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Abstract

The purpose of this paper is to study the application of Weyl module’s resolution
in the case of two rows which will be specified in the partitions (7, 7) and (7, 7) / (1,

0), using the homological Weyl (i.e. the contracting homotopy and place
polarization).
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1. Introduction

Let R be a commutative ring with identity “1” and F be a free R -module by D,F which is the
divided power of degree b.

Consider the theory associated to the resolution of the two-rowed Weyl module K;,,F, that was
previously described [1], as in the following:
Afu=

q (1)

where K;,, F =1m(d’;,,) and d’y/,: DF — AF is the Weyl map whose images will be called
"Weyl module”.
We have:

] d'yy
Y Dp+k ®Dg-x —— Dp®Dy ——— K;,, >0 @)

and by using letter place, the maps will be explained now as follows:
Kk 2o Kk w ’ ’ ’
(w,‘l(uw )) 21 (W, 1@ ( )) Sy , @ [(t+1) (tt+ ?) w(p+t
w'| 2@k w'| 2(q-k) WAWW(2)
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where w@®w € Dpik ®Dgi » O = Zﬁg:tﬂ 62(]11‘) is the box map and d’,, = 02
c.0120psry1---Os1y1 IS the composition of place polarization, from positive places {1,2} to
negative places {1',2', ..., (p+t)'}.

Also, as shown in [2], O is deliver a component x®y of Dy, ®Dg_j 10 X x, ® X'k Y,
where); x,, ® x'y is the element of the diagonal of » in D, ® Dy .

Let Z,, be the free generator of divided power algebra D(Z,,) in one generator, then the divided

power component Zgﬁ) of degree k of the free generator Z,; acts on Dy, ®Dg_y by place
polarization of degree k from place 1 to place 2.

Particularly, the 'graded’ algebra ‘with identity'A = D(Z,,) acts on the graded module M =
X Dpik ® Dy_i = X My_i, Where the degree of the 2" factor dictates the grading [3] .

Therefore, M isa 'graded' left A;module, where for w = Z(k‘)e A and
v € Dg ® Dg, , by definition, we have:

w() = 757 () = 857 (). @
And if we have (t*) which is the graded strand of degree g
ds ds ag
M 0> Mgy —— .. > M —— ... My —— M, (5)
of the normalized bar complex Bar(M, 4; S, ¢), and S = {x},
By definition, we have that M, is the complex:
k k k 4
Zklzo Z(H 2 Z( Z)X ng1l)XDp+t+|k|®Dq—t—|k| —_—
d_
Zk o Z(t+k1) Z(kz)x xz(kz XDy 141/ ®D gt k| I (6)
T Zk 20 Z(Hk XDp 4k ®Dg—r—k — D,®Dq
Where |k| =Y k; and d; is the boundary operator d,, . Notice that (6) illustrates a left complex (92 =
0) over the Weyl module in terms of bar complex and letter-place algebra. Furthermore, when it

occurs in (6) that the separator » disappears between fog and the components in the tensor product of

the divided powers, this means that 6‘52 is applied to the tensor product [1,4].
2. Application of Weyl Module Resolution in the Case of Partition (7,7)
In this section we define the terms of Weyl module resolution in the case of partition (7, 7)
and give the proof of its exactness.
2.1 The Terms of Weyl Module Resolution in the Case of Partition (7, 7)
We define the terms of Weyl module resolution in the case of partition (7, 7), as follows:

M, =D,®D,
M; = Z,,#Dg®Dy @ Z(Z)H'D9® Ds @ Z21 HD10®D4 ® Z(4)HD11®D3
@ 2251)”1)12® D, ® Zzl #D13®D; @ Z21 #D14® Do
My = Zy#7,:#Dyg®@Ds @ Z(Z)%221%D10 ®D, © Z21”221 #D1o @Dy
@ 2(3)%221%'1)11 ®D; & 221?[2 HD11 ®D; @ Z(Z) Z(Z)HDM ®Ds
D77, 4Dy, ®D, @ 221%221 D1, ®D, @ Z(Z);{Z(3)M'D12 ®D,
D 2(3) (2)%D12 ®D, & 221 nZ;1#D13®D; Z21%221 #D13 ®Dy
@ 2(4) Z(Z)%D13 D, @ Z(Z)HZ(4)HD13 ®D, @ Z(3) Z(3)%1)13 ®D,
@ 27,1 1D1, @Dy ® Zp1#ZS0%D1, @Dy @ Z(S) Z3)%D1, ® Dy
® z(%z(s);m“ ®D, @ z(‘”uz(”}m“ ®D, @ 2(3)%2(“)@14 ® Dy
=Zya1Z3117311D1o @Dy © Zz1 nZp11Z31%D1; ® D3 © Z217""221 #Z221%D11 ® D3
@ 221%221%2221 #D1; ®Ds D 2231 nZ311Z31% D1, @D, GBZ21”2231 #2217D12 ®Dy
@ 221%221”221 #D1; ® D, @Z(Z)HZ(Z)%ZHKDH ®D, ® ZZ1”Z(2)]""2(2)]""1)12 ®D,
® Z(z)%Zm}fZ %D12 D, d 221 nZy1751#D13 @D, D 221%221 %221741)13 ® D,
@ 221%221”221 #D13®D; D 2(3);{2(2);{221;{D13 ®D; & 2(3)”221”2 #D13 ®Dy
S 221%2(3) Z(Z)H'DB ®D,; ® Z(z) Z HZz1M'D13 ® D, EBZ MZZlHZZl #D13 ®Dy
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@ Zp HZ D 2(3)%'D13®'D1 @ 7 uZ 1751 7#D14 ® Dy ® Zyy 175y #2101 ® Dy
® Zy1 #Zyy #Z5y) #D14 ® Dy LYY HLSI T 515Dy ® Dy LYY 571 %75 %D14 ® Dy
@ zzwz(‘*)%z(Z)%’DM@Do @ ZHZ5Y 171 #D1, ® Dy @ Z(Z)%ZMKZ #D14 ® Dy
D Zoy Z L HTS)H D1y ® Do @ 25 0TS 5T 51 #D14 @ Dy @ L5y #Zyy #Z53 #D14 ® Dy
® 221}[2(3) 2(3)}[:])14 ®D, @ 2(3)%2(2)%2(2)}(1)14 ® D, ® Z(Z)HZ(3)%Z(2)%'D14 ® D,
® 2%7Pu7 Dy, @ Dy

