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Abstract 

     The nuclear density distributions and size radii are calculated for one-proton 
8
B, 

two-proton 
17

Ne, one-neutron 
11

Be and two-neutron 
11

Li halo nuclei. The theoretical 

outlines of calculations assume that the nuclei understudy are composed of two 

parts: the stable core and the unstable halo. The core part is studied using the radial 

wave functions of harmonic-oscillator (HO) potentials, while the halo is studied 

through Woods-Saxon (WS) potential. The long tail behaviour which is the main 

characteristic of the halo nuclei are well generated in comparison with experimental 

data. The calculated size radii are in good agreement with experimental values. The 

elastic electron scattering form factors of the C0 component are also calculated for 

the aforementioned nuclei. The calculated form factor results give predictions for the 

results of future experiments on electron-radioactive ion beam colliders. 
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1. Introduction 
     Electron–nucleus scattering is one of the dominant tools for investigating nuclear charge 

density distributions. Nuclear size and density distribution are the essential quantities to 

explain  nuclear properties [1]. The development of radioactive isotope beam techniques has 

opened a new field for the study of unstable nuclei far from the stability line [2] [3]. 

Therefore, it is very interesting to theoretically study the properties of unstable nuclei 

according to reliable theories and models. 

   One and two neutron (proton) halos have now been observed in several light neutron-rich 

nuclei, such as 
8
B, 

11
Be, 

17
Ne and 

11
Li. Minamisono et al. [4] succeeded in a precise 

measurement of the quadrupole moment of 
8
B. They pointed out that the quadrupole moment 

of 
8
B is considerably larger than the shell-model prediction. 

    Zukov and Thompson [5] studied the proton drip-line nucleus 
17

Ne in a three-body model 

of 
15

O plus two protons. The model gives a proton radius larger by about 0.26-0.32 fm than 

the neutron radius, showing that a proton skin is present. 

Al- Khalili et al., [6] explored the root mean square matter radii of halo 
11

Be, 
6
He, 

11
Li and 

14
Be nuclei from the measured reaction cross sections at high energy using a Glauber type 

calculation.  

    The 
8
B nucleus has been investigated using two frequency shell model approach by  

Majeed [7], where the configuration mixing shell- model was carried out using a model space 

for the core nucleus different from that  for proton halo. This assumption was supported by 

the fact that the valence proton was distributed in a spatial region which is much larger than 

the core.  

     The aim of the present work is to study nuclear densities, rms radii and elastic electron 

scattering form factors of halo 
8
B, 

17
Ne, 

11
Be and 

11
Li nuclei. The radial wave functions of 

harmonic-oscillator (HO) and Woods-Saxon (WS) potentials are used to calculate the afore 

mentioned quantities for core and halo parts, respectively. 

 

2. Theoretical Formulations 

The ground density distributions of point neutron and proton of halo nuclei can be written as 

[8]: 

                ( )     
 ( )     

 ( )                                                                   (1) 

 

where    
 

 
 for protons or     

 

 
 for neutrons.    

 ( ) is calculated through harmonic-

oscillator (HO) radial wave functions (   ( )) [9] and can be written as [8]: 
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 represents the number of neutrons or protons in the    shell,   and   represent the 

principal and orbital quantum numbers, respectively. It is worth mentioning that the 

summation in Eq. (2) spans all occupied orbits in the core for any nuclear sample under study. 

   
 ( ) in  Eq. (1) represents the density distribution for halo part and it is calculated through 

Woods-Saxon (WS) radial wave functions and can be written as [8]: 
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where     
        

 represents the number of neutrons or protons in the sub-shell    ,   represents 

the total angular quantum number.  The        ( ) in  Eq. (3) is the solution to the radial of 

Schrödinger equation [10]: 
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where      (   )   is the reduced mass of the core (   ) and single nucleon,    is 

the nucleon mass,   is the atomic mass,      is the single halo nucleon separation energy.  

For the local potential  ( ), the WS  shape is used in the compact form as shown below [11] 

[12]: 

 

                ( )       ( )       ( )    ( )                                                      (5) 
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                                                                            (6)      

represents the central part of  ( ),    is the strength or depth of central potential,    is the 

diffuseness and     (   )
    is the radius parameter of the central potential.  
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Eq. (7) represents the spin-orbit part of  ( ),    is the pion mass,       is the strength or 

depth of spin-orbit potential,       is the diffuseness of spin-orbit part,            (   )
    

is the radius parameter of spin-orbit and  ̂ and  ̂ are the angular momentum and the spin 

operators, respectively. 

