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Abstract 

     In this paper we introduce a new type of separation axioms which we call 
s*-separation axioms. We obtain the definition from standard separation 
properties by replacing open set by s*-open set in their definitions. 
Moreover, we study the relation between this type of separation axioms and 
each of generalized separation axioms (g-separation axioms) and standard 
separation axioms. 
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 الخلاصة

  -*Sالنمطات الفصل من يببديه أسميناهاات الفصل يبديه في هذا البحث قدمنا نوع جديد من      
S*-separation axioms)  .) 

  *S- مون الونمط  موعو  المفتوحوةباتخواذ المج الاعتياديو  الفصولخووا  عمى التعريف من  حصمنا
 وكل ات الفصليهذا النوع من بديهدرسنا العلاقة بين ذلك  إلى بالاضاف بدلا من المجموع  المفتوح  

 .ات الفصل الاعتيادي يوبديه (generalized separation axioms) المعممةات الفصل يمن بديه
  

 

1.Introduction 
     Levene,N. (2) generalized the concept of 
closed sets to the generalized closed sets 
(g-closed sets). Al-Meklafi, S. (3) generalized 
the concept of closed sets to the s*-closed sets. 
The complement of a generalized closed 
(resp.s*-closed) set is called a generalized open 
(resp.s*-open) set. In this paper we derive 
different properties of s*-closed sets and s*-
open sets also we introduce a new type of 
separation axioms namely, S*-separation 
axioms, which is properly placed in between the 
standard separation axioms and the generalized 
separation axioms (g-separation axioms). We 
obtain the definition from standard separation 

properties by replacing open set by s*-open set 
in their definitions. Moreover, we study the 
relation between this type of separation axioms 
and each of generalized separation axioms and 
standard separation axioms. 

 

2. Preliminaries 

      Throughout this paper ),X(  and ),Y(   

repressent nonempty topological spaces. If 

XYA   then , )A(cl , )Aint( and AX   

denote the closure of A , the interior of A  and 

the complement of A  in X  respectively 

also, )A(cl y and )A(int y  denote the closure of 

A  and the interior of A in Y respectively.  
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First we recall the following definitions.           

(2.1)Definition(1):                                                                                                                  

     A subset A  of a topological space ),X(  is 

called a semi-open (s-open ) set if there exists 

an open subset U  of  X  such that 

)U(clAU  .The complement of a semi-

open set is defined to be semi-closed (s-closed). 

(2.2)Definition(2):                                                                                                                  

A subset A of a topological space ),X(  is      

called a generalized closed (g-closed) if 

U)A(cl  whenever UA  and U  is open       

in ),X(  .The complement of a  g-closed  set is 

defined to be generalized open (g-open). 

The class of all g-open subsets of ),X(  is   

denoted by ),X(GO  . 

(2.3)Definition(3):                                                                                                                   

A topological space ),X(  is called  a g- 0T  

space  if for any two distinct points  x and y of  

X  there is a g-open set of  X containing one of 
them, but not the other. 

(2.4)Definition(3):                                                                                                                   

A topological space ),X(  is called a g-
1T -

space  if for any two distinct points  x and y of 

X there is a g-open set of  x which dose not 
contain y and a g-open set of  y which dose not 
contain x . 

 (2.5)Definition(3):                                                                                                                   

A topological space ),X(  is called a g- 2T -

space  if for any two distinct points  x and y of 

X there are two g-open sets U and V such that 

Ux , Vy and VU . 

(2.6)Remarks(3): 

i)Every iT - space is g- iT - space (i= 0,1,2) but 

the converse may not be true in general. 

ii)Every g- iT - space is g- 1iT  - space (i=1,2) but 

the converse may not be true in general. 

3. Properties of s*-open sets and s*-closed 

sets 

(3.1)Definition(3):                                                                                                                   

A subset A of a topological space ),X(  is 

called an s*-closed set if  U)A(cl    

whenever UA  and U  is s-open in ),X(  . 

The complement of an s*-closed set is defined 
to be s*-open. 

The class of all s*-open subsets of ),X(   is 

denoted by S* ),X(O  . 

