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Abstract:

In this article, we propose for a linear regression model a new biased estimator
aimed at mitigating the impact of multicollinearity on the estimation of unknown
parameters. The idea of the proposed estimator is constructed as a combination of
the unbiased ridge estimator (URR) and the ordinary ridge regression estimator
(ORR). The statistical properties for the new estimator and other existing estimators
are found. We demonstrate the advantages of this new estimator using the mean
squared error criterion, showing that its mean squared error does not exceed that of
either the URR or ORR individually. This simulation study supports these
theoretical results, revealing that the new estimator outperforms both the URR and
ORR. This suggests that combining two estimators linearly can leverage the
strengths of both, resulting in a superior estimator. To further validate the new
approach, we also present a numerical example.

Keywords: Linear Regression Model, Unbiased Ridge Estimator, Multicollinearity,
Ridge Regression Estimator, Convex estimator.
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In the realm of statistics, the multicollinearity problem and its effects on the estimation of
the unknown parameters of the linear regression model are widely recognized. Notably,
multicollinearity significantly affects the least squares estimator (OLS), leading to inflated
sample variances in estimated regression coefficients. Consequently, this inflation increases
the risk of erroneous exclusion of significant coefficients from the model. To address this
challenge, researchers have proposed various strategies to deal with it. One of these strategies
is to use the biased estimation. Several biased estimators have been introduced as an
alternative to the OLS have been introduced. [1] [2] [3] [4]

The ordinary ridge regression (ORR) is one of the most famous biased estimators that
deals with the multicollinearity problem. Although the estimator is always biased, it
outperforms the OLS estimator by the criterion of sampling variance. However, the sampling
variance is not an appropriate criterion for evaluating the performance of a biased estimator.
The unbiased ridge regression (URR) is one of the most important estimators and the most
popular due to its many features. It aims to reduce the variance. Therefore, the resulting
estimator has a lower mean squared error matrix (MMSE). [5] [6]

The method of combining two estimators generates a new estimator having the useful
statistical properties found in the two estimators. For this reason, a convex combination of
two estimators can be useful when both estimators appear to be appropriate in a specific
situation. The MSE of the convex combination is limited by the maximum of MSE of the
individual estimators.

The aim of this article is to obtain some improvements by using the convex combination
of URR and ORR estimators. Thus, the structure of this paper is organized as follows: In
section 2, we discuss some estimation methods and their statistical properties. In section 3,
we suggest a new version of convex estimator by combining ORR and URR. We also show
that the MSE of the new convex estimator cannot exceed the individual
MSE of ORR and URR estimator in section 4. We have submitted a numerical example to
illustrate the theoretical results.

2. Methodology:
Consider the multiple linear regression model
Y = XB+u, (1

where Y is a (tx 1) vector of observations,Xisa (t X p) decision matrix of

p independent variables, isa (p X 1) vector of unknown parameters and u is an (t X 1)

vector of disturbances. It is assumed that E(u) = 0 and E(ud) = ol. We know that using

the method of the least squares, we are searching for the vector {3 that minimizes the sum of
squared residuals (u'u) to get:

Bors = X'X)* XY (2)

When there is linear correlation (multicollinearity) between the independent variables, the
least squares estimator loses the property of least variance, as this correlation between the
independent variables will cause an inflation of the variance that increases with the strength
of the correlation.

