Obaid and Sadek Iraqi Journal of Science, 2026, Vol. 67, No. 1, pp: 353-364
DOI: 10.24996/ijs.2026.67.1.29

Iraqi
Journal of
Science

N/
ISSN: 0067-2904

Supra Topological Spaces Via Delta-Semi-Open Sets

Firas J. Obaid*, Afraa R. Sadek
Department of Mathematics, University of Baghdad, Baghdad, Iraq

Received: 28/7/2024  Accepted: 19/12/2024  Published: 30/1/2026

Abstract

The significance of supra topological spaces as a subject of study cannot be
overstated, as they represent a broader framework than traditional topological
spaces. Numerous scholars have proposed extensions to supra open sets, including
supra semi-open sets, supra delta-open sets and others. In this paper, the concept of
supra delta-semi-open set was introduced within the generalizations of the supra
topology of sets. Our investigation involves harnessing this category of sets to
introduce new notions in these spaces, specifically supra delta-semi-limit points,
supra delta-semi-derive points and examining their relationship with supra semi-
open. Building upon this set classification, we introduce several additional concepts
such as supra delta-semi-symmetric, supra (delta, delta) semi-generalized closed,
supra delta-semi-continuous functions, supra semi-kernel-delta sets, supra delta-
semi-separation axioms, supra temperate delta-semi rhoo, rho; spaces and supra
delta-semi rhoo, rho; spaces, and we have presented several theories that
demonstrate cases of equivalence among these ideas under specific conditions.
Additionally, we have proven a collection of useful relationships and properties for
the aforementioned ideas. Furthermore, the research was enhanced with illustrative
and refuting examples.
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1. Introduction and preliminaries

It is known that the subset of the power of a set C forms a topology if certain conditions
are met. The most important of which is its closed with respect to the union and the
intersection of finite subsets of it. It is also known that every element in that set is called an
open set and its complement is a closed set and that (C, t) is called a topological space for
instance [1], [2].
N. Levine [3] and numerous researchers have generalized concepts in topology like open sets
and closed sets and the ideas related to them such as interior, closure and other well-
established concepts in topology, for more information see [4], [5]. In 1968 Velicko [6]
introduced the notions of regular open and then defined delta-open for short (8. open) and 6.
closed sets as follows: A subset B is termed &.open if for every ¢ € B there is a regular open
set O such that ¢ € O € B. The complement of §.open is referred to §.closed [7], [8]. A point
c € C is referred to §.cluster point of B € C if B N int(cl(0)) # ¢ holds for every open set
O of C that contains c. The collection of all §.cluster points of B is defined as the §.closure of
B which denoted by cls(B) [9]. The union of each regular open subsets contains in B is
termed §.interior of B which denoted by ints(B) [7], further B is deemed &.closed if and
only if B = clg(B) applies [10]. The complement of §.closed set is known as §.open set.
Recall that, B is considered a semi-open set if B € clgs(int(B)), and the complement of a
semi-open set is denoted as semi-closed set [8], [11]. Moreover, we denoted the semi-closure
of B by ¢omicl(B), for an information of this concept see [11], [12]. A space (C,t¢) is called

semi- R, if for every semi-open set O and ¢ € O, g,;cl({c}) € O [13], [14] and it is called a
semi- R, if for every ¢y, c; € C such that (,,...cl({co}) # semicl({c1}), then there are disjoint

semi-open sets Oy and O, such that ,,,;cl({co}) € Oy and ¢,,;cl({c1}) S 04 [15].

In conjunction with the generalizations of open and closed sets mentioned above, the concept
of topology itself was generalized by dispensing with the intersection condition as follows: A
sub collection 73 of the power set of C is referred to supra topology on C if ¢, C € 7 and it is
closed under arbitrary union [9], [16]. The pair (C,72) labeled supra topological space or
supra space for short, where any member belongs to 75 named supra open (briefly S.open),
the complement of S.open is named supra closed (briefly S.closed). The intersection of all
S.closed sets including B is labeled supra closure of B and symbolized by S. cl(B), where B
is any subset of C. The union of all S.open that contains in B is named supra interior of B and
is denoted by S.int(B) [17], [18]. A point ¢ in a supra space (C,Tg) is referred to supra
dcluster point and symbolize is by S.dcluster of B if O N S.int(S.cl(B)) # ¢ for each
S.open set O of C containing ¢ [19]. The set of S.dcluster points of B is called supra §closure
of B and is symbolized by S. cls(B). A subset B of supra space C is referred to supra §closed
whenever B = S.cls(B), while the complement of supra dclosed set is referred to supra
dopen [19]. The notations of §-limit points [20], semi-cluster points, semi-derive points and
semi-limit points [21], [22], semi-separation axioms [23], [24], semi-continuous functions
[25], semi-symmetric [5] in supra topological spaces are defined in the same manner as the
previous notations in topology, with the substitution of semi-open by supra semi open, for
instance see [25].
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In this paper we defined supra dsemi open which is stronger than supra semi open. The
concepts related to S.dsemi open are introduced, like supra dsemi closure, supra dsemi
interior, supra dsemi limit points, supra dsemi neighborhood, supra dsemi kernel, supra
dsemi continuous functions, supra temperate dsemi py, p; and supra dsemi py, p1. Many
results were proved as well as we investigated the relationship involving supra semi open and
supra dsemi open. Also, the connection among the concepts mentioned above have been
highlighted through numerous theories and properties, supported by examples that illustrate
the differences between these concepts and the concept of supra §semi sets.

