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Abstract

In this study, new generalized derivative and integral operators are introduced,
stemming from the newly developed new generalized Caputo variable order
fractional derivatives (NGCVEFDs). Utilizing these operators, a numerical method is
devised to address variable order fractional differential equations (VOFDEs). The
solutions of VOFDEs are approximated using shifted Legendre polynomials (SLPs)
as basis vectors, and the derivative operational matrix of SLPs is extended to a
generalized derivative operational matrix in the context of NGCVFDs. The
efficiency of the numerical method is assessed through various test examples.
Additionally, the outcomes of the proposed method are compared with existing
methodologies in the literature. The variable-order fractional differential operators
of the generalized Caputo is categorized into three types in this paper:
(1) Different values in p and Fractional variable order parameters, (ii) Different
values in fractional parameter whilst p parameters and Fractional variables orders
are constant, and (iii) Different values in Fractional variables orders parameters
controlled fraction and p parameters. The example of numerical methods show
theoretical interpretation and prove effectiveness of suggested technique.

Keywords: Shifted Legendre polynomials ,Fractional orders differential equations,
Generalized Caputo-type derivative ,Operational matrix.
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1. Introduction
Fractional calculus (FC) is a field that studies derivatives of random order. Initially ,FC
was considered only theoretical mathematical concepts with few practical implementations.
However, in following decades, FC has made significant progress in both applied and
abstract areas of mathematics [1], [2]. Various fractional operator are documented in
scientific literature, among which Caputo differential operators (CDO) have important uses.
This is often used to resolve initial value problem of fractional orders [3], [4].The
implementation of mathematical models, especially Caputo-type differential equations, to
many real world phenomenon has been extensively studied. For example, in [5], researchers
used convection a differential equation (CFDE) as mean to study behavior of the Casson fluid
flows. In [6], scientists used CFDE to study in detail how electricity works in circuits. The
popular integrated-operator that is fractionally based is primarily affected by the value of the
parameters p and o in a fractionally computed value. The generalized-Caputo type
fractionally derived property [7] possesses the same properties as the Caputo property.
Additionally, it provides a practical method for creating and managing mathematical model
with fractional computations. These versions contain the old-style Caputo, Atangna Baleanu
and Caputo- Fabrezio a fraction derivatives [8]. excepting parameters for fractional order,
the p parameters have a similar effect on graphs made from acquired information. The
specific settings of parameters can be altered to create variety of graph. The most of
Functional Differential Equations (FDEs) have a significant impact on analysis. As a result,
there is a pressing need for a numerical resolution approaches.

Several a numerical approaches for solving a functional differential equation are
documented in literature, but method of operational matrixes, when combine with
collocations technique and Tau technique, is frequently employed to the resolve both
ordinary and partial FDEs [9], [10]. The foundation of this approach is to convert FDEs into
algebraic a system of equation that computers can easily solve. Lastly, this method
determines the solution's representation via the orthogonal basis of polynomials. Atangana's
work in [11] dedicated three a new variants of fractional number: the Mittag-Leffler
,exponential and power laws. Many of the Mathematician developing this new a field, they
used it to derive various fractions from various problems in life, include the real-world issues
and systems of the FDEs [12],diffusion equations, physiology, economy, electrochemical
process, physics, fluids and physiology [13].

Inspired by the aforementioned research, we propose new operators for integration and
differentiation, a new general form of Caputo's derivatives for fractional variable orders, and
we develop numerical technique use recently discover derivatives, matrix of shifted Legendre
polynomial, in context of the new general forms of Caputo's derivative for a solution to
Fractional Functioned Differential Equation (FFDE). Additionally, we evaluate practicality of
our develop numerical methods by comparing result obtained from the suggested method
with these establish in the academic literature. Our analysis showed that numerical result
obtained through our traditional technique were in agreement with these obtained through
other methods.

The variable-order generalized Caputo fractional derivative is an extension of the classical
Caputo fractional derivative, allowing the order of differentiation to vary as a function of
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space or time. This derivative is particularly useful in modeling complex systems with
dynamic behaviors that cannot be adequately described using constant-order derivatives. It
has applications in fields such as viscoelasticity, anomalous diffusion, and control theory
[14], [15].