M, =

2117y 73117514 D1; ® Dy
@D 221”2221)”221%221”1)12 ® D,
D zzwzmxzzwzé?zmz ®D,
® Z(Z)%Zzﬂfz ”221%D13 ®D;
@ 7, 17 z ) 1Z51%Dy3 ® Dy
® zlezmz %Z(Z)%’Dlg ®D;
@D 22174221 nZy11Z311D13 @ Dy
@ Zy1#Zy1 #Ly # 25 #Dys ® Dy
@D 221742%41)%221%221”1)14 ® Dy
D 221x221x221xz§‘?z'nl4 ® Do
® 2(3)%221742 %zzwDM ® Do
D ZpynZ$) % z ) 1Z51%D14 ® Dy
5] 221%221%2 %Z(Z)H'DM ® Dy
D 73 nZp1 M5y 1751 %D14 ® Dy
@ ZpynZL) % 2(3)%221%']314 ® Dy
@ Zyy 75y HZ5HTS) D1, ® Dy

2221)%221%221%221%1312 ® D,
221%221”2221)”221%1)12 ® D,
Z(Z)%Z(Z)%ZzMZzﬂDm ® D,
221 J42217422174221 #Dy13® Dy
221”2221)%221”22?%1)13 ® D,
2231)”221”221”221”1)13 ® D,
221”2217{2231)7{22175'1313 ® D,
257 W1 57014721 %D14 ® Dy
221”2217{2243”221”1)14 ® Dy
2(3)%2(2)%221%221”D14 ® Dy
Z %221%221%221 #D14, ® Dy
221%2 ”221”221 #D1,® Dy
Z(Z)HZ(3)H221HZZ1HD14 ® Do
Z J42217f2213'4221 #D14 ® Dy
221%2 %221}:2 J{'D14 ® D,
Z(Z) Z(Z) Z(Z)HZZ1HD14 ® Dy

EBEBEB@@EB@EBEB@@EBEBEBEB@EB

@ Z(Z)%Z(Z)%221%Z(2)%D14 ® DO Z(Z)%221%Z(2)%Z(2)%’D14 ® DO
@ 221%2(2)%2(2)%2(2)}{'])14 ® DO
Ly1nZynly1mZy1 731Dy, ® Dy

@221%2521)%221%221”22174'])13 ®D,

2 Z(Z)”221%221%221”221%'D13 ®D,
@ 22174221”221 nZy11Z311D13 @ Dy
DZy1 221%2221)%22174221”1)13@'])1 @ Zy1n 22174221”2%21)”2217“)13@'])1
D®Zyn 221”221”221”2521)”'])13@1)1 ® Zg?’l)”221%221”221%221”®14 ® Do
D 7Zy1n Zf’l)%Zm%Zu%Zu%’Dm @Dy D Zy11Zy1 2231)”221%221”']314 ®D,
® 221%221”221%2231)”221”1314 ®Do © Zp1#Zy 1173117511 2231 xD1, ® Dy
® Z(Z)HZ(Z)%ZMH 221”221”'])14@1)0 ® Z(Z)szﬂ'fzn ULz n 221%D14®D0
® Z ”221%221”221 #Z51%D1,8Dy @ Z ”221%221”221%221 #D14®Dy
® 221%2(2) Z J42217f22174 D14®Dy © ZzﬂfZ(Z)"szﬂf Zzl #Z71%D14,®Dy
@ 221%221 %221”221}fzz1 #D1,®Dy @ 221H221%Z(2) Z(z)%ZuKDM@Do
@ 221”221”221 ”221”2 ”D14®D0 ® Zz1”221”221”2(2)”2(2)%D14®D0
Ly1nZyynly 17y #7317 #D13® Dy @ 221 HZpa Ly 1Ly n7 511751 # D14 ® Dy
@ 221”2221)”221”221”221”221”D14 ® D, & Zz1”221%2521)”221”221”221”1314 ® Do
@ 221%221”221%2521)3221%221}”314 ®Dy® 221%221%221K221%2521)%221%D14 ® Dy
) @ 221”221”221”221”221”2521)”'])14 ® Do
My = ZyynZy 117y 1Ly 17117511751 D14 @ Dy
2.2 The Exactness of Weyl Resolution in the Case of Partition (7,7)

Define the S; map as follows:
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& 1(7+R) .
o (W20 (2% (w[L0T0)  if k=1234567
o\ \w'| 207-R) 2
0 Jifk=0
And
Sl: Ml — MZ
(k) m, (W 1(7+k+m)) .
7+K .
§1<f@ ( ,1&;la$3> {Z uZyq ( '|pe-tomy) 31f M >0
) 2 0 ;ifm=0
An
Sz: Mz — M3
(kl) (k2) () (W 1(7+|Rl+m)> .
k .
& <Z§f‘f)%2(k2) (aw '1(:7+_||f|3|§$>]))> {Z A (gl yoaem) 1> 0
An
§3: M3 — M4_

<Z&0%Z@ﬁ%2&9 (»

1(7+|k|)2(m)>
"l 2(7-1kl-m)

