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Abstract

The main purpose of this paper is to study the application of weyl module and
resolution in the case skew- shapes (6, 5) / (1, 0) and (6, 5) / (2, 0) by using
contracting homotopy and the place polarization.
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1: Introduction
Let R be a commutative ring with identity (1) and ¥ be a free R-module. In this work we give
resolution of weyl modules in the cases of skew partitions (6,5)/(1,0) and (6,5)/(2,0) which are used by
D. A . Buchsbaum in the case partition (2,2), Haytham R. Hassan in the case (3,3) and Niran Sabah

Jasim in the case (8,7) [1, 2, 3].
t

Au= | | o=

| b=A1

Let Z,,be the free generator of a divided power algebra
bF (Z,,) is one generator of the divided element power Z,; of degree k of free generator. Z,; is
Dpiuf @ B, 1 by place polarization of degree k from place 1 to place 2.
"The graded algebra with identity” R = BF (Z,,) is the graded module that acts of the graded module
N = ¥ Dppf @ Dy, f i.6. NV is a (graded) left R- module;

Ne0 —>N,_, s N sy O €y

is the weyl module By definition WV'e is the resolution of «;,, (#); where K, ()

(1) (i) (1) |
Z 23y 2oy Za1'x Prraridt @ Do-gaixpt @)

K;=0
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(t+1¢1) (x3) (k;—1) di—q
Z 73 ;( 2212)(....;( Zz1lx DD+(t+|k|)F® Do (1) >

K;=0

_ N (t+x) do
: Zy X BI>+(1;+|K|)F ® Dq—(;-{-K)F_') D ® D,

K;=0

Where |«| = Z kiand d; is the "boundary operator” @,

definition of is §; see [1] and the
So ¢ BpF® DqF—> Z ngkgf DP+(£+K)F® Dq—(£+K) £

K;=0
w [1®) 2 709 (w 1(5+K)> ; where k<t
’ 215\ '[9 (5-)
(w z(q—K)) %{ 2
Y ; where x > ¢
And for higher dimensions as :

+ -1
Siqt Z 3 K}) chf)x 75y 1 ) Ppaerient ® Po—guapiepF >

(3)

K;=0
-1
Z85) 289 2RV Y PpamE © Pomgapp F
_ w |1 (P+et|k|
Z44) 702 gD ( L ) > )

w'| (= ([l +m)
(t+11) D) (;—1) (m) w 1(b+1+|K|+m) ;WheT‘e m= 0
<Zz1 ;( 2212)( ..... Zz1lx 221 X(w’

20— (t+|x|+m)

0 ;wherem > 0
Asin 1, 4,5, and 6 that follows, we write the moudules of the resolution as N'i , in which i=0,1, ....q-
t;with Vy = Dpf'® D, and

-1 2 i .
N, = Zgil)( )Zgi))( "'Zg’;)XBP+l+|K|F® Bq—(l+|l€|) F i>1
2. Definitions

(1) Let R be a commutative ring. A graded R-algebra is a graded R-module M=@;., M; together with
a "multiplication” homogenous m: M @ M — M and a unit :.R—M .

(2) The weyl module shape o is the image of the map d (), and it is denoted by .. (£).

(3) A contracting homotopy:- {S¢, §1, S, ... } is a contracting homotopy if §;_; 9, + 9, §; = id .

(4) The divided power algebraD I =} ..o D; ' can be defned as the graded commutative a lgebra

generated by element ¥((i)) in degree where y€ F and I is a non negative integer.
3- Application of weyl modules and resolution in the case skew- shape (6, 5)/(1, 0).
In this section we study the application of weyl module and resolution in the case (6, 5)/(1, 0) and
find the terms of resolution of the skew-shape in the case (6, 5)/(1, 0) as well as the proof of exactness.
"Let skew- Shape (6, 5)/ (1, 0), in this case we have the following terms of characteristic free
resolution”
The characteristic — free resolutions are:

Ny : = DsF @ P,F

M= 20, DFQDFPZE, D,FQD,FHZY, DeF QD FD
Ny o= 2221))(221)(391?@ DD Z;?’l)xzzquF@ Dy F'

