rol+]rl _ |7 |Ki 2kq|rol+]rl
|(12+28+6y-6B)W3q|  |(4+8+2yV-2B)2WZ,| " |(12+25+6y—6B)¥3 o
[470|(k1+|(k2—k1)| }
|(12428+6y—6B)W3 o —(4+8+2y—4B2)W3 )

Corollary 5.7: Let F bein class }.(6,y, 5,4, Z). Then
, |77olk1 |470|(k1+](k2—kq)|
la,| < min ,

[(4+8+2y=2B-21)| 'l |(12+26+6y—68—-61)—( 4+5+2y—432)|

. 2k |7ro|+]|7 rE|k? 2kq|ro|+|r
|a3|Smm{ ilrol+|rl _ |6 | K3 ’ 1lrol+rl
[(12426+6y—6B8—61)|  |(4+6+2y—2B-22)2| ’|(12+26+6y—68—61)|
[470|(k1+|(k2—k1)|
[(12+26+6y—68—61)—(4+5+2y—482)|)

Corollary 5.8: Let F({) defined in (1) be in class QY50 abn (0,0,10, py). Then

o,v,q, UK

2k k|| Ly

la,| <
J k2L, [6%; ¢ — W2,] + BN W2, |

|kI1 L] k* L}

as| < + ’
1l = G, AL (6%, — A92] + 6N 9]
and fore € R
kIlLL k|| L
, 3¢, , 6%z
las — ead| < | k|12 |
IS@k[1£i], 3(e) 6V,
Where Ny =k — (k? + 2)Ly,
(1—-e)k3L2

36y = 2k2 Ly [6Wsq — Wio| + BNk W2,
Ify=pF=n=n=0and A = 1, Theorem 4 gives the next example.

Example 5.9: If F({) € QY50 %" (y, B, A,n,By) , then
108
4

2
a,a, —az| < ——Tj.
laza, sl o4 'k

6. Conclusions
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This examine introduces and employs a singular operator wonderful from preceding
investigations, which allowed the extraction of quasi-subordination consequences and the
derivation of new effects within the unit disk. Specifically, the studies explored new

subclasses: Yo'y uw (8,7, 8,4, 5), BLo 0 (v, B A0, 5)  and Q8504 (v, B, A1, Bi).
These subclasses awareness on univalent and bi-univalent mathematical features, particularly
emphasizing geometric residences and holomorphic conduct. Notable results consist of
computations of |a,|, |as|, the Fekete-Szegd inequality, and the second one Hankel
determinant for univalent and bi-univalent capabilities in the framework of the newly
described operator.
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