2. Supra J.semi. derived Sets

In this section we will acquaint supra topological space via dsemi open, examples and
verified some important results and properties associated with previous concepts, and we will
be beginning with the following definitions.

Definition 2.1: A subset B of supra space C is referred to supra-delta semi open (briefly
S.§semi. open) set if there is an S.dopen set O of C such that O € B € S.cl(0). The
complement of S.d§semi. open set is referred to supra-delta semi closed (briefly S.dsemi.
closed) set.

Definition 2.2: A point ¢ in a subset B of a supra space (C,t7) is referred to supra- Ssemi
limit (briefly S.8semi. limit) point of B if every S.dsemi. open subset O of C containing ¢
satisfies the condition O N (B — {c}) # ¢. The collection of all S.§semi. limit points of B is
said to be supra-dsemi derived (briefly S.dsemi. derived) set of B and is symbolized by
S-semi D(S (B)

Example 2.3: Let C = {a,b,c,d, e} and 3 = {¢, C,{a},{d,c},{b,e a},{b,e d,c},{cd a}}
Then, the family of all S.§open sets is {¢,C,{b,e,d,c},{b,e,a} {c d,a},{d, c},{a}}. The
family of S. dsemi. open set is
{d), C,{b,e,d,c},{b,e a},{c,d,a},{c,b,d,a},{ce d, a},{d,c}, {a}}. It is clear that {c, b, d, a} is
S.dsemi. open and {b, a} is not S.dsemi. open set. On the other hand, the elements (e) and
(a) are examples of S.dsemi. limit point and not S.6semi. limit point respectively for the
subset {b, c}.

Definition 2.4: Let B be a subset of (C,73), A point c in C is referred to supra-§semi cluster
(briefly S. semi. cluster) point of B whenever O N B # ¢ for each S. §semi. open set O of C
containing c¢. The set of each S.dsemi. cluster points of B is called supra-6semi closure
(briefly S.dsemi. closure) symbolized by S.iomi cls(B). We symbolized the collection of
S.8semi. open (resp., S.8semi. closed) sets by S.5semi.0(C,t?) (resp., S.8semi.C(C,t7)).
Definition 2.5: A subset O of a supra space (C,t7) is referred to supra-6semi neighborhood
(briefly S.6semi. neighborhood) of a point ¢ if whenever O contains a S.§semi. open set to
which ¢ belongs.

Example 2.6: In Example 2.3, let B = {b,c},H = {d,c} then S.g.,; cls(B) = {b,e,c,d},
S.semi Cls(H) ={d,c}. Let O = {c,e,d} is S. §semi. neighborhood of a point d, but O is not
S. dsemi. neighborhood of a point e since there is not S.dsemi. open set that contains in O
which e belongs.

Now, we proof the following result which is important in our work.

Proposition 2.7: The intersection of any collection of S.§semi. closed sets in (C,Tg) is
S.dsemi. closed.

Proof: Assume that {F;:i € I} is a family of S.§semi. closed sets, we want to prove that
Nig; F; is S. 8semi. closed. Since N;e; F; € F; for each i € 1, so S.cl(Njg Fi) € S. cl(F;) for
each i € I, [22]. By Definition 2.1 we have S.§open sets B; such that B; € Ff < S.cl(B;) for
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each i €1 implies U;e; B; € Ui Ff € Ujer S-cl(B;), [22]. Hence, U;e B € Ui Ff S
S.cl(Uier By), [22]. Since Ui B; is an S.5open, hence U;e; Ff is an S.§semi. open, and
hence N F; = (UiE, F; )C is an S.dsemi. closed set, which complete the proof.
The following case highlights some properties of the derive and closure operator.
Proposition 2.8: Let B be a subset of a supra topological space (C,72), then S.gem; Ds(B) S

S-semi ClS(B)~
Proof: Suppose ¢ € S.qomi cl5(B), so there is an S.dsemi. open subset say O containing ¢

with O N B = ¢ implies ¢ & S.somi D§(B), hence S.qomi D§ (B) € S.semi cl(S(B).

Proposition 2.9: For a subset B of a supra space (C, t2) the following properties are hold:

L. S-semi DS(B) UBE S-semi CZS(B);

2.B € S.emi cls(B).

Proof:

1. Let ¢ € S.gemi Ds(B) U B, so either ¢ € B or ¢ € S.gp;n; Ds(B). Now, if ¢ € B and
since B € S.gemiCls(B), thus ¢ € Sgopmicls(B). If ¢ € Sigemi Ds(B) € S.gemi cls(B)
(Proposition 2.8), hence ¢ € S.qopmi cls(B), and hence S.;p1m; Ds(B) U B € S.gomi cls(B).
Conversely: Let d € S.gomi Ds(B) U B, then d & S.q.i Ds(B) and d € B which means there
exists an S.dsemi. open set O containing d with O N B = ¢ implies d & S.;oim; cls(B), hence
S.semi Cls(B) € S.semi Ds(B) U B, which complete the proof.

