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Abstract 

     In this paper we study the uniqueness of meromorphic functions that share one 

value only with their derivatives. The results here are improved for the results in [1] 

and also we gave answer for open question in our paper. 
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1. Introduction  

     Let f  be a function meromorphic (i.e. 

analytic except for poles) and not constant in the 

complex plane. For any complex a , including 

∞ , we denote by )
1

,(
af

tn
−

 the number of 

roots of the equation azf =)(  in tz ≤  

)0( ≥t , roots of order p  being counted p  

times, by )
1

,0(
af

n
−

 the order of root of the 

equation azf =)(  at 0=z  (if af ≠)0( , then  

0)
1

,0( =
− af

n ), by =
∞−

)
1

,(
f

tn  ),( ftn the 

number of poles  

of f  in tz ≤ , poles of order p  being counted 

p  times and by )
1

,(
af

tn
−

 the number of 

distinct roots of azf =)(  in tz ≤ . 

Correspondingly we define 

=
−

)
1

,(
af

rN +
−

−
−

∫
r

dt
t

af
n

af
tn

0

)
1

,0()
1

,(

r
af

n log)
1

,0(
−

, 

=),( frN +
−

∫
r

dt
t

fnftn

0

),0(),(

rfn log),0( , 
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=
−

)
1

,(
af

rN +
−

−
−

∫
r

dt
t

af
n

af
tn

0

)
1

,0()
1

,(

r
af

n log)
1

,0(
−

, 

     Let k  be a positive integer, we denote by 

)
1

,()
af

tnk
−

 ( .resp )
1

,(1(
af

tn k
−

+ ) the 

number of roots of the equation azf =)(  with 

order k≤  ( kresp >. ) counting multiplicities in 

tz ≤ . Similarly as in above, we can define 

)
1

,()
af

rN k
−

, )
1

,(1(
af

rN k
−

+
, ),( frN , 

)
1

,()

af
rN k

−
, )

1
,(1(

af
rN k

−
+ , ),() frN k , 

),(1( frN k + , ),() frN k  and ),(1( frN k +  (see 

[2], [3]).  

     We assume that the reader is familiar with 

the usual notations and fundamental results of  

Nevanlinna’s theory of meromorphic functions 

(see [2], [3]). For example, 

∫
+=

π
θ θ

π

2

0

)(log
2

1
),( dreffrm

i
, where 

=+ xlog  { }0,logmax x , 0≥x , =),( frT  

),(),( frNfrm + , and ),( frS  will denote 

any quantity that satisfies 

),()1(),( frTofrS =  as ∞→r  possibly 

outside a set E  of r of finite linear measure. 

We say that two non-constant meromorphic 

functions f  and g  share a finite value a  IM 

(ignoring multiplicity), if af −  and ag −  

have the same zeros. They share a finite value a  

CM (counting multiplicity), if af −  and ag −  

have the same zeros with the same 

multiplicities. And we set  

)
1

,()
1

,()
1

,( 2(2
f

rN
f

rN
f

rN += . 

2. The main results 
     In [4] R. Brück proved the following 

theorem: 

Theorem A. 

Let f  be a non-constant entire function  

satisfying =
′
)

1
,(

f
rN  ),( frS . If f  and f ′  

share the value 1 CM, then )1(1 −′=− fcf , 

for some nonzero constant c .  

     In [5] and [6], A. H. H. Al-Khaladi improved 

Theorem A and proved the following theorems: 

Theorem B[5].  

Let f  be a non-constant meromorphic function 

satisfying )
1

,(
f

rN
′

 ),(),( frSfrN =+ . If 

f  and 
)(kf  ( 1≥k ) share the value 1 CM, then 

=−1f  

)1( )( −kfc , for some  nonzero constant c .  

Theorem C[6].  

Let f  be a non-constant meromorphic function 

satisfying )
1

,(
f

rN
′

 

),( frS= . If f  and f ′  share the value 1 CM, 

then )1(1 −′=− fcf , for some nonzero 

constant c .  

     Theorem C suggests the following question 

as an open problem: 

Question 1. What can be said when a non-

constant meromorphic function f  shares one 

nonzero finite value CM with f ′ ? 