For this reason, Hoerl and Kennard [7] proposed an estimator by minimizing (Y — XB)'(Y —
XB) subject to B'B = e, where € is a constant, is given as follows:

(Y =XB)" (Y =XB) + k(B'B —e), 3)
where k is a Lagrangian multiplier. The solution of Eq. (3) gives the ORR estimator:
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Borr = (X'X +kD™1X'Y,k > 0 4)

where k is the ridge parameter. Crouse et al. [8] introduced the unbiased ridge estimator
(URR) as a linear combination of prior information with OLS estimator as follows:
Burr = X'X+KkDX'Y +k)),k =0 )

where J is a random vector with | ~ N (8,02/k I) for k > 0 and independent of 3.
The convex estimator for the linear model can be written as follows [9]:
B=AB + U —-Ap;,

where 7, f5be any two estimators and A is a square matrix. The matrix of mean square error
(MMSE) is one of the measures that is used to find out how close an estimator is to the true
value of the parameter. In addition, it can be used as a criterion to determine when one
estimator is better than another. The MMSE 1is defined as:

M =M(@,B)=EB —BB" —B).
Where * is an estimator ,while, the covariance matrix of an estimator * is given by

Cov(B™) = E(B" = E(B)) (B* —E(B))".
If E(B*) =p, then [* is unbiased estimator for £, f* is biased estimator for f. The
difference between E(S*) and £ is :

Bias (8", B) = E(B") — B.
We can rewrite the MSE as follows:
M = M(B*,B) = Cov(B*) + (Bias (8", B)) (Bias (B*,B))".
For all matricesand F , we will write H < FwhenF — H is a matrix that will be
nonnegative definite (n.n.d., while if H < F then F — H will be called a positively definite
(p.d.). Let B and 5 any two estimators of . Then f; is called MMSE- superior to Sy if:
A1, B3) = M(B1,B) —M(B3,B) = 0.

A scalar mean squared error valued version of the MMSE is given by

msem = R(B",B) = E(B"~B)'(B"~B)

R(B*,B) = tr(M(B",5))
The symbol tr(M(S*, B) ) denotes the trace of the matrix M (S*, ).

Convex estimators incorporate penalty terms into the optimization problem, which
encourages simpler models with smoother coefficient profiles. This regularization helps
prevent overfitting by penalizing overly complex models, which is especially beneficial when
dealing with noisy or correlated expantary variables. Regularization can lead to more stable
and generalizable models. Also, convex estimators can effectively deal with multicollinearity
by shrinking the coefficients of correlated predictors towards each other. This reduces the
sensitivity of coefficient estimates to small changes in the data and mitigates the instability
associated with collinear expantary variables. As a result, convex estimators provide more
robust and reliable coefficient estimates in the presence of multicollinearity. By adding a
penalty term to the objective function, some convex estimators strike a balance between bias
and variance. While it increasing bias slightly, they reduce variance, leading to more stable
coefficient estimates. This bias-variance tradeoff often results in improved predictive
performance, especially in situation when the explanatory variables are highly correlated.
For this reason, the following section gives the proposed estimator to improve predictive
performance.

and

3. A New Estimator
Now, we can suggest a new version of convex estimator by combining ORR and URR as
follows [10]:
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Bm = AByrs + (I — A)Porr (6)
We call it as KM estimator. The following notations will be used.
D= M(Bxm,B) » Dij=EB —BB; =B ij=12 (7)
D is minimized when: [7]
A = [Dy3 — D31][D1y + Dy — D1z — Doy] 7! (8)
Hence , the minimal value of D of KM estimator is given by
D0:D22 _[DZZ_D21][D11+D22 _D12 _D21]-1[D22_D12] (9)
Or
Dy = Dyy — [ D13 — D13 [[D11 + Dpz = Diz — Dpq] ™[ D1y — Doyl (10)

Clearly, if B and f; are independent ,then D1, = 0. Note also that:
D0< D11 and D0< D22.
The following theorem shows the benefit of KM estimator.