2. Follows from Definition 2.4.

Corollary 2.10: Let B be a subset of a supra space (C,72), then
S.semi cls(B) = N{K:K € S.5semi.C(C,75),B S K }.

Proof: Let c € C, then either c €B or, c € B. If c € B and ¢ € S.gop; cls(B), then c €
N{K:B S K,C €S.5semi.C(C,t5)}. If ¢ & B and c € S.gom; cl5(B), then ¢ € S.gomi Ds(B)
(Proposition 2.9 part 1), hence O N B # ¢ for every S.§semi. open subset O of C containing
c. Now, it is clear that K¢ N B = ¢ for each K in N{K:K € S.5semi.C(C,72),B S K }. If
c & K for some K then ¢ € K¢, hence K¢ N B # ¢ which is a contradiction. Thus, ¢ € K for
all K containing B which leads to c € N{K: K € S.8semi.C(C,15),B S K }.

Conversely: Suppose ¢ € S.semi cls(B), so there is an S.§semi. open O containing b such that
ONB=¢ implies B < 0° and since 0¢ is an S.§semi. closed with b & O€, hence
b & N{K:K € S.5semi.C(C,t2),B S K} implies N{K:B S K,C € S.5semi.C(C,t2)} C
S.semi Cls(B).

Corollary 2.11: Let B be a subset of a supra space (C,72), then
S.semi Cls(B) is S. §semi. closed, that is S.gopm; cl,g(S.seml- cls (B)) = S.semi Cls(B).

Proof: Follows from Proposition 2.7 and Corollary 2.10.

Theorem 2.12: Let A;,i €1 be a subsets of a supra space (C,7), then the following
statements are holds.

1. IfAl - A], l,_] S I, then S-semi Cl(g(Ai) c S'Semi Cl(g(A]),

2. S-semi Cl&(n{Ai'i € I}) c n{s-semi Cl&(Ai)'i € I};

3. U{S-semi ClS(Ai)ri € I} € S.semi CZS(U{Ai:i € I});

4. A; is S.6semi. closed if and only if A; = S.gomi cls(4;).

Proof:

1. Let a & S.som; cls(4;), so there is an S.dsemi. closed set O such that a € O with
A; € 0. Since, A; € A; implies A; € 0, hence a & S.gem; cls(4;).

2. Let a & N{S.gemicls(A;, i € 1)}, then there is i € I such that a & S.om; cls(4;). Since
Nic;A; € A, foreach i € I, by (1) @ € S.gem; cls(N;e; A;), hence we are done.

3. Since A; € U A; for each i € I, by (1) S.gem; cls(A4;) S S.gemi cls(U{A;,i € 1}), so
U{S-semi ClS(Ai)ri € I} C S.semi CZS(U{Ai:i € I})
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4. Follows from Corollaries 2.10 and 2.11.

Remark 2.13: The converse of Theorem 2.12 parts 2 and 3 are not necessarily holds in
general. The following examples explain that.

Examples 2.14: Consider:

1. C ={a,b,c} and 715 ={¢,C, {a} {a, b} {a,c} {b, c}}. Then, the family of all
S.8open sets is the same family of 75 and S.8semi.0(C,t2) = {¢,C,{a},{a,b}}. Let A =
{a,b} and B ={a,c} We see that S.emicls(ANB)={a} and S.gmicls(4)N
S-semi Cl(g(B) =CnNnC=C. So S-semi Cl(g(A) N S-semi Cl(g(B) < S-semi Clé‘(A N B) and
S.cemi Cls(A) = C € A, also A is not S.6semi. closed with S.q,,,,; cls(A) # A.

2. Z={a,b,c,d} and 715 ={¢,Z {a},{b},{a b} {a c},{b,c}{ab,c}}. So, the
family of all S.Sopen sets is the same family of t; and S.8semi.0(Z,t3) =
{¢p,Z,{a},{b},{a,b},{a,c} {a,d}, {b,c},{b,d},{a b,c}{a, b,d},{a,c,d},{b,c,d}}. Let A=
{a} and B = {b} 1t is clear that S.;¢; cls(AU B) = Z and S.gem;i cls(A) U S.gom; cls(B) =

{a} U {b} = {a, b}- Soa S-semi Cl5 (A U B) -¢— S-semi ClS (A) U S-semi ClS (B)