Finally, in Eq. (5),   ( ) indicates the Coulomb potential generated by a homogeneous 

charged sphere and can be written for protons as [13]: 
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and   ( )    for neutrons, with               .    is Coulomb radius of the nucleus 

and  is usually taken to be equal to  . 

Therefore, Eq. (5) can be written as: 
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     In order to compare the calculated point proton density distributions with the experimental 

densities, the finite proton size is required to be included. The charge density distribution 

   ( ) (CDD) is obtained by folding the proton density     into the distribution of the point 

proton density in Eq. (1) as follows [11]:   

                   ( )  ∫  ( )   (    )                                                            (10) 

If   ( ⃗) is taken to have a Gaussian form, then 
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where            .  Such value of      reproduces the experimental charge     radius of 

the proton, 〈  〉  
   
 (

 

 
)
   

          . 

The ground matter density distributions (MDD) of halo nuclei are calculated from: 

             ( )        ( )        ( )                                                            (12)   

The     radii of neutron, proton, charge and matter can be directly deduced from their 

density distributions [11] as follows: 

      〈  〉 
   
 √
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                                                              (13) 

  in Eq. (13) denotes to   (number of neutrons),   (atomic number which is the same for 

proton and charge) and  , respectively. 

The longitudinal electron scattering form factors in the first Born approximation can be 

calculated from [14] [15]: 
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where   represents the momentum transfer from electron to nucleus during scattering. Eq. 

(14) can be simplified more to [16]: 
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  (  ) and   ( ) are spherical Bessel function and transition density distribution, 

respectively. For    , the electron scattering charge form factor can be written as: 
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3. Results and discussion 

      The technique of calculation is based on dividing the nuclear system under study into two 

parts: the first is the stable core which is studied using the radial wave functions of HO 

potential and the second part is the unstable halo part which is studied using the radial wave 

function of WS potential. The calculations in such method are denoted by HO+WS. In the 

core part, two HO size parameters were  used: one for protons (  ) and the second for 

neutrons (  ) in order to regenerate the experimental     radii. 

The parameters of WS potential (  ,      ,   ,      ,   ,      , and   ) were  chosen so as to 

regenerate the experimental single-nucleon separation energies [17] of the one-halo nuclei or 

  ( )     (  )    of the two-nucleon halo nuclei.  

        For 
8
B, 

17
Ne, 

11
Be and 

11
Li nuclei, the chosen HO size parameters for protons and 

neutrons for core part and parameters for the WS potential for halo are presented in Table 1. 

The calculated     proton, charge, neutron, and matter radii are presented in Table 2. The 

calculated results of the     charge and matter radii are well predicted for the four nuclei 

under study. 

       The calculated MDDs are shown in Figure 1(a) for 
8
B, 1(b) for 

17
Ne, 1(c) for 

11
Be, and 

1(d) for 
11

Li and are compared with the experimental data (ref. [18] for 
8
B, ref. [19], for 

17
Ne, 

ref. [20] for 
11

Be and ref. [21] for 
11

Li). The dashed and dashed-dotted curves represent the 

calculated MDDs for core and halo parts in HO and WS radial wave functions, respectively. 

The solid curves represent total MDDs (core+halo). Excellent agreements with experimental 

MDDs are obtained for all cases in Figure 1.  

      The calculated neutron and proton density distributions are presented in Figure 2(a)for 
8
B, 

2(b) for 
17

Ne, 2(c) for 
11

Be, and 2(d) for 
11

Li. The solid and dashed lines are for the calculated 

neutron and proton density distributions, respectively. The long tail of the proton density 

curves of one-proton 
8
B and two-proton 

17
Ne halo nuclei is clearly observed and investigated, 
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besides, the long tail of the neutron density curves of one-neutron 
11

Be and two-neutron 
11

Li 

halo nuclei is clearly generated. 

      In Figure 3, the logarithm ratios of proton over neutron density distributions (for proton 

halo 
8
B, Figure 3(a), and 

17
Ne, Figure 3(b), nuclei) and of neutron over proton density 

distributions (for neutron halo 
11

Be, Figure 3(c), and 
11

Li, Figure 3(d), nuclei) are presented. It 

is clear from these curves that there was dramatic increase in the logarithm ratios indicating 

and confirming the halo structure in the nuclei under study. 