(3.2)Remarks: 

i)Every open (closed) set is an s*-open (s*-
closed ) set respectively. 
ii)Every s*-open (s*-closed ) set is a g-open  
(g-closed) set respectively. 
The converse of (i) and (ii) may not be true in 
general. 
iii) s-open sets and s*-open sets are independent. 

(3.3)Theorem: 

A subset A  of a topological space ),X(  is an 

s*-closed set iff A)A(cl  contains no non- 

empty s-closed set. 

Proof: 

Necessity, Let F  be an s-closed subset 

of ),X(  such that A)A(clF  . Then FXA  . 

Since A is s*-closed and FX   is s-open , then 

FX)A(cl  . This implies )A(clXF   

So  )A(cl)A(clXF  . Therefore F . 

Sufficiency, suppose A is a subset 

of ),X(  such that A)A(cl  does not contain 

any non-empty s-closed set .Let O be an s-open 

set of ),X(  such that OA  .If O)A(cl   , 

then )OX()A(cl  is a non-empty s-closed 

subset of A)A(cl  . This is a contradiction 

.Therefore A is an s*-closed set . 

(3.4)Theorem: 

If A and B are s*-closed sets, then BA is also 
an s*-closed set. 

Proof: 

If OBA   and if  O is s-open , then 

)BA(cl  O)B(cl)A(cl   .Thus BA  

is an s*-closed set.  

(3.5)Theorem: 

If  A  is an s*-closed set of ),X(  and 

BA  )A(cl ,then B  is also an s*-closed set 

of ),X(  . 

Proof: 

Let O be an s-open set of ),X(  such 

that OB .Then OA  .Since A  is 
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s*-closed, then O)A(cl  . Now, 

 ))A(cl(cl)B(cl  O)A(cl  . Therefore B is 

also an s*-closed set of ),X(  .  

(3.6)Theorem: 

A subset A of a topological space ),X(  is s*-

open iff )Aint(F whenever F  is an s-closed 

subset of ),X(  and AF .  

Proof: 

Suppose that A is s*-open and AF ,where F  

is s-cloced , then FXAX  . 

Since FX   is s-open and AX  

is s*-closed ,then FX)AX(cl  . Hence 

FX)Aint(X  . Therefore )Aint(F . 

Conversely, suppose that )Aint(F whenever 

F  is s-closed and AF .To prove that A is 
s*-open.  

Let UAX  ,where U  is s-open 

in ),X(  .Then AUX  . Since UX   is 

s-closed , then )Aint(UX  , hence 

U)Aint(X  . Therefore U)AX(cl  . 

Thus AX is an s*-closed set .i.e. A  is an s*-

open set in ),X(  . 

(3.7)Theorem: 

If A and B are s*-open sets, then BA  is also 
an s*-open set. 

Proof 

The proof  follows immediately from (3.4) by 

showing that )BA(X   is  s*-closed. 

 (3.8)Theorem: 

If A and B are separated s*-open sets ,then      

BA  is s*-open. 

Proof: 

Let F  be an s-closed subset of BA . Then 

A)A(clF  . By (1) )A(clF is s-closed 

and hence by (3.6) )Aint()A(clF  . 

Similarly , )Bint()B(clF  . 

 Now, 

 )BA(FF 

))B(clF())A(clF(   

)Bint()Aint(  )BAint(  . 

Hence )BAint(F  and by (3.6) BA  is 

s*-open. 

(3.9)Corollary: 

let A and B be two s*-closed sets and suppose        

that AX and BX  are separated .Then 

BA   is s*-closed. 

Proof:  

The proof  follows immediately from (3.8) by 

showing that )BA(X   is s*-open. 

(3.10)Theorem: 

If A  is an s*-open set of ),X(  and 

B)Aint(  A  , then B  is also an s*-open 

set of ),X(  . 

Proof: 

Since )Aint(XBXAX  )AX(cl    

and AX  is s*-closed ,then by (3.5) BX  is 

s*-closed. Thus B  is s*-open. 

(3.11)Theorem: 

A subset A  of a topological space ),X(  is s*-

closed iff A)A(cl   is  s*-open . 

Proof: 

Necessity, suppose that A  is s*-closed and that     

A)A(clF  ,F  being  s-closed .Then by 

(3.3) F  and hence )A)A(clint(F  . 