3. Supra 4. semi. separation axioms

In this section we will introduce three concepts of separation axioms, and the three other
concepts which are supra-dsemi symmetric, supra- §, §semi generalized closed and supra-
dcontinuous functions by using an S.§semi. open set, where some characteristics related to
these concepts have been investigated and supported by illustrative examples.
Definition 3.1: Let (C,75) be a supra topological space, then it is called supra-Gsemi T,
(briefly
S.8semiT,, ) if for any distinct pair of points in C, there is an S.§semi. open set containing
one of the points but not the other.
Example 3.2: Let Z = {a,b,c} and 75 = {¢, Z,{c},{c, b}, {c,a},{b,a}} Then, the family of
all
S.5 open sets is the same family of t; and S.5semi.O0(C,t3) = {¢,Z,{c},{c,b}}. Then,
(Z,13) is S. 8semiT, . But (C,t2) in Example 2.3 is not an S. §semiT, since the elements d
and c are disjoint, but there is not an S.§semi. open contains d but not ¢ or conversely.
Definition 3.3: Let (C,t2) be a supra space, then it is called a supra-Ssemi T; (briefly
S.6semiT; ) if for any distinct pair of points w, z in C, there is an S.§semi. open set O in C
containing w but not z and an S.§semi. open set IV in C containing z but not w.
Definition 3.4: Let (C,72) be a supra space, then it is called supra-Gsemi T, (briefly
S.8semiT, ) if for any distinct pair of points w, z in C, there are S. §semi. open sets O and V
in C containing w and z respectively with O NV = ¢.
Example 3.5: Let Y ={a,b,c} and 73 ={¢,Y,{c,d,fe},{cb,fe}, {c,afe}, {cfe},
{a,b,e}, {b,e}, {a,e}, {e}, {a,b,f e}, {b,f e}, {afe},{fe}, {dDbf} {adf}, {ab,f}
{d,f}, {b,f}, {a f}, {f}, {a,b}, {b}, {a}}’ then the family of S.8semiO(Y,13) is {¢,Y,
{c,d,b,f e}, {c,a,d,f e} {cdfe}, {cadDb,e}, {c,db,e} {cade} {cab,e}
{c,b,e,a,f}, {c,b,e}, {c,bf e}, {cace} {cafe} {dab}, {cdab} {dahb,e}
{d,a,b,f}, {d,b}, {d,b,f}, {a,d}, {a,d,f}, {a,b}}. It is clear that (Y,7) is an S.5semiT,
but not S.6semiT, since the elements e and ¢ are disjoint but there are not two S.5semi.
open sets O and V in Y containing e and ¢, respectively with
onv=g¢g.
Example 3.6: Let C ={a,b,c} and Tg ={¢,C, {c,d}, {b,acd}, {b,c} {ad}, {ac}
{b,a}, {d}, {c}, {b}, {a}}, then the family of S.5semiO(C, 18) is {¢,C, {b,c,d}, {a,cd},

{c,d}, {b,a,d}, {a,d}, {b,a,c}, {b,c}, {b,a}}, one can show that (C, Tg) is an S.8semiT,
space.

357



Obaid and Sadek Iraqi Journal of Science, 2026, Vol. 67, No. 1, pp: 353-364

Remark 3.7: If (C,t7) is an S.8semiT; , then it is an S.8semiT;_,, i = 1,2. Additively, the
converse is not true in general.

Example 3.8: In Example 2.14, (Z,73) is not an S.6T; and is not an S.T; space, i = 0,1,2.
But (C,73) is an S.8semiT; fori = 0,1,2.

The following two theorems give some properties satisfies in supra-dsemi Ty, supra-dsemi T
spaces.

Theorem 3.9: Let (C,7{) be a supra space, then (C, ) is an S.8semiT, if and only if for
any pair of distinct points y, z in C, S.gemi cls ({¥}) # S.semi cls({Z}).

Proof: Let (C,t7) be an S.8semiT, space and let ¥,z be any two distinct points in C. So,
there is an S.dsemi. open set O containing y or z, say y but not z. So, O° is an S.§semi.
closed set which does not contain y but contains z. Since, S.qem; cls({Z}). is the smallest
S.8semi. closed set containing z (Corollary 2.10), S.cemicls({z}) € O€, hence y €&
S-semi ClS({Z})a and therefore S-semi Clé‘ ({y}) * S-semi Clé‘ ({Z})

Conversely: Assume that y,z € C, y # z and S.;opmi cls({y}) # S.semi cls({z}). Let w be a
point of C such that w € S.gopm; cls({y}) but w & S.gemicls({z}). We claim that y &
S.semi Cls({z}). If w € S.gomi cls({z}) implies S.comi cls({V}) € S.gemi cls({z}), and this a
contradiction with w & S.;oimi cls({z}). Consequently y belongs to the S.dsemi. open set
(S.semi cls({z}))€ to which z does not belong.

Theorem 3.10: A supra space (C,75) is an S.5semiT; if and only if the singletons are
S. dsemi. closed sets.

Proof: Assume that (C,t7) is an S.6semiT; and let .. be any point of C. Let z € {w}°, so
w # z implies there is an S.dsemi. open set O, such that z € O, but z € O,. Thus, z € 0, ©
{w}€ that means {w}¢ = U{0,: z € {w}°} which is an S.§semi. open.

Conversely: From assumption we have {w} is an S.§semi. closed for each w € C. Now
assume that y,z € C with y # z, hence z € {y}°. Thus, {y}¢ is an S.§semi. open set
containing z but not y. Similarly, {z}¢ is an S.§semi. open containing y but not z and we are
done.