2. Preliminaries

Let us clarify the generalize Caputo-type derivatives of the fraction and provide example
that demonstrate the concept. Our subsequent project is to investigate its attributes.
Definition 2.1 [16]. Variables order fractional-differential equations: Definition of orders (t)
for function u(t) € C™[0, b] given by:

+ _ -_
DO u(t) = (t — 1)~y () dr + LU —a(o),

r(i- a(t)) f0+ r(i1-a()

in the case of 0 < a(t) <1, we get:

D(t) u(t) = m f0+(t - T)_“(t)u’(r)dr

Definition 2.2 [17]. Let f.R— R be continuous function . The variable-order generalized
Caputo fractional derivatives of order a(x) of the function f(x) is given by:

1 fX f(m)(‘[)
CD;’(‘(X)I:(X) — JT(m-a(x)) -0 (x—1)2(x)+1-m

am _
dx—mf(x) a=m

d(t), m—1<a<m

Definition 2.3 [18] . The new generalized Caputo-type fractional derivative of variable order
a > 0 is defined as
¢ a(t),p — i sP-1(tp — gpyn—a-1 1-p A~\n
Do+ “Po(t) = £— a)f (tP — sP) {s" P ()} ds,t > a
wherep >0,a=>0,n—1<a<nn= [al,v(t) € C”[a,b].
Furthermore, in new generalize Caputo-fractional derivatives[15], we obtain that:
*DUOPC = 0, where C is fixed.
Moreover,ifm—1<a<mk>m-—-1landk &N
r(k+1) k—y

), _ ook = )P = (P —aP) keNg and k= a1 or keN and k> La |
DHP(tP — aP)* = {O r(k-a+1) ’ ° keNgand k< [a’l !
Theorem.2.4 [18] . Generalized Caputo-type fractional derivative of variable order:

letm—1<a<ma=0, p>0andeCm[ab] then fora<t<b

DEOPF)() = DEPF () = Bt = (¢2 = aP) (2 )" £ ()] lx=a}-

Proof. -
t m-1 1 ~ d
DEOP(©) = ) o (1 = @) " F()]lema)
n=0
rfmm@( R CEX DU OR xis i G

aP)"[x* ;)”fcx)nx:a}ds

B pa—m+1 . d . t(tp_sp)m a ) 1
= form s O " | T @ = ;p—n_l(n_l)!(sp

d
= @) TP ) ()] le=adds
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m-1

(tl—p %)m—l L sp_l(tp - Sp)m—a—l{ (sl—P %)f(s) - nZl m(sp

a-m+1

_ P
" I'(m-—a)

—af)" M (xP )”f(x)]lx a}ds.

ml

t 1 - d
a( )p{f(t) Z; I [(xP~1 a)n fC]lx=a}
_ Pa_m+1 tsp—l(tp _ Sp)m—a—l{(sl—p i)mf(s)}ds
T I'(m—a) a ds

Theorem.2.5 [18]. Generalized Caputo fractional derivatives of variable orders
letm—1<a<ma=0,p>0andf € ("[a,b].then,fora<t<bh,

m-1

1 d
0% DEPPFW) = () = ) (1 = @Y [ )" ()

n=0

a—1
Proof: IgJ(rt)’p Dgf)’pf(t) = l;(—a)fatsp_l(tp ap)Da(t)pf(S) ds.

p—1rrp _ opya—1 ° p—1 p _ pym—-a—-1 l—pi m
sP(tP —sP) zP™% (sP — zP) (z ) f(z)dsdz
a

. p
_'F(a)F(nl—-a)j

I"(a)l"(m—a)j p- 1(21 p )mf(z)f sP~ 1(tp Sp)a 1(Sp _Zp)m a-1 ds dz.

