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Abstract

The primary goal of this research is to obtain an approximate solution to the
Hirota-Satsuma coupled KdV equations with the lowest error rate, specifically when
the time derivative is associated with a fraction and subject to specific initial
conditions. In this work, two basic concepts are presented, the fractional Caputo
derivative of order 0>0 and the Sumudu Transform (ST), along with some inherent
properties of this transformation. To address the problem at hand, a hybrid approach
was adopted using numerical methods, combining the Sumudu Transform and the
Adomian Decomposition Method (ADM). The Adomian Decomposition Method, as
it is known, works to deal with complex nonlinear boundaries that are difficult to
deal with directly. The article's methodology is carefully designed to prioritize
clarity and simplicity and avoid unnecessary complexity. The results derived from
this proposed method show a commendable level of accuracy and agree closely
with exact solutions. The paper performs a comprehensive error analysis, ensuring
the robustness and accuracy of the results.

Keywords: Adomain Decomposition Method, Caputo derivative, Discrete invers
Sumudu, Fractional-time Hirota-Satsuma Coupled KdV equations, Sumudu
Transform.
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1. Introduction

In 1981, Hirota and Satsuma presented the coupled Hirota-Satsuma KdV equations (HS-
CKdVEs), commonly known as HS-CKdVEs. This equation expresses the interaction of two
long waves with dissimilar dispersion relations. It is known to be partial non-linear
differential equations are used over a large range to express many significant phenomena. The
HS-CKdVEs problem forms a crucial basis in applied mathematics and physics and has
several applications in physics and engineering. Fractional partial differential equations
(FPDEs) have received the attention of many investigators because of their potential for real-
world development subjects used in many areas of engineering and physics. Various
approximate and exact procedures have been proposed for solving linear and nonlinear
FPDEs [1], such as Laplace decomposition method [2], homogeneous perturbation. Method
[3, 4], Laplace Homotopy perturbation method [5], Sumudu variable iteration method [6],
Variance frequency transformation method [7], and other methods [8, 9, 10].
In this research, Sumudu Transform with Adomian Decomposition Method (SDM) are
provided for solving HS-CKdVEs of time-fractional order, which is defined as follows [11,
12]:

Dfu = %uxxx —3uu, + S(Uw)x (1)
DIt = =V, + 3uvry, t>00<ac<1
DIw = —w,,, + 3uw,.
Subject to the initial conditions:
o2
u(x,0) = 'BTZk + 2k*tanh?(kx), )
2 2 2 2
(x,0) = 4k co([>2’+k )+ 4k?(B+k )tanh(kx)’
3cq 3cq

w(x,0) = ¢y + cytanh (kx),

where k,cy,c; # 0,and f are arbitrary constants. The definition of Caputo's derivative is
used because the initial conditions are of integer order. The circumstance of a=1 in Eq.1 was
answered through Wu et al [1]. Here it should be noted that previously the system Eq.1 was
also solved approximately in an approximate manner [12, 13, 14].

1.1 Caputo Derivative.
The Caputo fractional derivatives of order & > 0 is clear as [15]

DFu(x, %)
! Jt(t yr-a-1 0"l ) d l<a< EN
_0%u®x ) |T(n—a) J, ' arn oon s nEL
0f 0" u(x, 1)
— a=nneN.
otn

1.2 Sumudu Transform (ST) [16]
The Sumudu transform (ST) over the set,

2l .
A= {u(t)EIM, T, T, > 0, |u(t)| < MeT, if £ € (=1)/ x [0, oo]}, is clear by,

G(f) = Slu(®)] = [, u(ft)e *dt = ]%f;"w)e‘?dt, f e (=T,T).
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The ST satisfying the following properties [17]:
S[1] =1;

1
2 S[I"(a+1)] fa
3. S[e*]=—
4
5

1—af;
Slag(x) + ,Bh(x)] = aS[g(x)] + BS[h(x)];
S[Dfu(x,t)] = u(xt) —ynil etk (O(x,0), n—1<a<n.

where S is Sumudu transform operator.

Let the variable £ inverse Sumudu transform to variable f. Therefore, discrete inverse
Sumudu transform of U(f) = Yo= b f ", of the power series is define as [18]:

U] = u(®) = TiepG)bat™ .