Definition 3.11: The (C,t?) is termed supra-§semi symmetric (briefly S.8semi. symmetric)
if for w,z € C with w € S.5opi cls({z}) implies z € S.gop; cls({W}).

The following definition is crucial in our work to achieve certain conclusions regarding the
relationship of the concept of supra-§semi symmetric with the concepts of supra-dsemi T,
supra-dsemi T; spaces.

Definition 3.12: A subset B of (C,t2) is said to be supra- &, 5semi generalized closed
(briefly S.(8,8)semi.GC) set if S.gom; cls(B) € O, whenever B € O and O is an S.§semi.
open.

Remark 3.13: Let (C,72) be a supra space. Easley from Definitions 2.1, 2.4 and Theorem
2.12, show that each S.§semi. closed set is an S.(§, §)semi. GC.

Theorem 3.14: A supra space (C,72) is an S.8semi. symmetric if and only if {w} is
S.(8,6)semi.GC set foreachw € C.

Proof: Suppose z,w € C such that w € S.g.; cls({z}) and z € S.gomi cls({w}) implies
Sesemi Cls({z}) € (Sigemi cls((W}))€ (Theorem 2.12 part 1). Now, (S.gemicls({w}))€
contains w which is a contradiction.

Conversely: Suppose {w} € 0 € S.8semi.0(C,7) and S.gomi cls({w}) is not subset of 0.
Thus, and O¢ are not disjoint, so let z belongs to their intersection. But (C,7g) is
S.8semi. symmetric, hence W € S.gop; cls({z}) which is subset of 0° a contradiction with
assumption.

Corollary 3.15: A supra space (C,t3) is an S.§semi. symmetric if it is an S. §semiT; space.
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Proof: By Theorem 3.10 the singleton sets are S.dsemi. closed, hence they are
S.(8,8)semi. GC sets (Remark 3.13) and hence (C,t?) is an S.§semi. symmetric (Theorem
3.14).

Corollary 3.16: For a supra space (C, t2) the properties are equivalent:

1. (C,72) is an S.5semi. symmetric and S. §semiTs; ;

2.(C,t8) is S.5semiTy .

Proof: (2—1) Follows immediately from Remark 3.7 and Corollary 3.15.

(1-2) Let w, z be any distinct points in (C,t2). Since, (C, ) is an S.5semiT; then there is
0,, such that w € 0,, € {z}¢ for some 0,, € S.8semi.O0(C, 7). Thus, w & S.gemi cls({2}),
hence z & S.gomi cls({w}) that means there is 0, € S.8semi.O0(C,t2) such that z € 0, €
{w}€ and we are done.

Definition 3.17: Let (Cl,rcl), (CZ,TCZ) be two topological spaces. A map
f: (Cl,rcl) — (CZ,TCZ) is called 6-semi. continuous map if for every ¢ € C; and every 6-
semi. open set O containing f(c), there is a §-semi. open set V in C; containing ¢ such that
f(v) € 0, [5]. In a similar manner, we define a new type of continuous maps as given by the
following definition.

Definition 3.18: Let (C,72) and (Z,73) be two supra spaces, then f:(C,t2) — (Z,73) is
said to be supra-dcontinuous (briefly S.dsemi. continuous) function if for each w € C and
each S. dsemi. open set O containing f (w), there is an S. §semi. open set VV in C containing w
such that f(w) € 0.

Proposition 3.19: Let (C,7¢) and (Z,75) be two supra spaces, then a function f: (C,75) —
(Z,73) is an S. 5semi. continuous if and only if the inverse image of each S. §semi. open set is
an S. §semi. open.

Proof: Let f be an S.Jsemi. continuous and let O € S.8semi.0(Z,13), if 0 N f(C) = ¢,
then f~1(C) = ¢ and hence is an S.8semi. open set in C. If O N f(C) # ¢, then O is
S.8semi. neighborhood of each of its points in z implies f~'(0) must be an
S. §semi. neighborhood of each of its points in C, hence f~1(0) is an S. §semi. open set in C
(Proposition 2.7).

Conversely: Let w € C and V be a S. §semi. neighborhood of f(w) in Z. Then, w € f~1(V),
hence f(w) € f(f‘l(V)) C V, [8] and since f~1(V) is an S.§semi. open implies f is an
S. §semi. continuous.

Example 3.20: Let (M, 15) and (K,T3) be two supra spaces such that M = {m,,m,, m3},
K = {ky, k3, k3}, Ty = {o.M, {m}, {my}, {mym;}, {myms}, {myms}}, T} =
{®, K, {ki}, {1, ka3, {key, s}, {ko, ke3}} . Consider f, g: (M, i) — (K, 7¢) such that f(m,) =
ks, f(my) =ky, f(m3) =ky, g(my) = ky, g(my) = ks, g(mz) =kq, then f is an
S.&semi. continuous function but g is not S.&semi. continuous since g~ ({k;}) = {ms}
which is not S. §semi. open set.