Making the substitution s? = z” + (tp - zP)r,
t 1 1
f SPT(tP — sP)¥ 1 (sP — zP)M a7l gs = p (tP — Zp)m_lf (1 —r)eym-ea-1qr
z

r'@)r(m - a) ’

- l(tp — zP)m-1
a r(m)

Then, we obtain

1EOP DEOPE(e) =

Jﬁ:fﬂ%quHMWQW@u
(m-1'J, dz '

Integration by parts, m- l times, yields

Igit),P fof) pf(t) — (m 2)|f ZP7L(tP — zP)™ 2 (21 p_)mf(z) dz _|_
11, 1-p &

)" (1P ) ()| [y =

m—1

£ 1 1, d
= | r@dz= Y — @ = @I D]l

n=1

—y (tp —

3. Characteristics of shifted Legendre polynomials
Famous Legendre polynomial are determined by intervals [—1, 1] and the definition can be
articulated utilizing the subsequent recurrence formulas
2] +1 .
Lj+1 = ] ]( ) ]—1(W)' ] = 12,..
where Lo(w) =1, Li(w) =w, to use these polynomials by interval t € [0,1] ,we describe
shifted-Legendre polynomial by implementing a variation in the variable, w = 2t — 1 where
shifted-Legendre polynomial L;(2t — 1) be represented by P;(t). Then P;(t) the acquisition
procedure is as follows:
Qi+ 1(2t—-1)
G+

] :
P](t) - ]__I_—lpj_l(t), ] = 1,2, ..
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P, =0 and P;(t) = 2t — 1 , analytic formula of shifted Legendre polynomial Pi(t) of the
degrees i are provided by the following:

_vJ Kk G+ _xX
I)j(t)_ Zk:o( )]+ G-K)! ( k')2

It is important to remember that P;(0)= (—1)j and P(1)=1, orthogonality conditions are
1 1
f P B(dt={2j+1
0 0 fori # j
A function y(t), the square integrables in [0, 1], may potentially be articulated with respect to

the shifted Legendre polynomials as y(t) = }.i2, C;P; (t), where coefficient C; are provided
by the following:

fori = j

1
=Qi+1) f y(®OPOdL, i=12, ..
0

In practical implementation, only first (m + 1)-term shifted-Legendre polynomial is
investigated. After that we have

y(©) = X2, CiP () = CTo(b),

where shifted Legendre vectors @(t) and coefficients vectors C are provided by the following:
CT =[co,....Cm],
It is possible to express derivative of vectors @(t) as

d(t) = [PO(Y),P1(t),...,Pm(D)]%,

where DM is the (m + 1) * (m + 1) operation matrix of derivatives provided by the
following:
D = (d ) {2(21 +1), fori=j—Kk, {k =1,3,..,m—1,if meven
i otherwise, k=1,3,..,m, ifmodd

For instance, in the case of an even value of m, we observe that

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 3 0 0 0 0 0
DW=2{1 o0 5 o0 0 0 0
1 0 5 0 " 2m=3 0 0
o 3 0 7 " 0 2m—1 0

4.0Operational Matrix for Fractional Derivatives

We underline importance of operation matrix associated with fraction derivatives by
utilizing it to solve the orders of a fraction-differential equation. The subsistence’s,
singularity, and constant dependence of the solution to this specifics problem are considered
in depth in [19].

DFVu(x) + B1u’ (%) + Bou(x) = f(x), u(0) = uy, (1)
where u(x) € L?[0,1] is unknown function, f(x) € L?[0,1] is known that we seek to
approximation with great precision, 31, 3, and u, are all fixed.

So as to resolve eq. (1), we proposed estimated solutions of the eq. (1) :

u(x) = XiLo¢iPin (1) = cTO(x) , 2
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where ®(x) = [Py(x), P, (%), ..., P,(x)]Tand C = [CO,C1, ..., Cn]T .Operating D*® to both
side of equation (2) and use equations:

D*®y(x) = "D @ (x) = cTAGA1D(x) , 3)
where:
G(x)
0 0 0
0 a F(Z) (Xp _ ap)—a(x) 0 0
PTZ-P) . o TG oo o - 0 4
0 0 F(S B) 0 " pa I'(I;I(E—-[I}_-]}h-)l) (Xp - ap)—a(x)
substitute equations(2) ,(3)and (4) into equation(1), to get:
cTAGA™ @ (x) + y,cTADMW AT D (x) + y,cT @ (%)= fix) )
cTd(0) =u, ,

As such, the values of ® and f on the [0, 1], use x; = i 11) for i=0,1,...,n,

Then we get followings systems of the algebraic equation:

cCTAGA™ D (x;) + y1cTADDATB(x) + 1,7 D (x)= fix) (©)
cT®d(0) = ug, the unidentified variable 'c' can successfully determine by resolving system of
the algebraic equation given by (6) and by Substitute into eq. (2), required solution is
obtained.