N3 = Zgz1)x 2317 221y D1of' @ Dot

Then we have

St No —>M
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w |1(5)20€) S0 (W 16+ if Kk>2
‘SO ( i ) 2171 ’2(5—}(3)
w'| 25-1) .
and§;: Ny SN, where

(re+1) 1(6+1) Z(K+1) 7 (w
81 (221 x ( ‘2(1 —xe-m) 217 \ 4

0

and §; : NV, — N3  where

(k1 +1) (x2) 1(6+|K| Z(m)
S, <Zzl x Zyy X( 5 (1=Ixl-m)

(6+|k+m\ if m=1
_ {z(““) nglangx;)x(w 1ot )

if k< 2

1 (6+K+m) ifm=12
' 2(1—K—m))

ifm=0

2 =Ix-m)
0 ifm=0
Since |[k| =11 + K
"Now we have the foIIowing diagram”

in diagram (5) we can see that
()
(ic+1) w 1(6+6) 9
Soa <221 X <w 2(1—K—m)
St (w160 ™
221y w | 9(1-k-m)

1(5) 2(k+1) z(m)
2(1 K—m)

K+ 1 + m (w 1(5)2(K+1+m)>)

( w' 2(1—K—m)

_ (k + 1 + m)é‘ w’ 1(5) 2(K+1+m)
m 0 w 2(1—x—m)

_ (K +1+ m) FUetim) ( (w1 (EFcHD)

- m 21 x w' 2(1-k-m

So that
(m)
(k+1) W’ 16+K) o
aXSl <ZZl X <w 2(1-Kk—m)

:50

_ (K+ 1) (m) 1(6+K+m)

=0y <221 x Iz x( |pa-x-m)

_ (K +1+ m) Z(1<+1+m) (w, 1(6+K+m)> (k+1) ’Ll)" 1(6+K) Z(m)
B m 21 1 \w'|p(-x-m) 21 1 \w| p(-x-m)

It is clear that: S, 0,+ 0, S;=id.

Now

(6+K)  2(m)
S; 0y (chl“;) Zg<12)x<w'|; o2 )) where || = k; + K

(1—x—m)
<|K|)Z|K|+1 (’W'|1(6+K) Z(m)> 7Ot (W 1649 o) ™
21 x 2(1-x—m) 2L \w | p-x-m)

=38
|1<| + 1)+ (W 16+lkD  pm)
21y \aw'|p(-Ixl-m)
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Ky + M\, 1) (W |16+K)  plkeem)
+(( m )zt (w’ 5 (1= -m)

_ (I m) S g (w1 EFIE
- Kn 21y “21 gy \q'|p(-Ixl-m

Ky +Mm (k1 +1) 5 (ky+m) [ W 1(6+|K|+m
* ( m ) Loy Lot (w' 2(1=x|-m

So and

1 w
o, 5. (2570 282 (

1(6+xD 2(“0))
w'

2 (1=[x[-m)
1+ 5 (cp) m (w|16+Kl+m
(2211 v Loty o1 x(w' 5 (1=Ik-n
k| + 1\ . (x+1) »m) w |1 (6+Ik|+m)
Zsq “ Z

Ky 21 % \awr'| 2= Ixl-m
K41 K m w |1 (6+]x|+m)
o (2 2, 20 (2]5)
_ (IKI +1) Z7(Kl+1) 7 (m) (w 1(6+|*<|+m)>
- Ky 21 21 o ’LU” 2(1—|K|—m
(e 1) 25D 28 (0 1<6+'K'+m>)
Ky 21 x 721 v \w 2(1=[x|-m
K +1 X w |16+ )
+ ng x) ng)x (w 2 (1=[x|-m) )
So we have" S; 0,+0, $,=id"
Hence { 8y, $;, S, }is a contracting homotopy ; which implies that the complex
0O—>N; —>N, —3V, ——Ay isexact.
4- Application of weyl modules and resolution in the case skew- shape (6, 5)/ (2, 0).
In this section we study the application of weyl module and resolution in the case (6, 5)/(2, 0) and
find the terms of resolution of skew-shape in the case (6, 5)/(2, 0) as well as the proof of exactness.

