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Abstract.

In real-life problems, we use square roots in natural distributions such as (the

probability density function), distances and lengths in the Pythagorean theorem, and
quadratic formulas in (the height of falling objects), radius of circles, harmonic
movements (pendulum and springs), and standard deviation in statistics. We have
observed that using fuzzy sets in real-life problems is more convenient than
ordinary sets. Therefore, they are important in algebraic structures. As a result,
more effort has been made to study square root structures in fuzzy sets.
This paper introduces the notion of square roots fuzzy of QS-ideals on QS-algebras
and some important characteristics. Some illustrative examples have been provided
which prove that every SRF-BCK-ideal is an SRF QS-ideal. Also, the image and
the inverse image of SRF-QS-ideals are discussed. Finally, the product of SRF-QS-
ideals on QS-algebra is defined and some important properties have been proved.

Keywords: QS-algebras, QS-ideal, fuzzy QS-ideal, the image of SRF-QS-ideals
and the product of SRF-QS-ideals.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [1]. In 1991, Xi [2] applied the idea of
fuzzy sets to BCI, BCK, and MV-algebras. Since its inception, the theory of fuzzy sets, ideal
theory, and fuzzification have been developed in many directions and applied to various
fields. Yager [3] introduced the Pythagorean fuzzy set, an extension of intuitionistic fuzzy
sets. Al-shami et al [4] referred to SR-Fuzzy sets. Salih et al [5] introduced a new type of
generalized fuzzy set called CR-fuzzy sets and compared them to Pythagorean and Fermatean
fuzzy sets. A novel generalized Pythagorean fuzzy set known as (3, 2)-Fuzzy sets were
examined in [6]. Senapati and Yager [7] also developed fundamental operations for
Fermatean fuzzy sets. The (m; n)-fuzzy set is a subclass of different fuzzy sets, such as the
Fermatean fuzzy set, Pythagorean fuzzy set, n-Pythagorean fuzzy set, (3; 2)-fuzzy set and
intuitionistic fuzzy set that were proposed and compared by Jun et al [8]. An innovative
function on fuzzy real numbers was introduced by Byun et al. [9]. It is defined on the fuzzy
real number set R, and denotes a novel notion of a fuzzy real number. Bashar and Shirin [10]
introduced the square root of continuous fuzzy numbers. Also, Chou [11] studied the square
root of a triangular fuzzy number. Saeed and Ibrahim [12] studied square roots and their
applications in topology. The idea of regularized square-root was introduced by Chu et al
[13] and Stucky and Geer [14]. Then, square roots were introduced into computer programs
and approximate solutions by Belloni et al. [15] and Jiang [16].

This work introduces the notion of square root fuzzy (Briefly SRF) of QS-ideals on QS-
algebras and some important characteristics of square root fuzzy QS-ideals. The image and
the inverse image of SRF-QS-ideals are also discussed. Moreover, the product of SRF-QS-
ideals in product QS-algebras is introduced.

2. Preliminaries

Definition 2.1 [17]. A non-empty set £ with a constant 0 and a binary operation * is called a
QS-algebra(g, ,0) if: forall a,n,1 €

(1) (@axm) A= (axa)=n.

2) ax0=a.

B)a *xa = 0.

@ (@*x ) *x(axn)=mn=*A

Definition 2.2 [17]. A relation < on a QS-algebra (49,*,0) is defined as @ < A if and only if
a x A = 0, then  is a partially ordered set.

Proposition 2.3 [17]. Let (0,*,0) be a QS-algebra. Then the following properties hold:
foralla,A,n €

. a<iA=>n*xa<nx*A

2. a<Adlandn <A implya <n.

3. axA<n=>axn< A

4. (a*xn)xA*n) <ax*i.

5. asA=axn<Axn.

6. 0= (0*(0*a))—0*a

Lemma 2.4 [17]. In a QS-algebra (,%,0). 0% (a¢ *A) =A*a foralla,A € .
Corollary 2.5 [17]. In a QS-algebra ($,*,0) . 0% (0 xa) = a foralla@ € .

Lemma 2.6 [17]. In a QS-algebra(,*,0) .a*x(0* A) =A*(0*xa) foralla,A € £

Proposition 2.7 [17]. In a QS-algebra(,* ,0) . The following hold for all a ,A,n €
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ax(a*xA)=A

a*(a*(a*)l))=a*/1.