     In this paper, we will answer Question 1. 

Indeed, we shall prove the following theorems: 

Theorem 1.  

Let f  be a non-constant meromorphic function. 

If f  and f ′  share the value ),0( ∞≠a  CM, 

then one of the following four cases must occur:  

( i ) ff ′= .  

( ii ) 
z

Ae

cza
zf

−+

−
=

1

)(
)( , where )0(≠A  and c  

are constants. 

)(iii ++≤ )
1

,(2),(2),( 22(

f
rNfrNfrT

),( frS . 

)(iv ),()
1

,(4),( 2 frS
f

rNfrT +≤ . 

Theorem 2.  

Let f  be a non-constant meromorphic function. 

If f  and f ′  share the value )0( ∞≠a  CM, 

then either ff ′=  or  

),()
1

,(),(),( 2 frS
f

rNfrNfrT ++≤ . 
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     As an immediate consequence of Theorem1, 

we have  

Corollary 1.  

Let f  be a non-constant meromorphic function. 

If f  and f ′  share the value a )0( ∞≠ CM, 

and if =)
1

,(
f

rN   

),( frS , then either ff ′=  or =)(zf  

z
Ae

cza
−+

−

1

)(
, where )0(≠A  and c  are constants.  

     This is exactly Theorem 1 in [1]. 

Theorem 3.  

Let f  be a non-constant meromorphic function. 

If f  and f ′  share the value a  )0( ∞≠  IM, 

then exactly one of the following three cases 

must occur:  

( i ) ff ′= .  

)(ii
z

Ae

a
zf

21

2
)(

−−
= , where A  is nonzero 

constant. 

)(iii +
′

+≤ )
1

,(5)
1

,(4),( 2
f

rN
f

rNfrT

),( frS .     

     From Theorem 3, we immediately deduce the 

following Corollary:  

Corollary 2  

Let f  be a non-constant meromorphic function. 

If f  and f ′  share the value ),0( ∞≠a  IM, and 

if +)
1

,(
f

rN  

),()
1

,( frS
f

rN =
′

, then  either f  = f ′  or  

z
Ae

a
zf

21

2
)(

−−
= , where A  is a nonzero 

constant.  

     This is exactly Theorem 2 in [1]. 

3. Proof of Theorem 1  

     Suppose 1=a (the general case following by 

considering f
a

1
 instead of f ) and f  

f ′≠ . We set                                            

)
11

(
1

−

′
−

−′

′′
=

f

f

f

f

f
F .                       (1)    

From the fundamental estimate of logarithmic 

derivative it follows that  

),(),( frSFrm = .                                         (2) 

Suppose 1z  is a simple pole of f . Then the 

Laurent expansion of f  about 1z  is  

L+−++−= −

− )()()( 110

1

11 zzaazzazf , 

)0( 1 ≠−a                                                          (3) 

Consequently, from (1), 

L+−+
−

=
−−

)(
11

)( 12

11

zz
aa

zF .                    (4) 

Hence  

L+=′
−

2

1

1
)(

a
zF .                                           (5) 

 It follows from (4) and (5) that  

0)()( 11

2 =′− zFzF .                                     (6) 

Again from (1), if pz  is a pole of f  of 

multiplicity 2≥p , then pz  is possible a zero 

of F  of multiplicity 1−p , i.e., 

))(()( 1−−= p

pzzOzF .                                 (7) 

We consider two cases: 

Case 1. 02 =′− FF . Solving this equation 

, we have 

zc
zF

−
=

1
)( ,                                                 (8) 

where c  is a constant. Substituting this into (1) 

gives 

)
11

(
11

−

′
−

−′

′′
=

− f

f

f

f

fzc
.                          (9) 

From this, it is easy to see that  

0),(2( =frN .                                              (10) 