& & & (7+|k|+m) .
{%ozu>fgzm>(,;me) Lifm >0
d0 ;ifm=0
An
84: M4 — MS
(&) (k) (k) o(ke) (W 1(7+|kl)2(m>>
<Z Loy #lgy Wl ( '| o (7=1kI-m)
w |1 (7+I&kI+m) _
{Zwo 72578550760, 700,, ( ,;U_m_mﬂ Jif >0
] 0 ;ifm=0
An
SS: MS — M6
(&) o (k2) o (ks) o (Re) . o (Ks) 10Hm2®d
(z WSRO 5 (| e
(7+|&|+m) .
{Zaq>%zuq>xzag>%zaq)qug) HZ D ( ’é(TﬂH—m)> Jif m >0
d0 jifm=0
An
(k1) (k) o (ks) o (Ke)  (ks) o (Ke) ﬂﬂwmmv
Se (z W2$OnSD O wt 7SO (] e
(kl) (k2) 7 (k3) o (ka)  (ks)  (Ke) - (m) 1(7*4kl+fn)) .
{z WSS Ha PSP (o e Jif >0
0 jifm=0
So we have the foIIowing diagram
00— M? O Dz I 9 Mo
H‘iJ/ Se H?{J/ Ss - H?{l 54;’”{{1 .5'3 - H Sa . H'f SJ:‘;"/;d So x’/:dJ/
1:"' ;.:"'f a, e a, w a, :r"' a
0 r M Mg r Mg 2 FiVlg

2.2.1 Proposition
In diagram (1), we can see that S,,d,, + 0,,S,,+1 =id wheren=0, 1, 2, 3,4, 5.
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Proof:
Z(k) ( ) a(k) (w 1(7+k)2(m)> (R+m) Z(kﬂn) (w 1(7+k+m)>
| 2(7-k-m) 2(7—k-m) | 2 (7-k-m)
And
(® 1<7+f<)2(m>) (&), (m) ( 1(7+f<+“3)) _  (&+m) o (k+m) (w 1(7+k+rr]))
o Sl<z (| s 280070 (s Lrem) ) = - (557) 285 s

® (W 1(7+k)2(m))
t o1 (w’ 2(7—k-m)
It is obvious that S,0,, + 0,,S; = id.

(K1) . .y (Kp) 1(7+|k|)2(m)) _ (|k|) IK| (w 1(7+|k|)2(n])>
<Z 2oy ( | 2(7-1&I-m) =5 Z21 | 2(7-1&I-m) +

(&), (&) (W
Z21 % 2oy (’2(7—|k|—m) )>

_ |f<|) IK| 7 (m) (7+|k|+“1)) R+ o (&e) o (Rp+m) (w 1(7+If<l+m))
- ( Z Z ( ! 2(7-Ik|-m) +( )Z Z ! 2(7—|k|-m) )’
And

(7+|&[) () (7+k+m)
0.5, <Z<kl)%z(kz) (W, 10+ED 2(m )) (Z(kl)}[z(kz)HZ(m) (w, 107+t ))

2(7—|k|—n)) 2(7—k—n])
|R|) &l 7 (m) ( ) ky+m\ (&) (ky+mm) (w 1(7+|k|+m))
( 221 T01 % gyt |5 - 1k1-m) (o) Zax 255 w' | 7-lki-m) T
Z(kl) Z(kz) (W 1(7+|k|)2(m))
| 2(7~I&|-m)
where |K|= &;+K;.
It is obvious that §,4,, + d,,S, = id.

(K1), (K)o (Ks) 1(7+|f<l>2<m))
(Z *lor %y (’2(7—|R|—m)

_ Ry+ky ) 7 (Ry+ko) o (Ks) 1(7+|k|>2<m))_ Ro+ks) (K1) o (Rp+Ks) (w 1<7+lf<l)2(m>)
‘§2<( )z nrg ( | 5 G=Iki-m) () zav w25 w'| 27=IKI=m)
(k1) (&) o (ks) (W 1(7+|f<|)2<m>)
Loy MLy Wy, ( ' 2(7-1&1-m)

(klr;kz) glfatha), 7 (ka) 7 ), ( 1(7+'f"+“3))_ (r<2+r<3) 700, 7 Ga i) (), (W 1(7+”"+m))

|2 (7-1kI-m) "2 7=1k1-m)
ks+m) 7 (K1), o () o (Ratm) 1(7+|f<l+m>>
() 2 2 wzg, ('2(7—|r<|—m>
And
(k) (ks) op(ky) (W [1C+IRD 2 | (1), 7 (K2 o (K3) () (W[ 1C7+EI+m)
0 S3 (2211 nly) ' nly7 ( ' 2(7-1&1-m) =0, | Ly HZy0 " HLy1 nT W' |2(7-181-m)

- (44) 2870 (W, ;EZi:E:fg;)Jr (F21%) 2857 e (‘W ;E?:E:tzi)
(k3:]-m) Z(kl)%z(klz)}[z(ks"'m) (W|;E;i:§i2;)+ Z(kl)%z(klz)xz(ks) Z(m)(w ;S+:E:+2;>

= - (k) 70, 7,7 (w’ ;gt:i:g) b (F) 27 7 (W, ;gi:i:fg)
(k3r:]-n]) 7000167080 7 Gtm) ( ;gt:gtg) A IO ( , 2(7_”('_“]))’

where K| = k1 +k, + &3.
It is obvious that S,d,, + d,,S; = id.