(a* (@x1))*2=0.

(axn)x(A*n)=v=xn.

(a*xA)*=0=x*A.

a*x0=0=a=0.

Ox(axA)= (0xa)* (0x1).

. axAl=0,Axa=0=a=A

Example 2.8[18]. Let o = {0, [, m} be a set with an operation * is defined as follows:

N LR W

Table 1: A QS-algebra

*

3

0
l

m m

Nos
o 3

Then, (,*,0) is a QS-algebra.
Definition 2.9 [17]. In a QS-algebra (,*,0). Wedenotea A A =A*x(L*a),Va,l € p.
Definition 2.10 [18]. The sub set ¢ # [ € g is called a sub-algebra of o if ax1 €1
whenever a ,A € I.
Definition 2.11[19]. The sub set ¢ # I € g is called a QS-ideal of g if: Va, 1,1 €
(I) 0Oel
(L) (axn)el,n * Ael = axlel

Definition 2.12[1]. A fuzzy set A of ¢ is of the form A = {(a,us(a)), a € g}, where
pUa(a): o — [0,1] is called the degree of existence of the element a in the set 4 and 0<
pala) <1
Definition 2.13 [19]. Let (,*,0) be a QS-algebra. A fuzzy set u in (§2,* ,0) is called a fuzzy
QS-ideal if :

(FQS1) u(0) = u(a),

(FQS2) pula*A) =2 min{u ((a* n)),u (axA)}foralla,Aand n € .
Definition 2.14[20]. An Intuitionistic fuzzy set A of a set & is the form A =
{(a,us(a),ys(a)), a € o}, where the function py(a):go — [0,1] is the degree of
membership and y4(a): o — [0,1] is the degree of non-membership and 0 < p,(a) +
vYa(a) < 1, for all @ € . An intuitionistic fuzzy set A in & can be identified as an order pair
(tar¥a) in 1¥ X 1#
Remark 2.15. Let uy(a): o — [0,1] and y,(a): o — [0,1] be fuzzy sets in . Then, the
structure
A ={(a,us(a),vs(@)), a € o} is called:
(1) An intuitionistic fuzzy set if: 0 < p,(a) + ya(a) < 1, (see [20].)
(2) A Pythgorean fuzzy set if: 0 < p3(a) + y2(a) < 1, (see [3].)
(3) An n-Pythgorean fuzzy set if: 0 < uj(a) + yi(a) < 1, (see [3]).
(4) A Fermatean fuzzy set if: 0 < p3(a) + yi(v) < 1, (see [7])
(5) (3; 2)-fuzzy set if: 0 < p3(a) + v2(a) < 1, (see [8],[6])
(6) (n; m)-fuzzy set if: 0 < pli(a) + yi* (@) <1, (see [8])

(7) SR-Fuzzy set fuzzy set if: 0 < p5(a) + /va(a) < 1, (see [8]).
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3. SRF-QS-(sub-algebra) ideals on QS-algebras
Definition3.1. Let be a non-empty set. Then a pair Y =,L(a)=

+) =)

\/ L(a) \/ L(a) :aE€ 50) is named a square root fuzzy set (briefly, SRFS) of ¢, if
\/—( ) 1% —[0,1] and \/— [—1,0] are mappings, such that 0 < \/—( . ,
~1<v27 <o,

(+) =) .

Example3.2. Define Y = {\/L(a) = (\/L(a) ,\/L(a) ra € 50)} in example 2.8 as
follows:
L(0) ={0.06}, L(I) =1{0.05}, L(m) = {0.04} , since V0.06 =
(0.2449489742783178,—0.2449489742783178)
v0.05 = (0.223606797749979, —0.223606797749979)

v0.04 = (0.2,-0.2).

+) =)
It is easy to check that \/L(a) = (VL(a) ,/L(a) :a € @) is a SRF-set.
(+) =)
Definition 3.3. Let/L(a) = (VL(a) ,/L(a) :a€ p) and /¥ (a) =
(+) )

(\/‘P(a) * \/‘P(a) ra € 50) be two SRF sets of o, then we say:

=) =)
L C V¥ ifand only if \/L(a < \/‘P(a) \/L(a) > J¥(a) .
Remark 3.4.