Therefore by (3.6) A)A(cl   is s*-open. 

Sufficiency,suppose that A)A(cl  is s*-open 

and OA  ,where O is an s-open set . 

Now,  )AX()A(cl)OX()A(cl   

A)A(cl  and since )OX()A(cl  is s-

closed and A)A(cl  is s*-open , it follows that 

 )A)A(clint()OX()A(cl  . 

Therefore  )OX()A(cl   or O)A(cl  . 

Thus A  is s*-closed . 

(3.12)Theorem: 

Let ),X(  be a topological space and ),Y(  be a 

closed subspace of ),X(  .If A  is s*-open 

in ),X(  ,then YA  is s*-open in ),Y(  . 

Proof: 

Let F  be an s-closed subset of Y  such that       

YAF  ,then AF . Since F  is  s-closed 

in Y andY is s-closed in X ,then by (4) F  is s-

closed in X  , hence by (3.6) )Aint(F . Since 

 Y)Aint(YFF  )YA(int y  then 



Mahmood and Ibraheem                                Iraqi Journal of Science, Vol.51, No.1, 2010, PP. 145-153 

 541 

)YA(intF y  . Thus YA  is an s*-open       

set in Y . 

§ 4. S*-Separation axioms 

As an application of  s*-open sets, we introduce 

five new spaces namely, s*-
0T -spaces , s* -

1T -       

spaces , s*-
2T -spaces , s* -

3T -spaces and 

s*-
2

13
T -spaces. 

(4.1)Definition:                                                                                                                   

A topological space ),X(  is called an s*- 0T -      

space  if for any two distinct points x and y of  

X there is an s*-open set of X  containing one 
of them ,but not the other . 

Since every open set is an s*-open set,then   

we have the following theorem:- 

(4.2)Theorem: 

Every 0T -space is an s*- 0T -space. 

Proof: 

It is obvious . 

(4.3)Remark: 

The converse of ( 4.2) may not be true in   
general.Consider the following example:- 

Example: 

Let  X={a,b,c} & ={ ,X,{a,b}}. 

Since S* ),X(O   ={ ,X,{a},{b},{a,b}}. 

Then ),X(  is an s*- 0T -space ,but not a 0T -

space. 
Since every s*-open set is a g-open set, then       

we have the following theorem:- 

(4.4)Theorem: 

Every s*- 0T -space is a  g- 0T -space. 

Proof: 

It is obvious . 

 (4.5)Remark: 

The converse of ( 4.4) may not be true in       
general .Consider the following example:- 

Example: 

Let  X={a,b,c}   &   ={ ,X,{a}}. 

Since  ),X(GO  ={ , X, {a}, {b}, {c}{a,b}, 

{a,c}} and  S* ),X(O   ={ ,X,{a}} .Then 

),X(  is a g- 0T -space,but not s*- 0T . 

(4.6)Theorem: 

s*-
0T  property is a closed-hereditary property  

Proof: 

Let ),Y(   be a closed subspace of an s*-
0T -       

space ),X(  .To verify that ),Y(   is an s*-
0T -       

space .Let x and y be two distinct points of  Y ,        

then x and y be two distinct points of X  . Since         

),X(  is an s*-
0T -space, then there exists an      

s*-open set U  in ),X(  containing  x or y ,say  x        

but not  y .Now ,  by (3.12) YU  is an s*-open        

set in ),Y(  containing  x , but not  y . Hence        

),Y(  is an s*- 0T -space. 

(4.7)Definition:                                                                                                                   

A topological space ),X(  is called an s*-
1T -       

space  if for any two distinct points x and y of 

X there is an s*-open set of  x which dose not   
contain y and an s*-open set of  y which dose 
not contain x 

(4.8)Theorem: 

Every 
1T -space is an s*-

1T -space.  

Proof: 

It is obvious . 

(4.9)Remark: 

The converse of (4.8 ) may not be true in       
general .Consider the following example:- 

Example: 

Let  X={a,b} &  ={ ,X}. 

Since  S* ),X(O  ={ ,X,{a},{b}}. 

Then ),X(  is an s*- 1T -space,but not a 1T -

space. 

(4.10)Theorem: 

Every s*- 1T -space is a g- 1T -space. 

Proof: 

It is obvious . 