(k1) (K)o (Rs) o (Ra) 1(7+lf<l)2(m)>
(Z #loy Wloy Hloy (’2(7—Ikl—m)
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_ Rty o (Ky+Rp) o (Rs) . o (ke) (W [1(7+IED 2 (m) fotks) (K1) . o (Rp+ks) (K
_§3< ( 1+ z) Z( 1+k2) Z( 3) Z( 4) ( , S T~Iklom) ) ( 2t 3) Z( 1) Z( 2+Kk3) 2514)%)

(w 1(7+|R|)2(m)) (R3+k4) Z(kl)%z(kz)%z(k3+k4) (w 1(7+|f<|)2(n])>+

/ 2(7—|k|—n]) / 2(7—|R|—n])
(k1) 7 (K2) ) 7 (R3) s (Ka) 1(7+|f<l>z(m)>
Zar Hhgy Hlgy Mgy ( 2(7—Ik|-m)
— Rtk (k14K (R3) 5 (Re) () 1(7+|k|+n]))
) ( )Z #hart Hhay Hhay ( "2(7-I&l-m)
kp+ks) 7 (K1) o (Ra+k3) o (Ry) () (W 1(7+|R|+n])>_
( )Z a1 #har # a1 ( "1 2(7-I&l-m)
ka+ky\ 7 (K1), o (&y) o (R3+Ey) (1) m110+m+m»
( )Z #har Hepi Lo ( "|2(7-Ikl-m)
ka+m (K1) 7 (K2) 7 (R3) 7 (Re+m) 1(7+|k|+n])>
( ot )Z nly P nly ¥ nls ( '7-1k-m))
And
(k1) 7 (K2) 7 (K3) 7 (Ky) 1(7+Ikl)2(m))
OS4<Z #lay Mgy Hlg ( '| 27~I&l-m)
- (k1) 7 (K2) 7 (R3) 7 (Ry) () 1(7+If<l+m)
=d,, <2211 nly P nZy S nly Y wZy ( , 2(7—|k|—m)
Ri+Kp ) 7 (K1 +&2) 7 (&3) 7 (Ky) . (m) W |1 (7+I&kl+m) )
( &, )Z nl, P nly nls g ( o -181-my
ko +ks) 7 (k1) (k2+k3) (Ry) . () 1(7+If<l+m))
( )Z #lay Mg ( "|2(7—-1&l-m) *
(ka +k4-) Z(kl) (kz) (R3 +k4) (n]) ( 1(7+|k|+n]))_
"2 (7-1&|-m)
Ry+m) 7 (K)o, (kz) r<3) (k4+n]) 1(7+|f<l+m)>
( )Z ( oe-1k-m))*
k1), 7 (K2) o (Rs) )y (Ke) (m) 1(7+Ikl+m))
2802wt Pl () i
11k (k1+f<z) (ks),, (r<4) (m) 1(7+Ikl+n:|)) B
( &y ) Hlyy MLy AL ( |5 @-1k-m)
Ry +E (kl) (k2+k3) (k4) (m) 1(7+|k|+m)>
( k3 ) 21 J'{( 2(7_|k|_m) +
( 3+k ) (K1) Z(kz) (ks +ks) (m)%( 1(7+|k|+m)>_
K 221 221 | p(7-1&1-m)
4t (k1) (kz) (k3) (kq+m) 1(7+|k|+n]))
()% #har Hhpi (w’ S -le-m) )

(&) (k) (k) o(Ry) (W 1(7+|kl)2<m>>
Za1 Hhay Hlgy Hlg (’2(7—|r<|—m)

where |K| = k1 +K; + k3 +K,.
It is obvious that S;0,, + 0,,S, = id.

(7+1KD)  (m)
(z(kl)%z(kz)%z(f‘S)xz(k‘*)uz“‘s) ( 10 +IkD(m ))

| 27-1ki-m)

=S, <(k1+kz) 75 705, 7 60, 6 (w 1;;;_'72&;?))—
(k2+k3) Z;kll) Z(r«2+r<3) Z““‘) Z(ks) (w|12(27+—|ﬂ<)|2$))
e e
(k4+k5) Z(kl) Z(kz) Z(Rs) Z(k4+r(5) ( ,12(Z;r_ITFI()|i(nn)J))
)
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(7+|&|+m)
(k1+k2) Z(kl_'_kz) Z(f(3) Z(k4_) Z(ks) Zg?)}f(wl 1 )_

ko 2 (7—|&k|-m)
Rot+ks) 7 (K1) o (Ro+Rs) (K)o (Rs) o (m) (W 1(7+|f<l+m))
(F245) 2807+ 05070 w7 le( 4(%&%@

(7+1&|+m)

(Rl) (kz) (k3) (Rq+Ks) .~ (m) 1(7+Ik|+m))
) gyl (w 2 7-1l-m) ) *
(R4+m) (kl) (kz) (Rg) Z(k4) Z(k5+m) ( 1(7+|R|+m))

!

w'|2(7=Ikl-m) )’

(k4+k5

And
<r<1> (kz) <r<3> (k4) (r<5> 1(7+|kl)2(m>)

(k1) 7 (K2) ) 7 (R3) 7 (Ka) ) 7 (RS) oy (1) 1(7+|Rl+m>>
<z 703075 3075030757 ( i

__ (RtRy) (ke thy)o(ks) o (Ke) o (Ks) o (m) 1(7+|k|+m)>
( &y )Zz1 Ly mLyy " nl o n g ( |-
( 2 +k ) 7K, (kz+k3) Z(k‘*) (ks) (m) ( 1(7+|f<|+m))
ks |2 7-1&1-m)
(k+ ) (kl) (kz) Z(k3+k4) (ks) (m) ( (7+Ikl+m))
k |27~k -m)
( 4+K ) 7&D,, (kz) Z<r<3) (k4+k5) (m) ( 1(7+Ikl+m))
ks |5 7-1&1-m)
4t (kl) (kz) (k) | 7 (Kq) | (ks+m) 1(7+|f<l+m))
( m ) oy Wy Hlg ( W' |2 (7-IkI-m)
(7+|&|+m)
Z(kl)%Z(kz)%Z(k3)%2(k4)%2(ks) a(m)( %(7 |k m))