1.3 Least Square Weighted Function (LSWF)
Suppose the exact solution y(x,%) of nonlinear FPDEs defined on a closed square D =
[a, b] X [0, T] as follows:

Ny(x,2) = f(x,1), 3)

where N be a nonlinear differential operator, a,b are real constant and T > 0. Assume
Y (x,%) is an approximate solution of y. The following residual error R(x, %) is evaluated by
substituted Y in Eq.3:

“)
R(x,t) = NY (x,4) — f(x,1t)

The main objective of this definition is to minimize R(x,%). The least squares weighted
method is considered an appropriate numerical measure to determine the amount of error
resulting from approximation and is defined as follows [19, 20]:

(5)
LSWF = [ [IR(x,£)|? dtdzx .

2. Methodology and Application

Now, a new approach represented by ST combined with the Adomian decomposition method
is presented to find the solution of the system in Eq.1:

Using ST of system Eq.1

S[Dfu] = %S[uxm]—3 sluwg] + 3S[(vw) . ], (6)
[Dt /U] - S[’Vxxx] + 35[’LLVX]

S[th] - _S[ xxx] + SS[MW ]

By using properties of the ST:

[l -y etk ®(x, 0)] = =3 STttyrs] — 35T, ] +35[(0w),), D)
[ [U,Eit) Ly pratky, (0, 0)] = —S[Wppr] + 3S[0rr,],
[ [a;(;ct) _ e patky, (0 0)] = —S[Wyze] + 3S[wrw,).
So,
ST, £)] = i fFau®(, 0) =L pes [28G0] _ gpag [, 2ut)] ®
3fa5[ 6w(xt) wav(x,t)]

ox I
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ST, £)] = S fro® (@, 0) - Fos [ ”(”)] +3fas [u 2220,
S[lw(x, )] = ¥4 fruwr®(x,0) — F2S [3 W(xf)]_l_gfas[ aw(xt)]
Using Eq.2

Slu(x, )] = B2k + 2k?tanh?(kx) — fas [a wxt) — 3fas [ua“a(j’f)] n 9)
3f0(5~[ 6w(xt) wava(zt)]’

S[v(x,£)] = _4k CO(€+k2) + 4k?(B+k?) tanh(kx) —fas [6 v(xt)] +

3cq 3¢y

SfaS [ ov(x, t)]

S[w (x, t)] = ¢o + cytan h(kx) —f°S [f’ PuGo) 1 gfas [ 2000),

Now, by using the Adomian decomposition method for right of system in Eq.9 it can be
writing the solution of «, v and w as follows:

w(x,t) = ; un(x, 1), (10)
n=0
v(x,t) = Z vy (x, 1),
n=0

w(x,t) = wy (%, 7).
The nonlinear tg:&s: as follows:

D = B0 An,

et = S0 B,

) = T o Mn,

D) 30 Ens

M = Vi F
Where,
Ao = w222 (D
=T T,
By = vy awgix’t) >
B, = v, aw;ix,t) + 7, 6w1ix 1) ’
B, = Zawgix,t)_l_ 16w;(x,t)+ Oaw;—ix,t)’
Mo = wo >3,
M, = lavo(xt) + Oavla(;ut)’
My = w0, P50 4 an I8 wng B,
Ey = uy av%(;'t),
E, = 1644;(:4?) n Oavl(xt)’
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Fo = 1, aw;ix,t) ,
F, = u, aw;ix,t) + g 6w;ix,t)
r - 0wy (x,1) N owy(x,t) N 0w, (x,1)
2= 0x b ox “o ox
Substituting Eq.10 and Eq 11, in Eq.9 so we get:
S[E%o tn (2, £)] = E25 4 2k2ganh? (kae) + 3 o [ Ei0 a0 (12)

3f*S[ Xn=04n] + 3f"‘S[Zn=oB 1+ 3f“S[Zn=oM ],
S[E%_y 0 (2, )] = — 4kZco(B+k?) n 4k?(B+k?) tanh(kx) _fa [a3szn o vn (%, t)] n

3c? 3¢, dx3
3fa5 Zn OEn]

S [Zn Own(x t)]

3 oo} o)
= ¢y + cytan h(kx) —f© la SInzo W )| | 3 cag [z Fn]
n=0

3
Take the inverse Sumudu transform of two side Eq ?926 to obtain the following:
Yo otn(x,t) =871 [B 2K | Zthanhz(kx)] + 871 lf“ [a St Z”ai?”(xt)]] (13)
ST3fOS[ Brzo Anl] + STH[BF S [0 Bal] + [3f“5[2n=0 M,]],
B v (i, 8) = 71 [~ 2L o
4k?(B+k?) tanh(kx) 33S Yy v (1)

| —fos—1 | oD 4 351 pag[ye  Ey .
_ %3S TN wn(xt
1fa[ a(;c;” (x1)

3¢,
Y o Wn(x,t) = S ey + cytan h(kx)]—S

3STH fES[En=o Bl -
The recursive relation are given by

() = S [ 5] = sTafes 4] + 73S 18] + (14
STH3feS[M,]]

s £) = =057 [EE] 4 35T OS[E

Wy (2, £) = —S~1f@ [M]+3S 1faglF,], (n=01.2,..).