(4.11)Remark: 

The converse of (4.10) may not be true in       
general .We observe that the space of (4.5) is       

a g- 1T -space ,but not an s*- 1T -space. 

(4.12)Theorem: 
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Every s*-
1T -space is an s*-

0T -space. 

Proof: 

Let ),X(   be an s*-
1T -space. To prove 

that ),X(  is an s*-
0T -space.  Let x and y be 

any two distinct points of ),X(  .Since ),X(   

is an s*-
1T -space, then there exists two s*-open 

sets U and V in ),X(  such that Uy,Ux   

and Vx,Vy  . Thus ),X(  is an s*-
0T -

space. 

(4.13)Remark: 

The converse of ( 4.12) may not be true in 
general .We observe that the space of (4.3) is an 

s*- 0T -space,but not an s*-
1T -space. 

(4.14)Theorem:                                                                                                                   

A topological space ),X(  is an s*-
1T -space      

if every singleten is s*-closed.  

Proof: 

Suppose that every singleten is s*-closed in       

),X(  .To verify that ),X(  is an s*-
1T -space. 

Let x and y be any two distinct points of ),X(  . 

Put }x{XU  and }y{XV  .Since }x{ and      

}y{ are s*-closed sets in ),X(  , then U and 

V are s*-open sets in ),X(  . Since 

Ux,Uy   and Vx , Vy . Thus ),X(  is 

an s*- 1T -space. 

(4.15)Remarks: 

i)By (4.9),we observe that the points of an s*-

1T -space need not be closed.  

ii)Not every finite s*- 1T -space is discrete.          

The space in example (4.9) is finite and s*- 1T -           

space ,but not discrete. 

iii) 0T -space and s*- 1T -space are independent.            

The space of example (4.9) is an s*- 1T -space ,            

but not a 0T -space.The following example             

show that 0T -space may not be an s*- 1T -space            

in general. 

Example: 

Let  X={a,b,c}   &   ={ ,X,{a},{a,b},{a,c}}. 

Since  S* ),X(O  ={ ,X,{a},{a,b},{a,c}}.Then 

),X(  is a 0T -space ,but not an s*- 1T -space.          

(4.16)Theorem: 

s*-
1T  property is a closed-hereditary property        

Proof: 

Let ),Y(   be a closed subspace of an s*-
1T -

space ),X(  .To verify that ),Y(  is an s*-
1T -

space.Let x and y be two distinct points of 

Y ,then x and y be two distinct points of X  .     

Since ),X(  is an s*-
1T -space,then there exists       

two s*-open sets U and V in ),X(  such that       

Uy,Ux   and Vx,Vy  . 

Now ,by (3.12) YU and YV are s*-open       

sets in ),Y(  such that YUy,YUx        

and ,YVy  YVx  .Thus ),Y(   is an        

s*-
1T -space. 

(4.17)Definition:                                                                                                                   

A topological space ),X(  is called an s*-
2T -      

space  if for any two distinct points x and y of 

X there are two s*-open sets U and V such that  

Ux , Vy and VU . 

(4.18)Theorem: 

Every 
2T -space is an s*-

2T -space. 

Proof: 

It is obvious . 

(4.19)Remark: 

The converse of (4.18) may not be true in 
general.  

Example: 

Let  X={a,b,c}  &   ={ ,X,{a},{b,c}}. Since 

S* ),X(O  ={ , X, {a}, {b}, {c}, {a,b}, {a,c}, 

{b,c}}. 

Then ),X(  is an s*- 2T -space ,but not a 2T -

space.          

(4.20)Theorem: 

Every s*- 2T -space is a  g- 2T -space. 

Proof: 

It is obvious . 

(4.21)Remark: 

The converse of ( 4.20) may not be true in 
general .We observe that the space of (4.5) is a 

g- 2T -space ,but not an s*- 2T -space. 
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(4.22)Theorem: 

Every s*-
2T -space is an s*-

1T -space. 

Proof: 

Let ),X(  be an s*-
2T -space .To prove 

that ),X(  is an s*-
1T -space. Let x and y be two 

distinct points of ),X(  . Since ),X(  is an s*-

2T -space , then there exists two s*-open 

sets U and V in ),X(  such that Ux , Vy and 

VU . Since Uy and Vx . 