— (Re+Rp| 7Ry tR) (&) o (Ke) o (Ks) o (m) (W 1(7+|f<|+m))
() 2+ ez w P wa a0 () 2omem) +

(kz+k3)z<kl) <r<2+k3) Z“‘“) (r<5> (m) ( 1(7+|f<l+m))

' 7-1kI-m)
3+ke) 7)) (r<2> (ks +Re) (k5> 700 (7+|f<l+m)>
() 225 #71 721 ”( oe-1k-m )

(k+ ) 7, (r<2> Z(ka) (k4+k5) (m) ( 1(7+|f<|+m>>
& 2(7 |&l—m)
ks+m) 7 (K1), (kz) (ks) (k) o (Rs+m) W |1 (7+I&D 2 (m) )
() 225 e 2 7-Ik-m) )"

(&), (k) (ks) o (Ry) o (Ks) 1(7+|k|>2(m))
AR SR A Vel B P

where K| = k1 +K; + R3+R,+Ks.
It is obvious that S,0,, + 0,,S¢ = id.

<Z(k1) Z(kz) Z(ka) Z(k4) Z(Rs) Z(Rs) (

1(7+|R|)2(m)>
| 27=1&I-m)

- Ry+ky | 7 (Ry+K2) o (Rs) (K)o (Ks) . o (Ke) 1<7+|f(l>2(m>)
—Ss( () 28wz w20 (| o )*
25} 700) 7 o) (50, (50, () 1(7+|k|>2(m))_

(o) 225 #lox Loy Hloy ( | 5 G=1ki-m)
2+k (kl) <r<2> (r«3+r<4> (ks) (ke) (W 1<7+|f<|)2(m>>
(Se) 2z 21 #laa ( " e-k-m) )T
(r<+ ) 700,706,702 7 ko), 7 (k) (w 1<7+|ﬁ|)2(m>>_
K '| 2(7=1kI-m)
( s+k ) 7, <r<2) (ks) Z“‘“) Z(r«s+r<6> ( 1(7+If<l>2(m))
ke '| 2(7-IkI-m)
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w 1(7+If<l)2(m))>

(k1) 7 (K2) (R3), 7 (Re) iy (Rs) (ke)
Ly MLy " nLyy nLy L, 1O, (,2(7_|k|_m)

_ (Rt p(RatR)o(Rs) o (Ke) o(Rs)  o(Ke) o (m) 1(7+”<|+m))
= (i) 2 D na e P waf wa e (e
kpt+ks) 7(Ke) (R2+k3) (Ry) . (&) . (&s) . () 1(7+|f<l+m))_
( )Z #lox Loy Loy 7oy ( w |27 -1&1-m)
Ry+K (kl) (kz) (ks +Kg) (Ks) o (Ke) o (m) (W 1(7+|Rl+m)>
(fsre) 28 wZ$ 7837 86) 7 ( -tk *
1+ 70, 7(R0) 7 () (Ra k), 7 (Ko 7 (m) 1(7+|kl+m>>_
() z6s Wiy Loy " Hlpy #ly ( 5= 1k1-m)
(k5+k6)z(m) ( 1<7+|f<l+m>>
| (7-1kI-m)
(Re) o (Ra) o (Rs) o (Re) - (Rs+Re) o (m) (W [1(7+IKl+m)
N e A S P O e
ke+m) 7(&1) (K)o (ks) . (Ke) o (Ks) o (Kg+m) 1(7+|kl+m>>
( )Z J'fZ %Z J'{Z }[Z }[Z ( /2(7_|k|_n]) ]
And
(7+I&[) ()
9,5, <Z(kl)xzwz)}fz(ka)%Z(m%z(ks) Z(kﬁ) ( ,12(7_”('%“3) ))
(7+If<l+m)
<Z(kl)%z(kf)}fz(k?’)}fz(k")HZ(RS)%Z(RG)HZ(m) ( ’2(7_|k|_n]) >
Ry +ka ) 7 (Ry+K2) (K)o (Re) 7 (Ks) 7 (Ke)_ () 1(7+|k|+m)>
= () 25t O waf na (L
kaths) 7 (), (kz+k3) (k) (s) (kﬁ) (m) 1(7+|f<l+m))
() 22 Hlay Hlg ( '|pe=1k-m) ) ¥
(k3+k4) 70, (kz) (k3”‘4)xz(k5) (kﬁ) (m) ( (7+|f<|+“3))
Za1 | (7-1kI-m)
(k4+k5) 70, <r<2> (kg) Z(r«4+ks) (r<6> (m) ( 1(7+|kl+m))
ks "2 (7—1kl-m)
(k5+k6) (k1) (kz) (kg) Z(k‘*) (ks+k6) (m) (w 1(7+|f<l)2<m>>
2 (7—|&|-m)
ke+m 7 (K1) (k) o (Ks) o(Ke) o (Ks) . o (ke+m) 1<7+|f<l+m))
(Foam) 28502 2§ et $n e e (o o
(&), o (&2) o (k3) o (&e) o (Ks) o (Ke) (m) 1(7+|kl+m)>
7803075210755 1078030785107 856 10 ( i

(k1+kz) 7(ki+k) Z(k3> Z(k‘*) Z(kﬂﬂ(kﬁ)uz(m) (
W

w |1 (7+IKkl+m)
21 A ) -

2 (7=Il-m)

( k+ ) 700 7 Gath), 7 (), 7 (), 7 ), a(m)(W, égt:i:tg) N

(k r:r ) (kl) (kz) (r<3+r<4) Z(ks)}[z(kﬁ)%zg?)%(w, ;E:t:f;:tzi)
(S 2wl a0 st (1)

( r:r ) (kl) (kz) (ks) Z(k4) Z(k5+k6) Z(n]) (w 12(::|Tr|()|21(nn)1))
( I:]r )ngll)ngkf)%Z(k3)%Z(R4)%Z(Rs),{z(k6+m) ( ;EZ*:E:*E?)