1. Define \/£(a) = V0.2 and \/¥(a) = 0.3 be two SRF-sets of f, then VL < V¥,

SInce
VI = 0.4472135954999579 < VT = 0.5477225575051661,
VI = 0.4472135954999579 > VW = —0.5477225575051661.
2. VI =¥ ifand only if VZ =¥ .
3. The complement of the fuzzy square root set is denoted by
(L(@)¢ = (a € p; (m(ﬂ)c, (m(_))c) and it is a square root fuzzy set in
defined by:  (JE@)° = (JI@ ) (JE@ ) iacp ) = (-1-vZ@ 1~

(+)
JI@ ")
For example. Define \/L(a) = V0.2, then
=) +)
JL(@) =(-1—-{L(a) ,1—-yL(e) )=(—1+0.4472135954999579,1 —
0.4472135954999579) ~ (—0.55278640450011,0.5527864045001 ) .
4. The intersection of two square root fuzzy sets \/ L(a) and \/ Y(a) denoted by
\/ L(a) N \/ Y(a), is a square root fuzzy set in go defined as: for each a € g,
= =
WI@ nF@) = (VI@  A¥@ " JE@  v{F@ )
For example. Define \/L(a) = V0 2 and w/‘P(oz = V0.3 be two SRF- sets of §, then
= =
(V@ nV¥@) = (Vi@ "~ AV¥@ ~ JI@  vyF@ )=
{0.4472135954999579, —0.4472135954999579} .
5. The union of two square root fuzzy sets \/L(a) and /¥ («) denoted by
\/ L(a) U \/ Y(a) is a square root fuzzy set in 50 defined as: forall a € g,

(VE@) U ¥(a) = {m v \/‘P(OI) \/ﬁ(a)(_) A \/‘P(a)(_)} :
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6. Results. Let VL, V¥, VQ be square root fuzzy sets in a set . Then
(1) WENVE) =, (VEUVE) = VL .
@) (VENV®) = V¥ 0, (VEUVF) =VF U VL.
3) (VLnV®) nVa=VLn (V¥ nVa), VLuV¥)uVa=vLu V¥ ua).
Definition 3.5. Let o # ¢ be a QS-algebra, and then a SRF-set \/L(a) over a set g is called
SRF-QS-sub algebras if the following are satisfies
(+ (

(SRF-S;) / L(a * 77)(+) > min{\/L(a) ),\/L(n) +)} and

- ) -
(SRF- Sz) JVL(a*n) ( ) < max{\/L(a) ,\/L(n) )} , where

- +
L(a go - [0,1] \/L(a)( ) : 9 — [—1,0] suchthat 0 < ,C(a)( . <1,

~-1< /L(a) _) <0.
Example3.6. Define V£ in example 2.9 as follows:
£(0) = {0.06}, £(1) = {0.05}, L(m) = {0.04}, then VL is SRF-QS-sub algebras.
Definition 3.7. Let % # ¢ be QS-algebras, then the SRF set VL over a set § is called SRF-
BCK-ideal if: for all a, A € o, where BCK-ideal is an ideal of BCK-algebra.

(+) +) ) )
(SRF-bek (2)) vL(0) ~ = yL(a) ,{L(0) ~<L(a) ',
(+) (+) (+)
(SRE-bck (b)) /L(@) ~ =min{JL(a*1) /L) '},
=) =) =) +)
JVL(a@) < max{ \/L(a * 1) ,\/L(A) },suchthat, 0 </ L(a) <1
1< JI ) <o .
Definition 3.8. Let o +# ¢ be QS - algebras, then the SRF-fuzzy set VL over a set g is called
SRF-QS-ideal if: for all a,ln € go

(SRE-QSI): yZ(O) > \/L(a) JL(O)(_) < VI,
(SRF-QS T): {/ L(a * /'l 2 min{ \/L(a * n)\+),\/L(n * /1)\+)},
VL(a * /’l)(_) < max{ \/L(a * n)(_),\/L(n * /1)(_)}, such that, 0 < \/L(a)(ﬂ <1

=)
-1< JL(a) <0O.
Example 3.9. Let o = {0, h,p, u} be a set and * defined in table 2:

Table 2: SRF-QS-ideal

*

SR & o

e W8 > ofo
T R O =S
> o & v W
o T |8

Then (,* 0) is a QS-algebra. Define VL as follows:

L(0) = {0.04}, £(h) = {0.03}, L(p) = {0.02}, L(u) = {0.01}.