4. Supra Temperate &. semi po-spaces

In this section, we introduce two new concepts, namely supra-dsemi kernel and supra
temperate dsemi po-spaces. Some theorems and properties related to the relationship between
these two concepts have been proved, as well as the relationship between supra temperate
dsemi po-spaces and supra spaces in the case of cartesian product of supra spaces was
investigated. Additionally, we shed light on the connection between the concepts of supra-
dsemi kernel and supra-dsemi closure.

Definition 4.1: Let B be a subset of a supra space (C,72), the supra-6semi kernel (briefly
S.8semi.  kernel) of B, symbolized by S..mikers(B) is defined by
S.semi kers(B) = N{0 € S.8semi.0(C,t{): B € 0}.
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Theorem 4.2: Let (C,72) be a supra space and weC, then
S.semi kers(A) = N{w € A: S.gemi cls({W}) N A # ¢}.

Proof: Let w € S.g.pi kers(A) and S.gomi cls(fWH NA = ¢, so w & C/S.semi kers({w})
which is an S. §semi. open set containing A, but this a contradiction with assumption, hence
S.semi Cl&({w}) NA#¢.

Now, consider S.gomicls({w}) N A # ¢ and assume w & S.g.; kers(A4), so there is an
S.dsemi. open set O containing A with w € 0. Let z € S.gopi cls({w}) N A hence z €
S.semi Cls({w}), but O is S.dsemi. neighborhood of z which does not contain w a
contradiction (Definition 2.4) implies w € S.qoim; kers(A).

Definition 4.3: A supra space (C,t2) is called supra temperate §semi p,-space, symbolized
by S.t6.semi py if Nyec S-semi cls({w}) = .

Example 4.4: In Example 3.20. We see that Nepm S.semi Cls(fm}) = ¢, so (M,15) is an
S.té.semi py.

Theorem 4.5: A supra space (C,t2) is an S.t8. semi pg if and only if S.gm; kers({w}) # C
for eachw € C.

Proof: Let (C,t2) be an S.t8.semi p,, and let z € C with S.gem; kers({z}) = C. Since C is
an S.td.semi p,, so there is an S.dsemi. open set O of C such that z € O implies z €
NS.semi cls({w}) (Theorem 4.2) but this is a contradiction.

Conversely: Let S.qom; kers({z}) # C for each w € C. If there is an element z € C with z €
Nwec S-semi cls({w}). So, any S. §semi. open set containing z must contain each elements of
C and since C is an S. §semi. open, hence S.,.,; kers({z}) = C which is a contradiction, and
hence (C,7¢) is an S. t8. semi p,.

Theorem 4.6: Let (C,72) be an S.td.semi p, and (Z,T3) is a supra space, then C X Z is an
S.t8.semi py.

Proof: Since n(a,b)ECxZ S-semi Cl5 ({(a, b)}) < r](a,b)EC><Z(S-semi Clé‘ ({a}) X S-semi ClS ({b}))
[26], which is equal to Ngec S-semi Cls({a}) X Npez S-semi cls({b}) € P X Z = ¢, [27]. Thus
C X Z is an S.t6.semi p,.

The following result is useful for the remainder of our work.

Properties 4.7: Let (C,75) be a supra space, and w, z € C. Then, z € S.gop; kers({w}) if and
only if w € S.gem; kers({z}).

Proof: Assume z & S.gomi kers({w}) implies there is an S. §semi. open sets O containing w
with z € 0, s0 W & S.gom; kers({z}). Proof of the converse is smaller.

Theorem 4.8: For any two elements w, z in a supra space (C,tS), the following statements
are equivalent.

1. S-semi ken; ({W}) * S-semi keré‘ ({Z}),

2. Sisemi cls({w}) # S.semi cls({Z]).
Proof: Let S.;opmi kers({w}) # S.gemi kers({z}) implies there is an element y € C such that

Y € S.semi kers({w}) and  y € S.gemi kers({z}). Hence, w € S.;omikers({y}), so
S.semi kers({w}) € S.gemi kers(S.semi kers({v})) (Theorem 2.12) implies
S.semi kers({w}) € S.gemi kers({y}) (Corollary 2.11), and since z & S.qem; kers({y}) hence
Z & S.semi kers({w}) therefore S.qomi cls ({W}) # S.semi cls({Z}).

Conversely: Let S.gemi cls({W}) # S.gemi cls({z}), hence there is an element y € C with y €
S.semi Cls({w}) and y & S.gomi cls({z}). Thus, there is an S. §semi. open set containing w but
not z, hence z & S.gom; kers({w}) which complete the proof.

5. Supra 6. semi po and supra 8. semi pi-spaces

In this section, we introduce two new concepts of supra spaces, namely supra §semi po, p1.
Furthermore, study the relationship between these two concepts and also, we demonstrate a
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collection of results and conclusions associated with them, as well discuss the connection and
properties between these concepts and the others which we have been presented in previous
sections.

Definition 5.1: A supra space (C,77) is said to be supra Ssemi po , symbolized by
S.8.semi p, if for each w € V, then S.q,p; cls({w}) €V, where V € S.8semi. 0(C,t?).
Definition 5.2: A supra space (C, 1) is termed supra §semi p1, symbolized by S. 8. semi p;
if for any w,z € C with S.sopm; cls({W}) # S.gemi cls({z}), there are disjoint O,V €
S.8semi. 0(C,t2) that contain S.gepm; cls({W}) and S.sem; cls({z}), respectively.