Z(k1) Z(Rz) Z(k3) Z(k4) Z(Rs) Z(k6) ( , ;E;’::E:tz;)y

where K| = k1 +k, + R3+k,+Rs+Kg.

It is obvious that S¢d,, + 3,,S¢ = id.
From the above we conclude that {S,, S;, S, S3, S4, S5, Se} is a contracting homology [5], which
implies that our complex is exact.
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3. Application of Weyl Module Resolution in the Case of Partition (7, 7) / (1, 0)

In this section we define the terms of Weyl module resolution in the case of partition (7, 7) / (1, 0)
and give the proof of its exactness.
3.1 The Terms of Weyl Module Resolution in the Case of Partition (7, 7) / (1, 0)

If the Skew-shape (7, 7) / (1, 0) , then the characteristic free resolution terms will be as follows:

M, = D¢® D,

My = ZP%De®Ds & 75 J{'D9®'D4, ® z(‘”sz@m
eaz(”x'Dn@'Dzea Z8%D1,® D, ® 700%D3® D,

M,= 73 xzmm)g@m ® ZnZ; 1Dy ®Ds @ ZP%7 D1, @Dy

® Z0)nZy#D1 ®D;, @ IS HZ Dy @D, @ z(z) Z3)uDy; ® D,
@ Z(S)%221%D12®D1 @ 2(4)HZ(2)HD12®D1 @ Z(2) 2(4) Dy, ®D,
® Z0%zPuD, @D & ZZyxD1s @Dy B z(s)xz(z):mlg@m
® 719%CuD, @Dy ® %D @D ® 207 D1s @Dy
l\,/[3 = Z(z)ﬂzzﬂfzzﬂﬂ)w ®D; © 221 #Zy11Z311#D11 @D, @ Z(Z)HZ(Z)H221HD11®D2
@ 755251075501, @D, ® zmzzwzuwu@vl ® 2(3)142(2)%221%1312@131
@ 2(2) 2(3);{221@12@1)1 D IS5 ULy HT5HD1, ® Dy @ L5 HZ oy HZ5)#D1p ® Dy
@ 73 #2511 %D13 @ Dy @Z(4)%Z(2)%221KD13®D0 ® 102, 7BuD,, ® D,
eaz(”%z(‘*)xzmx’Dlg@Do D 771 L5 D13 ® Dy eaz“)zz“)uzzm'Dlg@'Do
® z(3>xz(3>x221x'D13 ® D,
M4 = Z J4221%221742217{1)11 ®D, & Z HZZ1HZZ1HZZ1HD12 ®D,
@Z(Z)%Z(Z)%ZHKZHXDH ®D; & Z(Z)%221%221 #Z31%D1, ® Dy
@Z J‘5221”221%221 #D1, ®D; © 221 ”221%221”221%D13 ® Do
@ 2(3) Z(Z)HZZ1HZZ1HD13 ® Do ® 2(3)74221”2 #Z311D13® Dy
® z<3)x221u221x221 #Dys @ Do Z(z)xz“)%ZmZzl%’Dls ® Dy
@ zmxzunzm #Z71#Dy3 ® Do ® 73 u221%221u221 #Dy3 ® Dy
Ms = 221 HLpy 1Ly ML 1731 #D1, @D, @ 221 ULy 1Ly 1L 1171 % D13 @ Dy
® Z(Z) Z(Z)”Zzﬂ‘f 221%221%D13®D0 @ Z(Z)”Zzﬂ’fzm Loy n 221%D13®D0
@ 221 J4221%22174221 #7311 D13®Dy 221 H221”221H221}f221 #D13 @ Dy

Mg = 2221)%221”221%221”221”221%']313 ® Do
3.2 The Exactness of Skew- Shape in the case of partition (7, 7) / (1, 0)

In this section we illustrate the construction of the homotopies {S;} in the case of partition (7, 7) /
(1,0) wherei=1, 2, ..., 5.

As for homologies we have:

SO: MO — Ml
(7+K)
s ((W[D2® _ (28 ( , 1(6—[()) Jif k=1,2,3,4,5,6,7
O\ \w'| 2(6-H 2 .
0 ;if k=0
And
(7+k+m) .
(R+1) W |1 (7+K) 9 (m) Z(R+1) Z(ITJ) (WW, 1(6—&— )) ;ifm>0
S\ Zar | y6-k-m) 20
) 0 ;ifm=20
An
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SZ: MZ — M3
(a+1) 7 (2) g () (W 17+ -
s (2w () D )
) 2 0 ifm=0
An
§3: M3 — M4
(ke +1) o (Ks) . o (Ks) 1(7+|R|)2(m>) _
<Z Hlay Hla: ( | 6-1&l-m) ) )7
ki+1) (& & W |1 (7+I&l+m) .
{Z( 1+1) Z( 2) Z( 3) Z(m) ( et Jif m >0
Od ifm=20
An
§4_: M4_ — MS
(ke +1) o (Ks) o (Ks) o (Ke) 1(7+|f<|>2(m))
S4 <Z Ly nly Y nl ( /| 5 6-1k1=m)
(ke +1) (k) o (k3) o (Ra) () 1(7+|f<l+m>> .
(2SS a D () >0
; 0 ,lf m=0
An
SS: MS — M6
(ki +1) o (ky) (k) o (Re) (k) (W 1(7+|kl)2(m>)
Ss <Z Hly Pl Y nly ( /| 61k =m)
(7+|&|+m) _
{Z(R1+1) Z(RZ)HZ(R3)HZ(R‘*)%Z(R5)zZ(m) ( ,;(6_|kl_m)> Lif m >0
0 ;ifm=0
So we have the following diagram:
a, a, a, a, 3, .,
0— M, » M » M, » M, M, ' M, » Mg
e e
:'d\\l / :'dJ/ /di J/ J/ J/s :'dJ/
- Ay dy ﬂ -“
— Mg » Mg * My »Ms *M; * M, * Mo
(2)