We can prove that V£ is SRF-QS-ideal on QS-algebra .

Lemma 3.10. If V£ is SRF -QS-sub algebra on QS- algebra £, then

+ + - -
JIO0 " > i@ ad JIO < JI@"
Proof. In (Definition 3.5) put =

n,
(SRE-S) JE(@ra) =IO 2 minJI@) I@ }=yI@ . and
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(SRE-82) JZ(a = @) = VL0 <maxyZ(@ JI(@ 3= V(@ .

Lemma 3.11. Let f be SRF-QS- ideal ofgo Ifa < n in go, then

\/L(a)( L(n and \/L(a L(n ,Va,n € p.

Proof. Let a,/1 € g be such thata <7, then a*n=0. Put A =0, we have from (SRF-
QSlo):

VE@ 2 I @ <T@ and
(SRE-QS I): +/L(a * 0)(+) = ,/L(a)m > min {\/L(O) +),JL(a)‘+)} = ,/L(a)m ,

- - ) (- -
JL(a * 0)( . = 1/L(a')( . < max{\/L(O) ,\/L(a) )} = \/,C(a)( )
+ )
Lemma 3.12. Let VL be SRF-QS-ideal of , if a*A<mn, then /L(a) =
, +) ) ) ) ©)
min {\/L(A) I } JI@' < max {JL(A) I }
Proof. Assume that @ * 1 <71 then @ *n < A holds in & . By (Lemma 3. 11), we have

JE@m Y = 2D Pand JZlarm ) < VIO .

Thus, put A = 0 in (definition 3.7.) and using lemma 3.10, then we get from

(SRE-QSI) : VZ0) " = JZ@) "~ and JZO) < JI(a)
(SRF-QS I):

VE@ ) = VI@ 2 min(/Iawm IO )=
minyZ® VI 1 AI@r 0 =JI@ =

) (+) +) . +) (+)
min {/L(a@*n) /L0 *0) "} 2min{y L) VLG '}
Theorem 3.13. In BCK- algebra, every SRF-BCK-ideal of g is an SRF QS- ideal of .
(+)

Proof. Let V£ be SRF-BCK-ideal of g and a, 1,1 € §, then \/L(O)(ﬂ > L(a) and
- =)
w/L(O)( . <.L(a) ,itis (SRF-bck (a))
(+) +) (+)
(SRE-bek (b)) VZ(@) = min {JZ@* D) JID },

(- =) =)
JL(a) . < max {\/L(af xA) o, \/L(A) }. Now, put a * A instate of a and n * A instate of
2 in (SRF-bck) (a) and (SRF-bck)(b) we have (SRE-bek (b))

(+)

(a*x)*(n*A)<a*n by proposition2.3(4)

VL(a * /’l)(+) >min{ |£ (ax)*(m=*A) ,

lamma 3.10(+)

JIaon > (e @en NI ).

Similarly, we can prove that

lamma 3.10(+)

(+) —_— (+)
VL *A) = {NL (axn) L (m*2) '}, then VL is SRF-QS-ideal of .
Theorem 3.14. If /L is SRF- QS-ideal of g, then the set

( (— —
o= {(v,\/L(O)(H = \/L(v)\+),\/L(0)\ . = w/L(v)( ); v € o} is a QS-ideal of .
Proof. Letv*n , n* A € . Then

,/L(U*n)( ,/L(O() w/ll(n*A and L(v*n —\/L(O) _\/L(TI*A)(_),

we have (SRF-QS I):
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’—L(v " /,D(+) > min {\/L(v . 77)(+)»\/L(77 " /1)(+)}

_ = min {\/L(O)”),\{L)(O)(”} - J{L)(O)H) ,and
VLw*1) < max {\/L(v *1) ,\/L(n * ) }

= max (/T IO } =IO -

By combining above with definition 3.7, we get

JZO0 " = 1) P and V20 < JZ@) . S0y rm) ) = y200)" " and

JL(v * n)(_) = \/L(O)(_), then v *n € . Hence, g is a QS-ideal of .
Proposition 3.15. Let (M))ie = {(v, (VE®)) ;v € 0} be a family of SRF-QS-ideals of
M;

§,then N M; , i €A is SRF-QS-ideal of a QS-algebra .
Proof. Let (M;);c, be a family of SRF-QS -ideals of a QS-algebras, then for any v, 4,1 € g

we get
(n (M(”)M) = inf ((M”))M_) > inf (M(”)M' = (n (W(”)M)

O(VE® ) )=sup ((MH)M_) <sup(VI®) ) =w(VZm ) .