Where,

|+

uy = B ;k + 2k*tanh?(kx) , (15)
oy = co(ﬁz+k2)+ kz(ﬁ+k2)tanh(kx),
3ct 3cq

wy = ¢y + citan h(kx) .
Replacing Eq.15 into Eq.14, and applying the overhead equations, yields

(—16k5(1 — tanh?(kx))? tanh(kx) + 8k>tanh®(kx)(1 — (16)

ta
I'(a+1)

tanh?(kx)) — 12 (- 2= + £ 4 2k2¢anh? (k) ) k3 tanh(kx) (1 -

tanh?(kx)) +3 (- 4"20‘;(;2*"’) ‘*kz(kZ*g’Z:‘“”h("")) k(1 — tanh? (kx))c, +

(co + c1tanh (kx)) (4k3(k2+B)(1_tanh2(kx)))),

/I/L]_:

C1

@ [ 8kS(k2+p)(1-tanh?(kx))? _ 16k>(k*+B)tanh? (kx)(1-tanh?(kx)) n
I'(a+1) 3cq 3¢y

4)’1:
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2k% B
4<—T+§+2k2tanh2(kx))k3(k2+ﬁ)(1—tanh2(kx))

C1 >

tﬂ(
wy =
17 r@a+1)

(chk3(1 — tanh?(kx))? — 4c,k3tanh? (kx) (1 — tanh?(kx)) +

2
3(— 5+ + 2k2tanh? (k) ) c k(1 - tanh? (kx))> .

It is possible to find u,, v, and w, by repeating the same previous operations when n = 2.
So the approximate solution (SDM) would be:

Uspu = Lizoi(2, 1), Uspy = Nizovi(#, 1), Wspy = Nizowi(#,1). (17)
Comparison of the results of the proposed method with the exact solution will be shown in
Figures (1-6) and Tables (1-3). The LSWF was studied when ¢ = 0.25, ¢« = 0.5 and a =
0.75 which represented in the Table 4.

40
—1gr207307
20 10 0717

(a) (b)
Figure 1: The solution of «(x, ), SDM consequence (a) and exact solution (b), while k
=01,a=18=15.¢ =15, =0.1, t =0..4,x = —40..40.

2030740

40 30

(@ (b)
Figure 2: The solution of v(x,%), SDM consequence (a) and exact solution (b), while k =
0.1, a=1, p=1.5, cx=1.5,c; = 0.1, t = 0..4,x = —40..40 .

20 10 07!
X

=-1C
2510 0=t
.
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(@ (b)
Figure 3: The solution of w(x, t), SDM consequence (a) and exact solution (b), while k =
0.1, a =1, p=1.5, cp=1.5,¢c; = 0.1, t = 0..4,x = —40..40.

05124
05104
05081
0.506 1
0504 4

5024
04500+
04984

0.4%6 4

' . : RSN . | : Bad oo
-40 -30 -20 -10 O 10 20 30 40 5OF —

Figure 4: SDM consequence and exact solution of «(x,%) at k = 0.1, f = 1.5,¢5 = 1.5,
c; =01, £t =0.2, x =—40..40 when a = 1.

-40 -30 -20 -10 0 10 20 30 40

Exact

ol ——

Figure 5: SDM consequence and exact solution of v(x,%) at k = 0.1, f = 1.5,¢5 = 1.5,
c;=01, £=0.2 x=-40..40 when a =1.
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Exa ot
40 SO

Figure 6: SDM consequence and exact solution of w(x,%) at k = 0.1, f = 1.5,¢5 =
1.5, ¢, =0.1, £ =0.2, x = —40..40 when a = 1.

Table 1:

The estimated solutions when « = 0.25,0.5,0.75,1,k =0.1,¢y = 1.5,¢; =

0.1, =1.5 t = 0.2 , and the exact solutions of u and the absolute error between u, and

u, foru(x, t) .