Theorem: - Under linear regression mode, the MSE of KM estimator cannot exceed the
individual MSE of URR and ORR, where
A= KPSTBB [0°( -SSP + K2 Sit BB
Proof: -
For all A in D,, the set of all p X p matrices. Using (7), we get D11 = o2S;* and
Doy = o’X'X(X'X +kD? + K*(X'X + kDB (X'X + kD)™
= 028 S %+ kS BB St
where S = X'X ,and S, = X'X + kl.
Di, = 02X'X (X'X +kI)? = 025 S;% = Dy
Dy — Dy = 02SS%+ K2S BB’ Sit — 02 SSi2 = K2 S 'BBR'S; !
D11 — Dy, = 0% St — 0% S S;?. Then we can write the MSE of By as:
D = E(Bkm — B) Bxkm — B)'
= ATA' — AW} — W, A" + D,,,
where
T =Di1+Dy; — Dy — Dy andWi= D,y — Dy
By taking the derivative of D w.r.t A and then setting the result to be equal to zero, we get
2AT — 2W, = 0.
D is minimized if A is the solution to:
AT =W,
A[D11 + D 22 — D1z — D21] = [D 22 — D2q]
Or
A=W, T?
SO, A= [D 22 — DZl][Dll + D 22 — D12 — D21]_1and the minimal value of D = D(),
where Dy = D, — AW/

= D,y — [D 22 — D21][D11 + D2z — D1z — Dos] [ D 22 — Da4] (11)
= D11 — [D11— D12][D11 + D 22 — D12 — D3] [ D11 — D12] (12)
NOW, T = D11 + D22 - D12 - D21

= 02S; 4+ 0% SS;2+ KES;B RSt — 0% S St — 0% 852
= o2S;Y + K2S; BB'Sit — 0% S Si2
= o?(I —SSH) St + K2S;' pp'Si?t
=[d*(-SSY) + kK>St B B'1S: .
So, T = [Dy1 + D22 — D1z — Dyy]™
= ([0*(U =SS! + K2St BB S D)™
= D) [*U =SSt + k2SR
= Se[a?U =SS+ kK2 St Bt (13)
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Using (12) and (13), we get

Do—Dyy = —c*[1— SS o2 —SS;Y) + k2S8R 1M1 — S S M1S: L
Since I — §S;' > 0,k >0andS;* > 0 , Dy — Dy; < 0, where 0 denotes zero matrix .
Therefore, we can say that Dy < D14 . Using (11) and (13), we get:

Do — Dyp = —k*Sit BB'[0*S™H(I — S2 S 2) Sk + K2 S BB 17 St BB Sic*
Since (I —S%2S5;2)> 0, k>0andS;! > 0, then Dy — D,, < 0. So we have Dy < D,
Thus, the proof is completed.
It can be seen that the new estimator depends on unknown parameters 3 and 62, and thus the
estimator will be inapplicable. To eliminate this problem, we obtain the adaptive KM
estimator as follows:

Bkm = ABurr + (I — A)Bogr,

where A=Ik2SBR'[6%2U — SSgY) + K2S7BB']T and

AZ_L _ AN/ _ A
62 = T (= XY (Y — XP).

3.1 Estimated Parameter of KM

For practical use, since k is unknown, we need to estimate it. Hoerl and Kennard [7]
concluded that, the total variance decreases and the squared bias increases as k increases.
Therefore, different estimated k in the literature using different techniques have been
suggested. We can present some of estimate of k as follows:

- Hoerl and Kennard [7] introduced k as follows:

6’2

ki = 77— (14)
Where 2,45 is the maximum element of f,;s. Hoerl et al. [11], proposed k denoted by:
=2
kykp = ———. (15)
BoLs'BoLs
- Lawless and Wang [12], proposed the following estimator:
~2
b = ————. (16)
BoLs'X1XBoLs
- Hocking [13], suggested the following estimator of k as follows:
X (liﬁow)z)
kys, = 62 (“1—A 17
RS, (aBaus)’ (a7
- Nomura [14], proposed the estimator of & as follows:
~2
kumo = = . (18)
21_0_1( BioLs )

i

- Kibria et al. [15], proposed the estimators for k£ by taking the geometric mean
~2
(GM), arithmetic mean (AM), and median (MED) of % given as follows:

~2
keu = ———7¢ » (19)
M, Bt
_1lyp _©°

kam =t Xiza 5 — (20)
~2

kygp = midian {%} 1)
ﬁOLS

- Khalaf and Shukur [16], proposed the estimator for £ based on ky as follows:
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Amaxa'z
kKS N (t—p)az"'/’lmaxﬁrznaxOLS’ (22)
where A,,,4, the maximum eigenvalues of X'X.
- Alkhamisi [17], proposed the following estimators of & as follows:
_1op liaz
ksairth - ? i=1 (t-p)62+4; E’l?OLS : (23)
- 2,62
ks, = midian ((t—p)azw’liﬁfow)' (24)
The msem of KM estimator is given by :
—K)o?+ka?
msem(a@gy) = a2 YP Qo thay 2 g, . (25)

=1 A+k)(02+ka?) ’
where @ = Q' and Q is an orthogonal matrix.

From (25), the optimal value for &k can be derived by minimizing mse(a&,,) with respect to k.

Therefore, by differentiating msem(&y,,) with respect to k

amsem(@ky) _ o2 xp itk (o?+ka}) (mo?+af)—(o?-o2k+kal)|[(Ai+k)(af)+ (o2 +ka?)]
ok - =1 (A+k)2(02+ka?)?

and equating —amse;nk(a’m )

practical side, we replace the parameters 62 and a by their unbiased estimators to get the
optimal estimator of k as:

to zero. Since the equation of k depends on unknown parameters for

ki=——rmar (26)
From (26), we suggest the following estimators for k:
Koy = St L @7
Ko = "5 (28)
Kiun = 1 s (29)

4. A simulation study

To cover the performance of the proposed estimator, we performed a simulation study
using Matlab program. To obtain different degrees of collinearity between multiple
independent variables (Xs) where this is very important point, Kibria [18], Arumairajan and
Wijekoon [19], Alheety [20] used the following equation to generate Xs:

1

Xij = (1 - (p)EZl'j + (pZip ) i = 1,2,3, T ] = 1,2, v, P (30)

where the z;; represents the numbers distributed as independent standard normal pseudo-
random and ¢ represents the correlation between any two X's. To get X'X in a correction

forms, X's are standardized. The response variable y is considered by :
Vi = B1Xix + B2 Xiz + -+ BpXip + €, (€29)

where the e; is i.i.d. N(0, 62). Therefore, the zero intercept of (31) will be assumed. Also,
the number of independent variables p=4, while the values of ¢ are chosen as (0.001, 0.01,
0.1,1,5). The correlation ¢ are chosen as (0.80, 0.90, 0.95, 0.99) and sample size t are (20, 60,
180) The values of k will be estimated by . kHKB? kLw, kHSLs kHMOB kAMs kGMa kMEDa kKS’
k

Sarith”
We use the eigenvectors corresponding to the largest eigenvalue of the matrix X'X as the
coefficients Sy, S, ..., B, subject to constraint B'B =1. The experiment was re-preformed
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10000 times. The estimated mean squared error (EMSE) for each estimator is calculated as
follows:

mse(B;) = —— 22000(B* — BY' (B — B) (32)

10000
where (* would be any of the estimators (URR, ORR and KM).

4.1 Discussion of the Simulation Results

From Tables 1-6, the simulation results show that when the values t, ¢ and k are fixed, the
EMSE values also increase with the increase of o values. While when the values of t
increase, the EMSE values decrease for fixed values of g, ¢ and k. In addition, when the
value of ¢ increases, the MSE values increase. In Table 1, the KM estimator dominates the
ridge and unbiased ridge regression estimators when (¢ = 0.001 and ¢ = 0.8,0.9) while the
unbiased ridge regression estimator dominates the KM and ORR estimators when (o =
0.1 and ¢ = 0.8,0.9).