If f  is a rational  function, then =)(zf  

)(

)(

zQ

zP
, where P  and Q  are polynomials have 

no common zeros. Since f  and f ′  share 1 

CM, it follows that the function  

)(1

1 2

QPQ

QQPQP

f

f

−

−′−′
=

−

−′
,                         (11) 

has no zeros, further, the poles of this function 

can only occur at the poles of f , i.e., at the 

zeros of Q . From (10), we know that all zeros 

of Q  are simple, so 
2QQPQP −′−′ and Q  

have no common zeros. Thus we conclude from 

(11) that  

)(1

2 QPcQQPQP −=−′−′ ,                    (12) 

where 1c  is a nonzero constant. From (12), (11) 

and (9) we have QczP ′−= )( . Combining 
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with (12), we arrive at a contradiction. Therefore 

f  is a transcendental meromorphic function, 

and hence ),(),( frSzcrm =− . From this and 

(9), we deduce that ),(),( frSfrm = . 

Combining this with (10) yields 

),(),(),( )1 frSfrNfrT += .                    (13) 

Set F
ff

ff
−

−

−′
=

)1(
ϕ .                                 (14) 

Then it is clear that  

),(),()
1

1
,(),( frSFrm

f
rmrm ++

−
≤ϕ , 

and from (2), we have  

),()
1

1
,(),( frS

f
rmrm +

−
≤ϕ .                (15) 

Since f  and f ′  share the value 1 CM, we see 

from (14) and (8) that  

),()
1

,(),( frS
f

rNrN +≤ϕ .            (16) 

From (15) and (16), 

≤),( ϕrT )
1

1
,(

−f
rm ),()

1
,( frS

f
rN ++ .     

                                                                     (17) 

Let 1z  be a simple pole of f . By a simple 

calculation on the local expansion we see that 

0)( 1 =zϕ . If 0=ϕ  , then from (14) and (8) 

we conclude that =
−

]
)(

)(
[

zf

ecz

dz

d
z

z
e . By 

integration and f is a transcendental 

meromorphic function, we obtain the conclusion 

)(ii . If 0≠ϕ , then 

),()1 frN )1(),()
1

,( OrTrN +≤≤ ϕ
ϕ

.      (18) 

Therefore (18), (17) and (13) give  that  

),()
1

,()
1

1
,(),( frS

f
rN

f
rmfrT ++

−
≤  

Hence  

),()
1

,()
1

1
,( frS

f
rN

f
rN +≤

−
.              (19)  

Set    
)1(

)1(

−′′

−′′
=

ff

ff
H .                                  (20)  

Obviously, ),(),(),( frSfrmHrm +≤ . 

Together with (13) we have 

),(),( frSHrm = .                                      (21)                                               

It follows from (20) that if 1z  is a simple pole of 

f , then  

2)( 1 =zH .                                                   (22) 

Since f  and f ′  share 1 CM, we deduce from 

(20), (22) and (10) that ≤),( HrN )
1

,(
f

rN
′

. 

Combining this with (21) we obtain 

),()
1

,(),( frS
f

rNHrT +
′

≤ .                   (23) 

If 2=H , we deduce from (20) that 
2

2 )1(1 −=−′ fcf , with )0(2 ≠c constant. So 

f  and f ′  can not share the value 1 CM, which 

is a contradiction. Thus we conclude 2≠H , 

and so  

)1(),()
2

1
,(),()1 OHrT
H

rNfrN +≤
−

≤                 

),()
1

,( frS
f

rN +
′

≤ ,                              (24) 

by (23). From the second fundamental theorem, 

(19), (24) and (10) we have 

),()
1

1
,()

1
,(),( frN

f
rN

f
rNfrT +

−
+≤

),()
1

,( frS
f

rN +
′

−  

+≤ )
1

,(
f

rN −
′

+ )
1

,()
1

,(
f

rN
f

rN

),()
1

,( frS
f

rN +
′

.                         (25) 

Clearly, )
1

,()
1

,()
1

,(
f

rN
f

rN
f

rN
′

−
′

+  

)
1

,(2
f

rN≤ .                                                 (26) 

Thus, we find from (25) and (26) that  

),()
1

,(2),( 2 frS
f

rNfrT +≤ , and this gives 

)(iii .  