3.2.1 Proposition
In diagram (2), we can see that S,,0,, + 0,,S,,4+1 = id wheren=0, 1, 2, 3, 4.
Proof:

Z(k+1) (w 1(7+k)2(m)) _ g g&+D) (w 1(7)2(k+m)):
' 2(6—k-m) 021 w' 2(6—k-m)

(k+1+n]) Z(k+1+n]) (W 1(7+f<+m)>
"|2(6—k-m) )’
And

(k+1) 1(7+k>2(m)> (k+1) - (m) (
2,5, (z o (o ARRTAY

(R+1+m) Z(k+1+n]) (W
'\ (6—k—-m)

It is obvious that S,0,, + d,,S; = id.
(Z(k1+1) 752y ( 1(7+|f<l>2(m>)>

1(7+f(+n])
! 2(64(—“])>
1(7+R+ITJ)) N (k+1)%(w 1(7+k)2(n])>
21 w'| 2(6—k—m)

| 2(6-1kI-m)
g (lkl + 1) Z|r<|+1 ( 1(7+|f<l)2(m)) Z(k1+1) a(kz) ( 1(7+If<l)2(m)>
1 '| 2(6-1kI-m) 2(6—|k|-m)
_ |f<|+1) I&|+1 () ( 1(7+|R|+m)> Ryp+m o (ke +1) o (&z+m) ( 1(7+|k|+m)>
B ( Zo1 #la "2 (6=1&I-m) ( )Z ook "I2(6-1kI-m) )’

And
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(7+K]) > (m) (7+&k+m)
3,5, <Z(k1+1)}[z(kz) ( [107+1ED 2 )) <Z(k1+1)%2(k2)}{z(m) ( ,E(H{_z)))

2 (6=1K|-m)
If<|+1) |Kl+1 (m)( 1(7+|f<l+m)> Ro+m) o7 (k1 +1) (Rz+n])< 1<7+|f<|+m>>
( Lo #Z W' | p(6-Ikl-m) ( m )Z *Z W' | p(6-Ikl-m)
(Ky+1) o (Kz)
Lo oy ( ' 2 C6-181-m) )

where [K|= & +K,.
It is obvious that S,0,, + 0,,S, = id.

(ke+1) o (R2) o (k3) w1(7+lkl)2(m)>
<Z Loy #lz ( | 2(6-1kl-m)

(7+1&[) 9 (m)
=S, <(k1+klz+k2) Z(R1+1+k2) Z(ks) ( 1 2 )_

" 2(6-I&l-m)

Rotks) 7 (Ra+1), o (Ko tks) W1(7+|R|)2(m>> (ke +1) (k) (kg)(w 1(7+If<l)2(m))
( )Z "1 (’2(6—|f<l—m) t Loy Ly KL 2(6-[k|-m)

(k1+k12+k2) Z(k1+1+k2) Z(k3)HZ(m) (w’ ;Ez:f;:izi)_
e b e
7+|K|+
N
And
9,,Ss <Z(k1+1) Z(kz) Z(kg) (W, 12(::_|f|<r|()li(nn;)>> <Z(r<1+1) Z(kz) Z(k3) Z(m) (w, ;E::E:tz;))
et )
(et o )
()it )t ()
(e ().

Rp+R3) 7 (K1 +1) o (Ra+k3) - (m) 1(7+Ik[+m)
(2k3 3)2 3 Z o Z (W 2(6—|k|—m) B

ka+m) (R +1)_ (Kp) - (R3+m) 1(7+|f<l+m>) (ke +1) r(K) - y(Ks) (w 1(7+|r<|)2(m))
( m )Z Hla1 "oy (w 2(6—|k|-m) Loy Mgy Hlp | 2(6-1&l-m) )"
where |K| = k;+k; + K3.

It is obvious that S,0,, + d,,S; = id.

(7+[&D o (m)
<Z(f<1+1) Z(kz) Z(ka) ngf)”( f 1 2 )

~

2(6=|&|-m)

- Ry +1+Ky\ (R +14Kk5) o (Rg) o (ky) 1(7+Ikl)2(m)>

_Sg( () 2 g r o e B
Ro+&3) (k1 +1) o (ko+ks) (&) w 1(7+Ikl)2(m)>_
(ke ) 2 Pwzgy g )(w 5 (6=IK|-m)

Ra+ky) 7 (Ry+1) o (Ry) o (Rg+Ey) 1(7+Ikl)2(m))

() 2 g s ( | 5 (6=1ki-m)

1(7+|R|)2(m))

| 2(6~IkI-m)

(k1+1+k2) Z<r<1+1+r<2> Z“‘3)HZ““‘) Z(n]) (

7+, 75 76, a““*)(

W |1 (7+I&l+m)
! 2(6—|f<l—n])>
1. (7+I&l+m)

! 2(6—|k|—m)>'
1 (7+I&]+m)

! 2(6—|R|—m)>

(kz+k3) Z“‘l“) Z<r<2+r<3) 2“‘4)74 Z(m) (

(r«3+r<4) Z<k1+1) Z(kz) Z(k3+k4) Z(m) (
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Re+m\ 7 (&1+1) o (R2) o (K3) - (Ry+m)
(o) 2ex Pz wzg wzs ( ' (6-1k1-m)
And

(ke +1) o (Ra) . (Rs) o (Ry) 1(7+|k|)2(m>)
a%§4<z Z %Z Z ( ! 2(6—|f(|—n))