     The results of the calculated elastic electron scattering charge form factors are illustrated in     

Figure 4(a) for 
8
B, 4(b) for 

17
Ne, 4(c) for 

11
Be, and 4(d) for 

11
Li and are compared with 

experimental data of the corresponding stable 
10

B, 
20

Ne, 
9
Be and 

7
Li nuclei (refs. [22] [23] for 

10
B, ref. [24] for 

20
Ne, refs. [25] [26], ref. [27] for 

9
Be and refs. [28] [29] for 

7
Li). The solid 

curves represent the calculated charge form factor in HO+WS. The results in Figure 4 give 

predictions for the future experiments on the electron-radioactive beam colliders where the 

effect of the neutron and proton halo or skin on the charge density distributions and charge 

form factors is planned to be studied.   

 

 

Table 1-HO and WS parameters for core and halo parts  

 

   
  

HO size 

paramrters 

for core 

(  ) 

WO parameters for halo 

      (   )      (   ) 
         
(  ) 

        
    

(  ) 

Separation energy of halo 

nucleon(s) (   ) [17] 

 

   
  

         

         

 

      63.13 10. 0.6 1.2                  

 

     
   

         

         

 

      59.966 10. 0.6 1.2 
                   

 

 

    
   

         

         

 

      62.52 10. 0.6 1.2                    

 

    
   

         

         

 

      44.78 10. 0.6 1.2 

   
                 

 

 

 

 

Table 2-Calculated and experimental rms charge, proton, neutron and matter radii 
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(  ) 
〈   
 〉    
   

 (  ) 
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〈  
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(  ) 
〈  
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 (  ) 

   
  2.82 

          

[30] 
2.808 2.05 2.55           [31] 

     
   3.045 3.0413 [32] 2.987 2.372 2.750            [33] 

    
   2.448 

            

[34] 
2.315 3.456 3.09             [33] 

    
   2.482 2.482 [32] 2.351 3.671 3.363          

      [35] 
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Figure 1-The calculated matter density distributions of the core, halo and total for 
8
B, 

17
Ne, 

11
Be, and 

11
Li halo nuclei. The experimental data represented by hatched and shaded area in 

(a) is taken from [18]. The experimental shaded area for 
17

Ne, 
11

Be, and 
11

Li are taken from 

[19], [20], and [21], respectively. 
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Figure 2-The calculated neutron and proton density distributions of :(a) 
8
B, (b)

17
Ne, (c)

11
Be, 

and (d) 
11

Li halo nuclei.  
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Figure 3-The logarithm ratio of proton over neutron density distributions of proton halo 

nuclei in 
8
B (a) and 

17
Ne (b) and neutron over proton density distributions of neutron halo 

nuclei in 
11

Be (c) and 
11

Li (d).  
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Figure 4-The longitudinal elastic scattering form factors for halo 
8
B, 

17
Ne, 

11
Be, and 

11
Li 

nuclei compared with stable 
10

B, 
20

Ne, 
9
Be, and 

7
Li nuclei. The experimental data for 

10
B are 

represented by empty circles [22] and triangles [23]. The experimental data for 
20

Ne 

represented by empty and filled circles are taken from [24]. For 
9
Be, the experimental data are 

represented by filled circles [25], triangles [26] and stars [27]. Finally, for 
7
Li, the 

experimental data are represented by open squares [28] and filled circles [29]. 

 

4. Conclusions 

     The nuclear density distributions of protons, neutrons and nucleons and the corresponding 

rms radii of the halo 
8
B, 

17
Ne, 

11
Be and 

11
Li are calculated. The single-particle wave functions 

of HO and WS potentials are used to study the stable core and unstable halo parts, 

respectively for the nuclei under study. The long tail behaviour in the density distributions is 

well generated. Very good agreements  are obtained for the calculated     charge and matter 

radii in comparison with the available experimental data. The elastic electron scattering form 

factor of the C0 component are also studied. The results of the calculated elastic charge form 



Ridha and Majeed                                      Iraqi Journal of Science, 2022, Vol. 63, No. 3, pp: 977-987  

                                                                   

986 

factors for the nuclei under study are controversial till future experiments on the electron-

radioactive beam colliders are settled.  
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