Thus ),X(  is an s*-
1T -space. 

(4.23)Remark: 

The converse of (4.22) may not be true in 
general . Consider the following example:- 

Example: 

Let X  be any infinte set and let 

={
cU:XU  is finite} }{ .Then ),X(       

is an s*-
1T -space ,but not an s*-

2T -space, Since 

in ),X(  any two non-empty open sets and 

hence any two non-empty s*-open sets intersect. 

(4.24)Remarks: 

i) 0T -space and s*-
2T -space are independent.         

The space of example (4.15)(iii) is a 0T -space,          

but not an s*- 2T -space. While the space of           

example (4.9) is an s*- 2T -space,but not a 0T -

space. 

ii)
1T -space and s*- 2T -space are independent.         

The space of example (4.23) is a 
1T -space ,but           

not an s*- 2T -space. While the space of example          

(4.9) is an s*- 2T -space ,but not a 
1T -space. 

(4.25)Theorem: 

s*- 2T  property is a closed-hereditary property. 

Proof: 

Let ),Y(   be a closed subspace of an s*- 2T -      

space ),X(  .To verify that ),Y(  is an s*- 2T - 

space.Let x and y be two distinct points of Y , 
then x and y be two distinct points of  X . Since 

),X(  is an s*- 2T -space, then there exists two 

s*-open sets U and V of ),X(  such that 

Ux , Vy and VU . Now by (3.12)      

YU and YV are s*-open sets in ),Y(        

such that  YUx  , YVy   and        

)YV()YU(  Y)VU(   Y  

 Thus ),Y(   is an s*-
2T -space. 

(4.26)Theorem: 

s*-
iT  property is a topological property 

(i=0,1,2). 

Proof: 

Let ),Y(),X(:f  be a homeomorphism       

and ),X(  be an s*-
2T -space. To prove 

that ),Y(  is an s*-
2T -space .Let Yy,y 21   

such that 
21 yy  . Since f  is onto , then 

Xx,x 21   such that ,y)x(f 11   

&y)x(f 22   
21 xx   .Since ),X(  is an s*-

2T -space, then there exists two s*-open sets 

U and V of ),X(  such that Ux1  ,  

Vx 2  and VU . Since f is a 

homeomorphism ,then  )U(f and )V(f are two 

s*-open sets in Y such that )U(f)x(fy 11   

and )V(f)x(fy 22  . Since f is one-to-one, 

then  )(f)VU(f)V(f)U(f  .    

Thus ),Y(  is an s*-
2T -space. 

By the same way we can prove the theorem 
when i=0,1.  

(4.27)Definition:                                                                                                                   

A topological space ),X(  is called an s*-

regular space  if for any closed subset F  of X 

and any point x of X  which is not in F , there 

are two s*-open sets U and V such that 

Ux , VF and VU .  

(4.28)Definition:  

An s*-regular 1T -space is called an s*- 3T -

space. 

(4.29)Theorem: 

Every 3T -space is an s*- 3T -space. 

Proof: 

It is obvious . 

(4.30)Theorem: 

Every s*- 3T -space is an s*- 2T -space. 

Proof: 
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Let ),X(  be an s*-
3T -space .To prove  

that ),X(  is an s*-
2T -space. Let x and y be    

two distinct points of ),X(  . Since ),X(  is a 

1T -space, then by (5) }y{  is closed in X and     

}y{x . Since ),X(  is s*-regular ,then there  

exists two s*-open sets U and V of ),X(  such    

that Ux , V}y{   and VU . Hence 

Ux and Vy . Thus ),X(  is an s*-
2T -

space. 

 (4.31)Remark: 

The converse of (4.30) may not be true in 
general.We observe that the space of (4.9) is an 

s*-
2T -space,but not an s*- 3T -space. 

(4.32)Theorem: 

Every s*- 3T -space is a  g-
2T -space 

Proof: 

It is obvious . 

(4.33)Remark: 

The converse of (4.32) may not be true in 
general .We observe that the space of (4.5) is a  

g-
2T -space,but not an s*- 3T -space. 

(4.34)Theorem: 

A topological space ),X(  is s*-regular if for 

any Xx and any open set U  of  x , there is 

an s*-open set V of  x such that 

)V(clVx  U . 