Case 2. If 02 ≠′− FF , we deduce from (6), 

(7) and (2) that ),(),( 3()1 frNfrN +  

)
1

,(),(2
2

3(

FF
rNfrN

′−
≤− ≤  

)1(),()
1

,( 2

2
OFFrT

FF
rm +′−+

′−
−

+′−+
′−

−≤ ),()
1

,( 2

2
FFrN

FF
rm  
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),( frS , that is ++ ),(),( 3()1 frNfrN    

+≤
′−

),(2)
1

,( 3(
2

frN
FF

rm  

),(),( 2
frSFFrN +′− .                           (27) 

Here we estimate ),( 2 FFrN ′−  and 

)
1

,(
2

FF
rm

′−
. Since f  and f ′  share 1 CM, 

we find from (1), (6) and (7) that the poles of 

FF ′−2
 can only occur at the zeros of f . 

However, the zeros of f  with multiplicity 

1=q  ( resp . 2≥q ) are all poles of FF ′−2
 

with  multiplicity 2 ( resp . 4), at most, thus 

)
1

,(2),( 2

2

f
rNFFrN ≤′− .                      (28) 

     Let h  be the function defined by 

1

1

−

−′
=

f

f
h . Then from (1), we have  

h

h

f
F

′
⋅=

1
. Hence 

2

2

2 )[(
1

h

h

FF
f

′

′−
=  

])( f
h

h
f

h

h
′

′
−′

′
+ . It follows that   

++
′−

≤ ),()
1

,(),(2
2

frm
FF

rmfrm  

),( frS , that is  

),()
1

,(),(
2

frS
FF

rmfrm +
′−

≤ .           (29) 

Combining  (27), (28) and (29) we deduce 

+≤ ),(2),( 2( frNfrT +)
1

,(2 2
f

rN ),( frS . 

                                                                       (30)  

This is conclusion )(iii . 

     From (1), (6), (7) and the assumption that f  

and f ′  share 1 CM, we see that the poles of F  

coincide with the zeros of f , in fact the zeros 

of f  with multiplicity 1≥q  are all poles of F  

with multiplicity at most 2. Thus, we get from 

(2)   

),()
1

,(),( 2 frS
f

rNFrT +≤ .                   (31) 

If 0≠F , we deduce from (7) and (31) 

that )1(),()
1

,(),(2( OFrT
F

rNfrN +≤≤

),()
1

,(2 frS
f

rN +≤ . From this and (30), we 

arrive at the conclusion )(iv . If 0=F , by 

integrating (1) once gives  

)1(1 3 −=−′ fcf ,                                       (32) 

with )0(3 ≠c  constant. From this we arrive at 

)(i  or )(iv . Thus we complete the proof of 

Theorem 1.  

4. Proof of Theorem 2 

     If 0≠F , we may obtain from (7) 

≤≤− )
1

,(),(),( 2(2(
F

rNfrNfrN  

)1(),()
1

,( OFrT
F

rm ++−≤ .                    (33) 

From (1), it follows that  

),()
1

,(),( frS
F

rmfrm +≤ .                     (34) 

Combining (34), (33) and (31) we find that 

+≤+ ),(),(),( 2(2( frNfrmfrN  

),()
1

,(2 frS
f

rN + . So          

≤),( frT  ),( frN ),()
1

,(2 frS
f

rN ++ . If      

0=F , then 
11 −

′
=

−′

′′

f

f

f

f
. By integration, we 

obtain (32). Then it is easy to see that either   

ff ′=  or =),( frT ),()
1

,( frS
f

rN + . The 

proof  is complete. 

5. Proof of Theorem 3 

     From (20), we know that if ∞z  is a pole of 

f of multiplicity 1≥l , then  

l

l 1
)(

+
=∞zH .                                            (35) 

Let qz  be a zero of 1−′f  of multiplicity 

1≥q . Since f and f ′ share 1 IM, we  must 

have qz  is a simple zero of 1−f . By a simple 

calculation on the local expansion we see that 

qzH q =)( .                                                   (36) 

From (20), (35) and (36) it can be seen that the 

poles of H can only occur at the zeros of f ′ . 