5. lllustrative Examples

This subsection presents resolution of three distinct Fraction variable orders problems by
employing the advanced operationally-shifted Legendre polynomial approach. For a deeper
comprehension of this research, The graph has been meticulously constructed and resultant
data have been systematically organize within table for enhanced clarity. We match our
numerical result with exact solution and other approaches in the scholarly literatures. Our
samples were calculated and programmed using Matlab software.

Example 5.1
For a linear Fractional variable order ,we examine the variable order o(x)
D®Py(x) = f(x), 0 < a(x) <1,p=1landp = 1.01,x € [0,1], (7

. (3 tz—a(x) (2 1-o(x)
For u(0) = 0 and a(x) = sin (x)[14], f(t) = F((;_a(x)) lf(z)fa(x)) ,

the accurate solutions of Eq.(7) is u(x) = x? + 3x we utilize current approach with M =
3and M = 4,

CTD*®Ph(x) — f(x) = 0,

Table 1: Estimated solutions of p=1,N=3and N=4,for examples (5.1)

. Estimated Solutions Estimated Solution

T Exact Solutions M=3 M=4

0.1 0.3100 0.3099 0.3099
0.2 0.6400 0.6399 0.6399
0.3 0.9900 0.9900 0.9899
0.4 1.3600 1.3600 1.3599
0.5 1.7500 1.7500 1.7500
0.6 2.1600 2.1601 2.1600
0.7 2.5900 2.5900 2.5899
0.8 3.0400 3.0400 3.0399
0.9 3.5100 3.5099 3.5099
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Table 2: The Estimated solution of p=1.01and M=3,for examples (5.1)

T accurate Estimated M=3
0.1 0.3100 0.3100
0.2 0.6400 0.6400
0.3 0.9900 0.9900
0.4 1.3600 1.3600
0.5 1.7500 1.7500
0.6 2.1600 2.1600
0.7 2.5900 2.5900
0.8 3.0400 3.0400
0.9 3.5100 3.5100
Table 3: Comparative Analysis of Absolute Errors in example (5.2)
a(t) E.(4) [20] E..(4) [21] E..(4) [22] E. (4)(Present method)
-10
sin (t) 2.47 x 1072 2.87 x 1071 7.53 x 1077 536 %10
35 /4‘, 35 *,
7/
3 / ,
25 / 25 /
&9 ,
2 2 /
s 7’
15 R 15 ’
#
” ! 7’
| N4
C “lp
I p=1 p=101
0° 0
1 2 3 L S 8 9 1 2 3 5 6 7 8 9 10
Figurel: Estimated solution of p=1&1.01,for example (5.1)
Example 5.2

For a linear Fractional variable order ,we examine the variable order a(t)

D®Py(x) =f(x), 0 < a(x) <1,p=1landp = 1.01,x
€ [0,1], (8)
_ _ _ F(S)XZ_“(X) I—-(Z)Xl—a(x)
For u(0) = 0, and a(x) = x/2 [18], f(x) = TGt T —a)
of Eq.(8)is u(x) = x2 + 3x,we utilize current approach with M = 2 and 4

.The accurate solutions

CTD*™Pph(x) — f(x) = 0
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Table 4: Estimated solutions of p=1,M=2 and M=4,for examples (5.2)