Proof: 

Suppose that ),X(  is s*-regular , U  is open in   

X  such that Ux . Since U  is open , then 

UX   is closed in X  and UXx  , 

since ),X(  is s*-regular, then there exists two 

s*-open sets V and W  of ),X(  such that 

Vx , WUX   and WV . Hence 

UWX  , Since WX   is s*-closed and 

U is s-open ,then U)WX(cl  .  

Since WV , then WXV   , hence     

)WX(cl)V(cl  . Therefore  )V(clVx  

U)WX(cl   Thus )V(clVx  U  . 

Conversely, To prove that ),X(  is s*-regular.      

Let Xx and F  be a closed subset of  X   

such that Fx . Then FXx  , hence by 

hypothesis there is an s*-open set V  of  x  such 

that )V(clVx  FX  , Since FX)V(cl       

then )V(clXF  and )V(clX  is an 

s*-open set of X .Therefore Vx ,  

)V(clXF   and  ))V(clX(V  

.Thus ),X(  is an s*-regular space. 

(4.35)Remarks: 

i) 
0T -space and s*-regular space are 

independent (see (4.15) (iii ) and (4.9)). 

ii) 
1T -space and s*-regular space are 

independent (see (4.23) and (4.9)). 

iii) 
2T -space and s*-regular space are 

independent. The space of example (4.9) is an 

s*-regular space, but not a 
2T -space. 

The following example show that 
2T -space may 

not be an s*-regular in general . 

Example: 

Let   be the set of all real numbers  and k 

={ n:
n

1
is a positive integer }. 

Let   be the topology on   whose base 
consists of: 
(a) Every open interval (a,b) such that 

)b,a(0 . 

(b) Every set (a,b)-k ,where (a,b) open interval  
containing 0 . 

Then ( , ) is a 
2T -space, but not s*-regular. 

(4.36)Theorem: 

s*- 3T  property is a closed-hereditary property. 

Proof: 

Let ),Y(   be a closed subspace of an s*- 3T -     

space ),X(  .To verify that ),Y(   is an s*- 3T -     

space. Since ),X(  is an s*- 3T -space, 

then ),X(   is an s*-regular 1T -space .Hence by 

(5) ),Y(  is a 1T -space . To prove that ),Y(  is 

s*-regular. 

Let F  be a closed subset of Y  and Yy such      

that Fy , then YFF 1  , where 1F  is 

closed in X  and 1Fy . Since ),X(  is s*-

regular, then there exists two s*-open sets 

U and V of ),X(  such that Uy , 

VF1  and VU . 
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Now , by (3.12) YU and YV  are s*-open     

sets in ),Y(  such that YUy  ,      

YVYFF 1    and )YV()YU(    

 YY)VU(  . Therefore ),Y(   is an 

s*-regular space . Thus ),Y(   is an s*-
3T -

space. 

 (4.37)Definition:  

Let ),X(   and ),Y(   be two topological      

spaces. A function ),Y(),X(:f   is called  

s*-continuous  if )V(f 1 is an s*-open set of     

),X(  for each open subset V of  Y . 

 (4.38)Theorem: 

Every continuous function is an s*-continuous. 

Proof: 

It is obvious . 

(4.39)Remark: 

The converse of (4.38) may not be true in       
general .Consider the following example:- 

Example: 

Let  X = Y= {a,b,c} , ={ ,X,{a,b}} and      

 ={ ,Y,{a},{a,c}}. 

Define ),Y(),X(:f   by : f(a)=a, f(b)=c     

and f(c)=b .f is not continuous, since {a} is an      

open set of ),Y(  , but }a{})a({f 1 
is not       

open in ),X(  .However f  is s*-continuous,       

because , S* ),X(O  ={ , X, {a}, {b}, {a,b}} 

and  )(f 1 ,    X)Y(f 1  ,    }a{})a({f 1 
, 

}b,a{})c,a({f 1 
   

which are s*-open sets in  ),X(  .  