M;

Now, we have

(VE@D ") ) =nf ((m“))M,) >
s trinl (V2 ”) (2@, -
mintios (VG0 ”), (VD) J|-

M;

min (0 (VE@ ) ,<n (vEa=n") } And
<

i

s (JEGT ) (vEGTTD)

i M;

= max {U (\/L(v * r))(_)) , (U (JL(n * A)(_)) } Hence, N M; , i €A is SRF QS-ideal.
M; M;

4. The image (the inverse image) of SRF QS-ideal

Definition 4.1. Let (0, ,0) and (,%, 0) be QS-algebras. A mapping f: g — H is said to be
a QS-homomorphism if f(v * 1) = f(v) * f(1), forall v, 1 € gp.

For example: using the set o = {0, h, p, u} in the Example 3.9 and define a set

H ={0',a’,b’, c'} in the following table in table 3:

309



Mostafa et al. Iraqi Journal of Science, 2026, Vol. 67, No. 1, pp: 303-313

Table 3: A QS-algebra

*' o’ a b’ c
0’ 0’ a b’ ¢’
a a 0’ ¢’ b’
b’ b’ ¢’ 0’ a
c ¢’ b’ a 0’

A mapping f: g — H is define as follows f(v) = v’, then f is a QS-homomorphism since

f(hxp)=fw) =c"=f(h)*f(p) =a’ *b" and so on.
Definition 4.2. Let o, H be two QS-algebras and w be a fuzzy subset of o, and B be a

fuzzy subset of H and f: 4 — H a QS-homomorphism. The image of £ under f is defined
by

sup,cra  if [T %0

0 otherwise
The inverse image of B under 1 is defined by:

fHBW) = B(f)), forall v € p.
Definition 4.3. Let f: o — H be a homomorphism of QS-algebras for any SRF-QS-ideal

VL ={/L(v) = (\/L(v)(_),\/ll(v)(”: v € g} of H. Define a new SRFQS-ideal
VP - {(v,)(m(‘)y, (\/(z:)(v)(”)f: vE @)} in by
WLW) Y =JL(f W), forallve p.

Theorem 4.4. Let f: o — H be a QS-homomorphism. If

VL = {JL(v) = (JL(v)(_),JL(v)(+): v € g} is SRF-QS-ideal of H, then

VI = v, ST Y (W “Nrivep) is SRF QS-ideal of .

Proof. Notes that (1) (W )f = \/W < \/W( Y (m( ))f
WE@* D Y = m ” = min WEG@ - F) NG+ ) )

= min WIG@ s ANIFA D)

= min (VE@ M Y, (@D )} and

WD Y =VIGw+ D) <

max (VG @) * ) NEFI )} = max (G @ m) NEFG+D )

=) (=)
=max{(L(w=n) ), (JLn=*A) )} Hence VI is SRF-QS-ideal.
Theorem4.5. Let f: o - H be an epimorphism of QS-algebras.

®) &)

1t VI = w, VLW) ), (JL®) ' ) :v € ) } is SRF-QS-ideal of o, then
®) ©)

VI = (JI(W) = L) LW  :v € @)} is SRE-QS-ideal of .

Proof. For any h € H, there exists v €  such that f(v) = h. Then

+ + + + ) +
VI =VIG@) = (I Y s (JI® Y = [t @) =G Y,

&) &) &) &) ) )
VI = JIG@) = (I® Y 2 (IO ) = [L(©@) =G0 Y.