0

=

Let skew —shape (6, 5) / (2, 0) = (4,5)
In this case we have the following terms of characteristic free resolution

Ny=D,F Q DF

N, =20, D F @ D,F @7, DeF ® D FDZS), DeF@PoF

Ny =259, 231« DgF @ DiF © 257,251, DoF ® DoF @ 752, 257 DoF @ By F
N = ZS)X Zy13 2313 Dot @ Do ¥

Then we have

Dot Do — .0

S\ 000 =345
l oo < 2
And
D]: D] % Dz .
640 0 (U+2) 16FE+E
0, HS+Zj) (D JIG D) ) N e 15 ([,l 2(2—*—*))
O p@=-0=0)
0 000 >0

And
Sy:lly ——> 1013 where

+2 0 \
) (Déﬁ’ 05,08 (5,

1(6FIKD AT )
7 @=Ixl=1)
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(c42) () () O @HI+DNY 000 = 7
Lot o B ((D’|2(2—|K|—L)

0 DD]—O
Wher@y«| = S% + 1)

NL / NLL 724%@ )

In digram (6) we can se@xthat
(K+2) 1(6+K) 2[

Ho 0y <D 21 % (D, 7Q2-x=1)

o\ 7 (2—k=1)

K+241K) (O[1@  pl2+d
DO(( S (D' 5 2—k=1) )
_ (K+2+ D) 0 (D ](4) 2(T+2+T>
- [ o\\y H@-0-0)

_ (K +2+ D) - (eb2+40) (1] 6Fx+i)
N O 21 ANy @-x-0)

In diagram (6) we can see that
w+2) (O]106+F9 o)
ax D] (DZI x (Dl‘z(z_K_y’)
(K+2) (T) D 1(6+K+L)
ax<Dz1 v Lo (D'z(Z—K—L)
_(D +2+ D) S (U J6+0+0) (+2)  (O]706+5) HH
0 21 x '] ,-0-0) 21\ H(@-0-0)

From the preposition in diagram (6) we can see that
DO 6X+0XD1 =ld

Then
(K+2+ ﬂ) D(1<+2+L) [ @txt+lD) N - (k+2) NGO E
0 '[p@=x=01) 20 1\ ] p@ex=1)

(K+2) ’_‘ 1(6+K) 27
=L 7 (D" 5 @=x=11)

Now

D60 ()
1 0, (ﬂg’”)x g?)x ( | Qe 7) )) where |k| = k| + K,

=[] _ |K| +2 ﬂ(|K|_'_2) 1(6+K) 2F
=11 K 21 x 7' 2(2—1<—J)
+ | ‘(K+2) MG RPN
A\ -

[ (_ (lKl +2) (Ixl+2) (D 16+ 27)

1 Ky 2\ eie-)

KZ + UJ | ‘(K'+2) D 1(6+K]) 2(K2+§\

+( O ) 2 (\ "5 @=Ixl=1) )

|| + O SO () |1 @HIl+D Ko+ TN 43) (ot
=‘< o ) (et )+ (00 ) 8

0 1(6+K+ 0)
(o)

and
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5 ] @tIkD 5l
o5 () 2)

i 2(2—|K|—J)

_ (x;+2) | (x2) () (LD 5

= ax (D211 % Dzlz v Hor (D' 2 @=lxl=1)

(% 40 D(K1+2) D(KZ-H) [ [ (6+Il+0)

— 0 21 x g %* D' 2(2—|K|—[)
+2) () ([ 1(6+ID 5T

+ Dz] x DZI x (D"2(2—|K|—j)

In diagram (6) we can see that [1; [, + [1 [, = [I[]
hence
_ (TN Caden o (D]
K 20 2 R @tk =)
K+ LN\ g+2) Gty (O [1OFIKFD
+( 0 )Dzl o (D’2(2—|K|—L) )

_ (K2+ D)D(K1+2) D(KZ) (D 1(6+|K|) Z(J))
0 21 X=21 X [ 2(2—|K|—T)

;| + 2 +2 oy (0]l
+< DgllKl )x Dgl)x (D’ )

Ky 2(2—|K|—7)

] 1 (6+IxD
= 03" Dg?"(D' 2(12—|»<|—r) )
Now we get [ 0, + 0,1, =id
Hence {(1,, [1;, [1, } is a contracting homotopy
0 S>3 S/ Sy 15  isexact
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