Thus  

)
1

,(),(
f

rNHrN
′

≤ .                                   (37) 

Further, if 2≠H , it follows that from (35), 

(36), (37) and (20) that 
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)
1

1
,()

1

1
,(),( )1)2)1

−′
−

−′
+

f
rN

f
rNfrN

)1(),()
2

1
,( OHrT
H

rN +≤
−

≤  

)1(),(),( OHrmHrN ++≤  

),(),()
1

,( frSfrm
f

rN ++
′

≤ .                (38) 

    If 1z  is a simple zero of 1−′f , then from (1) 

we find that F  will be holomorphic at 1z . If 

0≠F , we deduce from this, the hypothesis of 

Theorem 3, (1), (2), (34) and (7) that 

≤≤− )
1

,(),(),( 2(2(
F

rNfrNfrN

)1()
1

,(),( O
F

rmFrT +− +≤ ),( FrN  

−),( Frm )1()
1

,( O
F

rm + +≤ )
1

,(2
f

rN  

),(),()
1

1
,(2( frSfrm

f
rN +−

−′
.            (39) 

Combining (39) with (38) yields 

+≤− )
1

,(),(),( 22(

f
rNfrNfrN

),()
1

1
,()

1
,( 3( frS

f
rN

f
rN +

−′
+

′
.         (40) 

This implies that +≤ )
1

,(),( 2
f

rNfrN  

),()
1

1
,()

1
,( 3( frS

f
rN

f
rN +

−′
+

′
. 

From this and the second fundamental theorem 

for f ′ , we find that 

+
−′

+
′

≤′ )
1

1
,()

1
,(),(

f
rN

f
rNfrT

),()
1

,(),( frS
f

rNfrN +
′′

− )
1

,(
f

rN
′

≤  

)
1

,()
1

,()
1

1
,( 2

f
rN

f
rN

f
rN

′
++

−′
+

),()
1

,()
1

1
,(3( frS

f
rN

f
rN +

′′
−

−′
+ . 

Hence it follows that 

++
′

≤
′′

)
1

,()
1

,()
1

,( 2
f

rN
f

rN
f

rN

),()
1

,()
1

1
,(3( frS

f
rN

f
rN +

′
+

−′
.         (41) 

Obviously )
1

1
,()

1

1
,( 2(3(

−′
+

−′ f
rN

f
rN  

)
1

,()
1

,()
1

,(
f

rN
f

rN
f

rN
′

+
′′

≤
′

+ .           (42) 

Then (41) and (42) imply )
1

1
,(2(

−′f
rN  

),()
1

,(2)
1

,(2 frS
f

rN
f

rN +
′

+≤ .            (43) 

On the other hand, by (39) we get 

+≤+ )
1

,(),(),( 22(

f
rNfrmfrN  

),()
1

1
,(2( frS

f
rN +

−′
.                             (44) 

Combining (40), (44) and (43) we obtain 

),()
1

,(5)
1

,(4),( 2 frS
f

rN
f

rNfrT +
′

+≤ . 

This is the conclusion )(iii . 

     If 0=F , then similar as the proof of 

Theorem 2, we will arrive at )(i  or )(iii . 

     If 2=H , then we find from (20)  that  
2)1(1 −=−′ fcf ,                                       (45) 

where c  is a nonzero constant. We rewrite (45) 

in the form =−′ 1f  

)1)(1( AfAfc −−+− , where 
c

A
12 −= .     

Hence =
′
)

1
,(

f
rN +

+−
)

1

1
,(

Af
rN  

)
1

1
,(

Af
rN

−−
. It follows from the second 

fundamental theorem for f  that if ±≠A 1, 

),( frT +≤ )
1

,(
f

rN )
1

1
,(

Af
rN

+−
+

)
1

1
,(

Af
rN

−−
),( frS+

),()
1

,()
1

,( frS
f

rN
f

rN +
′

+≤ , which is 

)(iii . If 1±=A , we have 
2A 1=  and so  

1−=c . Thus (45) reads 
f

f

f

f ′
−

−

′

2
 2−=  . 

By integration once we conclude )(ii .This 

proves Theorem 3. 
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