T accurate Solutions Estimated Solutions Estimated Solutions
M=2 M=4
0.1 0.3100 0.3062 0.3099
0.2 0.6400 0.8370 0.6399
0.3 0.9900 0.9922 0.9899
0.4 1.3600 1.3726 1.3600
0.5 1.7500 1.7762 1.7500
0.6 2.1600 2.2048 2.1600
0.7 2.5900 2.6579 2.5899
0.8 3.0400 3.1355 3.0399
0.9 3.5100 3.6376 3.5099

Table 5: Estimated solution of p=1.01,M=3,for examples (5.2)

T accurate Solutions Estlmated_Solutlons
M=3
0.1 —0.0900 —0.0900
0.2 —0.1600 —0.1600
0.3 —0.2100 —0.2100
0.4 —0.2400 —0.2400
0.5 —0.2500 —0.2500
0.6 —0.2400 —0.2400
0.7 —0.2100 —0.2100
0.8 —0.1600 —0.1600
0.9 —0.0900 —0.0900
Table 6: Comparative Analysis of Absolute Errors in example (5.2)
a) E.o(4) [20] Eo(4)[21] | Eo(4)[22] (eSO
-3
t/2 5.98 X 10 2.12x 1071 1.20 x 1076 1.06 x 107°
0 — — 0.05
I J
0,05 I | 0 ;
4 ! -0.05 1
0.1 \ , ,
/ o\ /
-0.15 l \ I
-0.15
\ / \ /
02 \ / 0.2 \* */
\ Y 7’
o T 4 p=1 - - 7= 101
1 2 3 4 5 6 7 8 ] 10 1 2 3 4 5 6 7 8 9 10

Figure 2: Estimated solution of p=Iland p=1.01,for example (5.2)
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Example5. 3
For a nonlinear Fractional variable order, we examine the variable order a(x)
D®Py(x) =1 —u®)? 0<a(x)<1,p=1landp =1.01,x
€ [0,1], 9
for u(0) = 0 and a(x) = 0.98x + 0.02x [19] ,the accurate solutions of Eq.(9) is

e?X—1
u(X) - e2X41

, we utilize current approach with M = 3 and M = 4,
CTDUMP () + (CTH())? — (x) =0,

Table 7: Estimated solutions of p=1, M = 3 and M = 4,for examples (5.3)

T Accurate solutions Estimated solutions Estimated solution
M=3 M=4
0.1 0.0996 0.1041 0.1043
0.2 0.1973 0.2037 0.2040
0.3 0.2913 0.2981 0.2986
0.4 0.3799 0.3866 0.3870
0.5 0.4621 0.4683 0.4685
0.6 0.5370 0.5426 0.5425
0.7 0.6043 0.6087 0.6089
0.8 0.6640 0.6659 0.6677
0.9 0.7162 0.7135 0.7193

Table 8: The Estimated solution of p=1.01and M=3,for examples (5.3)

T accurate solutions Estimated_solutions
M=3
0.1 0.0996 0.1041
0.2 0.1973 0.2037
0.3 0.2913 0.2981
0.4 0.3799 0.3866
0.5 0.4621 0.4683
0.6 0.5370 0.5426
0.7 0.6043 0.6087
0.8 0.6640 0.6659
0.9 0.7162 0.7135
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0.8 ; . . . 1 08 : : |

06 ” 1 06 #

04 / ] 04 /
0.2 * 1 o2 /

p=1
0 p=101

Figure 3: Estimated solutions of p=1and p=1.01,for examples (5.3)

6. Conclusion

The last numerical resolutions of the problem have successfully addressed the Non-linear
and the Linear time variable-order of Fraction. This method uses the operation matrix
dependent on the shifted Legendre polynomial in new generalize Caputo-type fraction
derivatives sense, that reduce issues to non-linear and linear group of the algebraic equation.
New features are offered, and new theorem are advanced. The graphical representation of
solutions show cases the results, characterizing both the method employed and its broader
application in fraction domain. Our performance is the robust and high dependable in the
seek solution to variable orders fractional problem. This method reveal outcome of selected
unlike value for fraction orders, parameter, and variable orders, which provide benefits for
more accurate analysis of problems. The recent development in differential equations could
potentially pave the way for enhanced exploration into the realm of variable order fractional
differentiations.
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