Leth,w,u € H, then f(v) = h, f(1) =w, f(n) = u, for some v,1,1n € .
It follows that

fOW) = {
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JIGw) " = JIFw) + f@))’+ = I D ) = “
min{ (/2o ), GEa=D Y] mm{JL(fw*n)) Jﬁ(f(n*m) } =

{+)

mm{JL(f(v) « Fn)) ,Jz:(fm)  FD) —mmwth*u) ) JLGrw) 3, and
JIOw) = LG < f@) = (LD ) < .
max [T+ ), (\/L(n*/'l “y) max{JL(f(v*m) \/L(f(n*l)) )=

mas (L@ 1) [ ) )= max (YERTD Y )
Hence V£ is SRF-QS-ideal of H .

Definition 4.6. Let \/£; = {\/£,(v) = (\/Ll(v)r_),\/lll(v)mr): v € %)} and

\/L_ = {\/Lz (v) = (\/Lz (v)(_),\/llz (v)(+): vE 50)} be two SRF-fuzzy sets of g, the

product \/£; X /L, is defined by /L1 x L,(v, D7 = mi”{ V Ll(v)\ﬂ,\/ L, (/1)(+)} and

— (— (—
VL X Lz(v,ﬂ)( ) _ max{\/ﬁl(v)\ ),\/LZ(A)\ )}, forallv,A € p.
Remark 4.7. Let o and H be two QS-algebras, we define * on o X H by the following:
V(v,4),(p, 1) Epp XH,(w,A)*(p, 1) = (Ww*p,A*1). Clearly (o X H,*,(0,0)) is a QS-
algebra.
-) +)
Proposition 4.8. If \/L_l = {\/121 (v) = (\/Ll(v) ,\/Ll(v) 1V € )} and
(=) (+)
VL, = {\/Lz (v) = (\/Lz(v) ,\/122 (v) * 'V E go)} be two SRF QS-ideals of g, then
VL1 X /L, is SRF-QS-ideal of g X H.
+ (+) (+) (+) (+)
Proof. /£, x £,(0,0) ~ = min{JLl(O) ./ £2(0) } > min{JLl(v) A L2(A) } =

(+)
\/L1 X £,(0,0)(v,m)
Forall v,A € p. let(v1 v,), (A4, /12) (771 n,) € o X %, then

min {\/(L1 X Ly)(v1,v2) * (14, 772) \/(1:1 X L)(M1,m2) * (A4, /12) }

/+)

min {\/(Ll X Ly)(v1 * 11,0, * 772) \/(51 X Lz)(m * Aq 17 * )12) }

+)
, , ) €] . )
min{min {\/L1 (w1 *n1) \/Lz (2 *1mz) Lymin{ (L4 (Th * /11,) L2z xAy) 3=
o ) @ ) )
= min{min {{/ £, (v * ;) , L4 (Th * 11,) }, min {\/1:2 (v x1m2) \/132 (M *Az) }<
, €] €] €]
min {\/L1(V1 * 1) \/Lz(vz *Ay) 1= \/(L1 X Ly)(vy * A, 05 % A3) . Also,

max {\/(L1 X Ly)(v1,v2) * (1, 772)(_) \/(L1 X L)(M1,m2) * (A4, /12){{—)}

= max{\/(Ll X L) (vg * g, 05 * 772) \/(L1 X Lz)(Th * A1 * Az) }

) B
= max{max{\/Ll(vl * 771) '\/Lz (v * 772) }: max { /ﬁl(m * /11,) o L2(M2 * /12)( )}
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=)
) ’ @) )
max{max {y/ L, (vy *n1) , [L4 (771 * /11,) }, max {\/Lz (w2 *x1m) \/Lz (MmyxAy) }=

=) Q) =)
max{\/ﬁl(vl * 1) L2 (g % Ay) } = \/(131 X Ly)(v1 % A4, 02 % A3) .
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Conclusions

In this work, we have study the notion of a square root fuzzy set of QS -ideals on QS -
algebra and investigated its properties. Furthermore, we have study the homomorphic image
and the inverse image of square root fuzzy-QS-ideals of a QS-algebra under homomorphism
of QS -algebras. The main purpose of our future work is to study the Cartesian product of
square root fuzzy-QS-ideals in Cartesian product QS-algebras, the topological space for
square root fuzzy-QS-ideals of QS-algebra and we apply the concept of linear Diophantine
square root fuzzy sets in QS-algebras. Finally, we study the novel correlation coefficient
between two fuzzy ideals square root, for more applications need to be discussed in our
further study.
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