 

 

 (4.40)Definition:                                                                                                                   

A topological space ),X(  is called an s*-

completely regular space  if for any closed 

subset Fof  X  and any point x of X  which is 

not in F  , there is an s*-continuous function      

)],1,0([),X(:f  such that 0)x(f  and       

1)F(f   (where [0,1] is a subspace of   with        

relative usual topology  ). 

 (4.41)Definition:  

An s*-completely regular 
1T -space is called       

an s*-
2

13
T -space. 

(4.42)Theorem: 

Every s*-
2

13
T -space is an s*-

3T -space. 

Proof: 

Let ),X(  be an s*-
2

13
T -space.To prove      

that ),X(  is an s*-
3T -space. Since ),X(  is an       

s*-
2

13
T -space, then ),X(  is an s*-completely 

regular 
1T -space. It is enough to prove that 

),X(  is an s*-regular space. Let F  be a closed 

subset of X  and Xx  such that Fx . 

Since ),X(   is s*-completely regular, 

then there is an s*-continuous function 

)],1,0([),X(:f   such that 0)x(f  and 

1)F(f  . Since [0,1]  and   with usual      

topology is a 
2T -space then so is )],1,0([  . 

Since  0,1 ]1,0[ and 10  ,then there are two 

open sets U and V  in )],1,0([  such that 

U0 , V1 and VU . Since f  is s*-

continuous function , then )U(f 1
and 

)V(f 1
are s*-open sets in ),X(  . 

 )U(fx)U(f)0(fU0
111 

 
. 

 )V(fF)V(f)1(fV1
111 

 
. 

Since  

  )(f)VU(f)V(f)U(f 1111  .  

Thus ),X(   is an s*- 3T -space. 

 

 

 

 

(4.43)Theorem: 

S*-
2

13
T  property is a closed-hereditary 

property. 

Proof: 

Let ),Y(   be a closed subspace of an s*-
2

13
T -

space ),X(  . To verify that ),Y(   is an s*-

2
13

T -space. Since ),X(  is an s*-
2

13
T -space,      
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then ),X(  is an s*-completely regular 
1T -

space . 

Hence by (5) ),Y(  is a 
1T -space. To prove       

that ),Y(  is an s*-completely regular  Let F  be 

a closed subset of Y and Yy such that     

Fy , then YFF 1  , where 
1F  is closed in 

X and 
1Fy . Since ),X(  is s*-completely 

regular,  then there is an s*-continuous function    

)],1,0([),X(:f  such that 0)y(f  and     

1)F(f 1  . Let )],1,0([),Y(:Y/fg   be a 

function defined by :- g(x) = f(x), Yx .  

Since f is s*-continuous and Y be a closed 

subspace of  X ,then g is also an s*-continuous 
.Since g(y) = f(y)=0 and g(y) = f(y) 

=1, Fy , then g(y)=0 and g( F )=1. 

Hence ),Y(   is an s*-completely regular.    

Thus ),Y(   is an s*-
2

13
T -space. 

(4.44)Theorem: 

i) s* - 3T  property is a topological property. 

ii) s* -
2

13
T   property is a topological property.  

Proof: 

ii) Let ),Y(),X(:f  be a homeomorphism 

and ),X(  be an s*-
2

13
T -space.To prove 

that ),Y(  is an s*-
2

13
T -space. Since ),X(  is 

s*-
2

13
T -space, then ),X(  is an s*-completely      

regular 1T -space. Hence by (5) ),Y(  is a 1T -     

space .To prove that ),Y(  is an s*-completely      

regular . Let F  be a closed subset of Y  and      

Yy such that Fy . Since f  is onto , then       

there is Xx such that f(x) = y. Since f  is       

continuous, then )F(f 1 is closed in X  

and
1

1 F)F(fx   . Since ),X(  is s*-

completely regular, then there is an s*-

continuous function      )],1,0([),X(:h   such 

that 0)x(h   and 1)F(h 1   Since 

),X(),Y(:f 1   is homeomorphism and 

)].1,0([),X(:h  is s*-continuous ,then 

)],1,0([),Y(:fh 1   is s*-continuous .  

Since 0)x(h))y(f(h)y(fh 11   and   

1)F(h))F(f(h)F(fh 1

11    Hence ),Y(   

is an s*-completely regular space .Thus ),Y(  is 

an s*-
2

13
T -space. By the same way we can 

prove that (i). 
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