Examples 5.3: In Example 3.20, we can see that (M,t3,) is an S.5.semip, and an
S.d.semi p,.

Theorem 5.4: Let (C,7{) be a supra space, if C is an S. 8. semi pq, then it is an S. &. semi p,.
Proof: Assume (C,7¢) is an S.8.semi p;, w € C and O is an S.§semi. open set containing
w. If there is no p € O implies O = C, s0 S.somm; cls({w}) € 0. If there is z € O, then w €&
S.semi €ls({z}) hence S.gomi cls({wW}) # S.gemi cls({z}). By assumption there is a
S.8semi. open set V such that S.gm; cls({z}) €V and z € V implies z € S.gopmi cls({W}).
Hence, S.qomi cls({w}) € 0, and we are the done.

Corollary 5.5: Let (C,72) be a supra space, then C is an S.8.semi p; if and only if for any
W,Z € C, S.gomi kers({(W}) # S.qemi kers({z}), there are 0,V € S.8semi.0(C,t2) such that
0 NV = ¢ and containing S.;emi cls({W}), S.semi cls ({z}), respectively.

Proof: Follows from Theorem 4.8.

Theorem 5.6: Let (C,t2) be a supra space, then C is an S.8.semi p, if and only if for any
W,z € C, S.semi CZS({W}) # S.semi Clé‘({z}) implies S.sem; Cls ({W}) N S.semi CZS({Z}) =¢.
Proof: Let (C,7f) be an S.5.semipy, and let w,z € C with , S.eomcls({W}) #
S.semi Cls({z}), hence there is y € C such that y € S.gopi cls(fw}) and y € S.gomi cls({2}) or
vice versa. Thus, there is O € S.8semi.0(C,t2) such that z € O and y € O, hence w € O,
and thus, W & S.com; cls({z}). Thus, w € C/S.com; cls({z}) € S.8semi.O(C,t7) implies
S.semi Cls({w}) € C/S.semi cls({z}), that means the intersection is empty and we are done.
Conversely: Let w € O € S.8semi.0(C,t2) and assume z & O, hence z & S.gom; cls({w})
implies  S.gemi cls({W}) # S.gemi cls({z}). By assumption we have S.gom;cls({fw}) N
S.semi €ls({z}) = ¢, hence z & S.gomi cls({w}) and hence S.gppn; cls({W}) S 0.

Theorem 5.7: Let (C,t2) be a supra space, then C is an S.§.semi p, if and only if for any
w,z € C, S.semi ker&({w}) # S.semi kers ({Z}) implies S.semi keré‘({w}) N S.semi keré‘({z}) =
¢.

Proof: Let (C,7) be an S.8.semip, and w,z € C such that S.e.,; kers({w}) #
S.semi ken; ({Z})

Now, by Theorem 4.8 we have S.gomi cls({W}) # S.gemi cls({2z}), hence S.¢omi cls({w}) N
Sesemi Cls({z}) = ¢  (Theorem 5.6). Assume there is y € S.omi kers({fw}) N
S.semi kers({z}) = ¢, so w € S.gom; kers({y}) (Definition 2.4) and by Theorem 5.6 we have
S.semi ClS({W}) = S.semi Cls ({}’}) Similaﬂ}/a S.semi Cl&({z}) = S.semi Clé‘({y}) a
contradiction, hence S.ggm; kers({w}) N S.gom; kers({z}) = ¢.

Conversely: If S.gomi cls({W}) # S.semi cls({z}), then S.gomi kers({w}) # S.qemi kers({z})
(Theorem 4.8) as a result it will be S.gomicls({w}) = Sigemicls({z}) =¢. If y €
S.semi Cls({W}) N S.gomi cls({2}), hence w € S.iomi kers({y}) (Proposition 4.7) and hence

S.semi kers({w}) N S.gom; kers({y}) # ¢. Thus, S.gem; kers({w}) = S.gem; kers({y}) and in
the same manner S.g..,; kers({y}) = S.semi kers({z}) a contradiction which leads to

S.semi Cls AW N S.semi cls({z}) = ¢ and by Theorem 5.6, (C,75) is an S. 8. semi pq.

Theorem 5.8: For a supra space (C, t2), the following properties are equivalent:
1. (C,t3) is an S. 8. semi p, space;
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2. For any non-empty set K and L € S.8semi.0(C,t¢) such that K N L # ¢, there is M €
S.8semi.O(C,t2) suchthat KN M # ¢p and M € L;

3. Any L € S.8semi.0(C,t3), L = U{M € S.5semi.C(C,t2)/M < L};

4. Any M € S.8semi.C(C,t8), M = N{L € S.5semi.0(C,t)/M S L};

5.Forany w € C, S.qomi cls({W}) € S.gom; kers({w}).

Proof: (1-2): Let K be a non-empty set of C and L € S.§semi.0(C,t2) such that K N L #
¢, so there is w € K N L. Now, w € L € S.8semi.0(C,t2), hence S.gom; cls({w}) € L. And
since S.gemi Cls({w}) is S.dsemi. closed (Theorem 2.12) then M = S.gopi cls({W}) is the
required set.