(k1 +1) o (Kp) oy (k3) y(Rs) () 1(7+|f<l+m>)
=0 <Z Hlgy Hlgy Hlar Hlg ( "2 (6-1k|-m)

1 7+I&I+m)
’ 2(6—If<l—m)) h
17 +I&[+m)

' 2(6—If<l—m))

W |1 (7+IkI+m)

' 2(6—|r<|—m))'
1(7+|k|+m)>

1(7+Ikl+m))

1+1+k2) Z<r<1+1+r<z> z“‘3)xz“‘4) Z(m) (

=(¢
(k2+k3) Z<r<1+1) Z<r<2+r<3) Z““*) Z(m) (
(

r<3+r<4) Z<r<1+1) Z(kz)%z(k3+k4) Z(m) (

(Fam) 285z st e (G L o

Ry +1) o (Rp) . r(R3) oy (Ry) (m) w 1(7+If<l+m))
7t D, 782 7 Rs) 7 K, ('z(ﬁ—lkl—m)

W |1 (7+I&kl+m)
' 2(6—Ikl—m)) B
1(7+|k|+m)>
| (6~ Ik|-m)
1(7+If<l+m))_
| 5 (6-1kI-m)
kytm) 7 (Ri+1) ) 5 (Ko) ) 5 (Ks) ) 7 (Ketm), (W 1(7+|k|+m))
( m )Z Hloy Hnlyy HLpy ( /| 5 (61—
(Ri+1) 5 (k2) 7 (K3)  ~(Ra) (m) 1(7+Ikl)2(m))
Ly MLy Pl Ty Y n0, ( (6 Iklm)

()t L )-
(k2+k3) Z(r<1+1) Z(k2+k3)%z(k4) Z(m) ( '%EZJ::E::LZD"'
(k3[;:k4)Z(k1+1)%z(k2)%z(k3+k4)Hz(m) ( '%E::E:izi)‘
(k4$m) 2 Ot e (L)
et )

_(k1+1+k2) Z(k1+1+k2) Z(k3)HZ(k4) Z(m) (

(kzk-l-kg) Z(k1+1)}lz(kz+k3)%z(k4)}{z(m) (

(k3r;:k4) 704D, 700) g ki) 7 ) (

Where K| = k1+k2 + f(3+k4.
It is obvious that S50, + 3, S, = id.

(ke +1) o (R2) . (ks) o (Ke) | o (Ks) 1(7+|kl>2(m))
<z 2SRRI 5 (| o

- k1+1+k2 (Re+1+Kp) o (Ks) o (Re) o (Ks) 1(7+|R|)2<m>)_
_S4< )Z oy Hhay g ( "] 2(6~I&kI-m)
( 1(7+Ikl)2(m))

'| 5(6=Ikl-nm)
Rtk 7 (Ki+1) o (R)  o(Rs+Ke)oy(Ks) (W 1(7+|f<l)2(m>>_
(i) T OwzgP gy g, ( /| (6= Iki-m)
1(7+|R|)2(n]))
'| p(6-1k1-m)
(a4 D), 7 (ko) 7 (Ra) y Ke) g Ks) (W 1(7+|f<l)2(m>>
Zar HLar Mgy Lot %0, ( 2(6—|&|—m)

(R1+1+k2) Z<k1+1+kz) Z<k3> Z(k‘*)xz“‘f’) Z(m) (

r<2+r<3) Z<k1+1) Z(k2+k3> Z(k‘*) Z(k5> (

(k4+f<5) Z“‘l“) Z(kz) 2“‘3)2“‘4”‘5) (

1(7+IKI+E) Rotks) 7 (Ri+D) o (Rotks)
’2(6—Ikl—n])) (o) 2 ez
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780507 86) 7 ( ,;Eg:i:izb +(55710) 78 sz w7 75 e ( ,%E::E:izb
(k4+k5) 20+ 70709, i),y ) ( ;EZi:E:f23)+(k4;m) 704D, 76, 76,
R )
And
0,Ss (Z(kl+1)%Z(RZ)%Z(R3)MZ(R4)%Z(R5) ( 12(22_'1)&;?)))
<Z“‘1+1) 702),769) 700, 765) 70, ( ;Ei:f;:fg»
_ (k1+1+k2) 7t 1+82) 7 00) () (50 ) (%" ;EZf:E:iED
(k2+k3) 7t D), g Gata), 7 (), 7 (59 7 m) ( 'égt:i:tg)
(k3k-:k4) 704D 75, 7 Catl) 1y Bs) () ( légi:gig) +(k4k+5k5)
Z(kl+1)%Z(k2)ngk13)%2(k4+k5)%Z(m) ( ' 2(6—|k|—m)> (ksr;m) Z(klﬂ) Z(RZ)MZ(RS)%Zg(f)K
A R )
(k1+1+k2)z(k1+1+k2) Z(kg)}[z(fq)uz(ks)%z(m) ( ,;E::E:gi) (kzk-l;ks)z(kl+l)%
702 ), 7 (68) 7 0s), ), ( %E::E:fg)
(kgkm) 754D R Cate) 1y K)oy ) ( %E::E:tgi)J,(hk:ks)
7EaHD), 7)), Z(R4+k5) 700 ¢ ( ;E::E:tg)(ksr;m) 70t D,700) 00 7 (),
7(ks+m) (wl 12(::1)'%;“)3)) 4700t 70, 7 (), 7 (), (50 (\w’ 12(2_'73%2;]))

where |K| = k1 +K; + R3+R,+Ks.
It is obvious that S,0,, + 0,,S¢ = id.

From the above we conclude that {S,, S;1, S2, S3, S4, S5} is a contracting homology [5], which
means that our complex is exact.
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