Approximate Exact 1 Error |1, — u,|

X 52a=0. a=0.5 57a.=0. a=1 a=1 a=1

0 0.493787 0.493513  0.493394  0.4933513333  0.4933513225 1.07900000x10-8
0.2 0.493883 0.493582  0.493441 0.4933832896 0.4933832501 3.94902354x1078
0.4 0.493993 0.49366 0.493503  0.4934310820 0.4934310141 6.794121741x108
0.6 0.494117 0.493763  0.493581 0.4934945584 0.4934944625 9.591820988x108
0.8 0.494255 0.493876  0.493675  0.4935735177  0.4935733945 1.232609070x1077

1 0.494405 0.494004  0.493783  0.4936677110  0.4936675613 1.497662126x1077

Table 2: The estimated solutions when a = 0.25,0.5,0.75,1,k =0.1,c; = 1.5,¢; =
0.1, =15, t =0.2 , and the exact solutions of ++ and the absolute error between 1, and

v, for v(x,1).

Approximate v Exact v Error |v, — 1|
X a=10.25 a=0.5 a=20.75 a=1 a=1 a=1
0 -2.997719 -3.0047603  -3.010173  -3.013960  -3.013961811 1.811348%10°
0.2 -2.993793 -3.0007765  -3.006163  -3.009940  -3.009941714 1.806279106x106
0.4 -2.989888 -2.996808 -3.002164  -3.005928  -3.005929641 1.795457400x106
0.6 -2.986006 -2.9928577 -2.998179 -3.001927 -3.001928766 1.778975627x10¢
0.8 -2.982151 -2.988929 -2.994211 -2.997940 -2.997942228 1.75687427x10°°
1 -2.978325 -2.985024 -2.990264  -2.993971 -2.993973120 1.72937758x10°
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Table 3: The estimated solutions when a = 0.25,0.5,0.75,1,k =0.1,c¢5 = 1.5,¢; =
0.1, =15, t =0.2 , and the exact solutions of w and the absolute error between w, and
w, for w(x, ).

Approximate w Exact wr Error |w, — w,|
X a=10.25 a=0.5 a=20.75 a=1 a=1 a=1
1.511067 1.507569  1.504881111 1.503000000 1.502999100 8.99676x107

0.2 1.513017 1.509548 1.506872840 1.504996734 1.504995837 8.97159654x107
0.4 1.514956 1.5115519  1.508859093 1.506989479 1.506988589 8.91784571x107
0.6 1.516884 1.513481 1.510838312 1.508976662 1.508975778 8.83586860x107
0.8 1.518799 1.515433  1.512808966 1.510956719 1.510955847 8.72622254x1077
1 1.520700 1.512927 1.514769546 1.512928116 1.512927258 8.58962040x1077

To use LSWF, rewrite Eq. 1 as follows:

L1(u,v,w) = D&u — ;umx +3uu, —3(vw), =0 (18)
L2(u,v,w) = DFv + vy, — 3uv, =0, t>00<ac<l, (19)
L3(u,v,w) = Dfw + wy,, — 3uw, = 0. (20)

By using LSWF:
Ei =f01 fffo[Li(un, U, W) ]?dxdt i = 1,2,3.

Table 4: provided the LSWF quantitive when t € [0,1],x € [-40,40], ¢, = 1.5¢; =
0.1,8 = 1.5.

LSWF
Quantities a = 0.25 a=0.5 a =0.75
El 45678 x 107 45824 x 107 6.7345 x 1078
E2 5.6696 x 107* 5.6808 x 1074 1.9931 x 107°
E3 1.3987 x 1074 1.4015 x 10™* 49170 x 1077

3. Results and Discussion

In this, unit nine figures of SDM results and exact solutions for KdV solutions Eq.1 with
initial conditions Eq.2 are presented. To demonstrate the accuracy of the SDM, numerical
results are displayed and only a very small number of iterations are required to reach accurate
solutions. There are no noticeable differences in the two solutions for each pair of plots.
Tables 1, 2,3 and 4 show the numerical values by SDM when a = 0.25, 0.5, 0.75, 1.0 and the
error value between precision and estimation when o = 1.0 for w, v, w respectively.

4. Conclusions

In this work, an effective method is presented to find approximate solutions to the Hirota-
Satsuma coupled KdV equations for fractional time with initial conditions. These equations
have wide applications in many real-world problems, especially in the physics and
engineering sciences. In this regard, a powerful numerical method was proposed by using the
Sumudu transform with Adomian decomposition method. Acceptable results were obtained in
several tests. The method proved its efficiency for solving fractional order nonlinear
equations.
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