(2-3): Let L € S.8semi.0(C,t2), then clear that U{M € S.8semi.C(C,78):M S L} C L.
Let w be any point in L, so (2) guarantees the existence of M € S.8semi. C(C,t2) such that
wEM and M CL, therefore LS U{M €S.8semi.C(C,t2)|[M € L}. Thus, L=
U{M € S.5semi.C(C,t2)|M <€ L}.

(3—4): This is obvious.

(4-5): Let w be any point of C and z & S.qem; kers({w}). There is O € S.8semi.0(C,12)
such that w € O and z & O, hence S.com; cls({z}) N O = ¢ (Proposition 4.7), and since
S.semi Cls({z}) is S.&semi. closed (Theorem 2.12) then by (4) we have S.gom; cls({z}) =
N{L € S.5semi.0(C,T)|S.semi cls({z}) € L}, so there is L € S.8semi.0(C,t{) such that
w &L and since S.gomicls({z}) €L consequently S.gopm;cls({w})L = ¢, hence z ¢&
S.semi cls({w}) and we are done.

(5-1): Let L €S.6semi.0(C,t2) and w € L. Let z € S, kers({w}), hence w €
S.semi €ls({z}) (Proposition 4.7) and hence z € L which leads to S.gppm; kers({w}) € L. Thus,

we have W € S.somi cls({W}) € S.gemi kers({w}) € L implies (C,77) is S. 8. semi p, space.

Corollary 5.9: For a supra space (C, 73), the following properties are equivalent:

1. (C,t8) is a S. 6. semi p, space;

2. Sisemi Cls({w}) = S.gemi kers({w}) forallw € C.

Proof: (1-2): By Theorem 5.8 we have S.qom; cls({W}) € S.gemi kers({w}) for each w € C.
Now, consider z € S.gom; kers({w}), then by Proposition 4.7 w € S.somi cls({z}) and by
Theorem 5.6 S.gemi cls({W}) = S.gemi cls({z}), hence z € S.som;cls({w}) and hence
S.semi kers({w}) S S.semi cls({w}).

(2—-1): Follows directly from Theorem 5.8.

Theorem 5.10: For a supra space (C,7¢), the following properties are equivalent.

1. (C,15) is a S. 8. semi p, space;

2.W € Sigemi cls({z}) if and only if z € S.go ;i cls({W}).

Proof: (1-2): Let w € S.somi cls({z}) and O be any S. §semi. open set that contain z, hence
S.semi €ls({z}) € L and hence w € O implies z € S.gp; cls({W}).

(2—1): Consider w € 0 € S.5semi.0(C,t5) and z & O, hence W & S.qom; cls({z}), so by
assumption z & S.gemi cls({w}) implies S.gemi cls({W}) € 0. Thus, (C,12) is S. 8. semi p,.
Corollary 5.11: A supra space (C,t2) is S. 8. semi p, if and only if it’s S. §semi. symmetric.
Proof: Follows from Theorem 5.10 and Definition 3.11.

Theorem 5.12: Let (C,t3) be a supra space, the following properties are equivalent:

1. (C,t3) is S. 8. semi py;

2. For any S. §semi. closed K, then K = S.g.,; kers(K);

3. For any S. §semi. closed K and we K, then S.,.,,; kers({w}) € L;

4.Ifw € C, then S.gp; kers({w}) S S.gemi cls({W}).

Proof: (1-2): Follows from Theorem 5.8.

(2-3): Since {w}<S K implies S.gomikers({w}) € Sigemi kers(K) and by (2)
S.semi kers(K) = K, hence S.;om; kers({w}) € K.
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(3—4): Since S.gomi cls({w}) is S.dsemi. closed (Theorem 2.12) and w € S.gppi cls ({W)).
Thus S-semi ker& ({W}) c S-semi Clé‘ ({W})

(4—1): Consider w € S.gopmicls({z}), so by Proposition 4.7 z € S.gopi kers({w}). But
S.semi cls({z}) is S. 8semi. closed (Theorem 2.12) and by use (4) we have S.;om; kers({w}) S
S.semi cls({w}), hence z € S.gom; cls({w}) implies (C,7?) is S. 8. semi py (Theorem 5.10).

6. Conclusions

The study of semi delta open sets of supra spaces has very interesting and useful for
simulating many spaces that cannot meet all the conditions of topology. Therefore, in this
work, we have introduced new concepts of supra topological spaces like S.dsemi. open,
S.6semi. symmetric and S.dsemi. kernel which have actively contributed to achieving
confirmed results foe several theorems, which in turn will serve as a starting point for
forming new types of concepts carefully constructed and organized in patterns to simulate
future applications. In this research, many results related to supra topology were obtained
using sets S.dsemi. open, including results about interior, closure and separation axioms.
Two types of supra topological spaces were also presented, namely S.td.semip, and
S.t6.semi p; and many equivalent properties were obtained in them. This will elevate the
perspective on various applications, making them clearer than what has been previously
studied in other fields.
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