In Table 2, when (¢ = 0.95 and o = 0.01,0.1, 1) the suggested estimator KM is the best
because it has minimum MSE. When (¢ = 0.99 and ¢ = 0.001, 0.1), the best estimator is
the KM because it has a minimum MSE. In Table 3, the KM estimator dominates the ORR
and URR estimators when (¢ = 0.8 and o = 0.1,1) also in the case (¢ =0.9 and ¢=0.01,5).
While, in the case (¢ = 0.8 and o = 5) the ridge regression estimator dominates the KM
and URR estimators. In Table 4, when (¢ = 0.95 and o = 0.001, 0.01, 0.1, 5) the proposed
KM estimator outperforms both the ridge and unbiased ridge estimators. While in the
case (¢ = 0.99and o = 0.1,1) the ridge estimator outperforms both the KM and URR
estimators. In Table 5, the proposed KM estimator is better than both ridge and unbiased
ridge estimators when (¢ = 0.8 and o = 0.1,1). while, in the case (¢ = 09 and o =
0.001,0.01,0.1,1) the unbiased ridge regression estimator is better than both proposed and
ridge estimators. In Table 6, the proposed estimator dominates the ridge and unbiased ridge
regression estimators when (¢ = 0.95 and ¢ = 0.1,5). So, we can say that the simulation
results supported the theoretical result.

S. Numerical Example:

To support our theoretical findings, we examined a dataset concerning Portland cement,
initially presented by Woods et al. [21], and extensively studied thereafter by researchers such
as Lukman et al. [22], Ozkale [23], Toker and Kaciranlar [24], and others. The information
originates from an experimental study examining the heat generated during the solidification
and strengthening processes of Portland cements with diverse compositions. It explores the
relationship between this heat and the proportions of four compounds present in the clinkers
used to produce the cement. In this instance, the variable Y represents the dependent variable,
indicating the heat produced and measured in calories per gram of cement. The independent
variables are amounts of the following compounds: tricalcium aluminate (Xi), tricalcium
silicate (X32), tetracelcium alumino femrrite (X3), and dicalcium silicate (X4). The model
includes the intercept item.
The scale mean square error matrix (smse) of the ORR, URR and KM are respectively given
by:

L 2.1,2,,.2

mse(Qorr) = tr(MSE(&ORR)) = Zf=1/1l((;;+)jl ,

2
mse(Qygg) = tr(MSE(&URR)) = Zf=1$ ) (34)

_ _ (1-k)o?+ka;?
mse(aKM) - tr(MSE(aKM)) =0’ Z?=1 (Ai+k)(002+k0!i2) ’

(33)

(35)

where tr is the trace of the matrix.
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The five eigenvalues of X' X are A; =211.367, A, =77.236, A3 =28.459, A, = 10.267 and Ag
= 0.0349. The condition number of X' X is K = A,,4x/Amin =6056.37 and so X' X may be
considered as being quite “ill-Conditioned”. To get the data that X' X is in the form of a
correlation matrix, we recommend to standardize it. The benefit of standardization is that the
regression coefficients can be expressed in comparable numerical units [25].

Therefore, the four eigenvalues of the correlation matrix X' X are 2.2357, 1.57606, 0.18661,
and 0.00162 while the estimated value of a2 is 0.00196.

For the standardized data, we obtain 62 = 0.003932. The eigenvalues of X' X are 2.95743,
0.91272, 0.10984, and 0.02021. The X'X matrix will be as follows:

1.000 0.888 .925 0.309
0.888 1.000 0.962 0.157
0.925 0.962 1.000 0.328
0.309 0.157 0.328 1.000

X'X =

The variables in  X'X matrix suffer from sever correlations. Another method for diagnosing
multicollinearity in linear regression is the condition index (C.1.) which is defined as follows:

A
C.l.= |
)Lmin,

where A2 and A, are the largest and the smallest eigenvalues of X' X. Therefore, in

2.95743
0.02021

multicollinearity and may be corrected.

this data ,10 < C.l.= = 12.1 < 30 , which indicates that there is a moderate

Table 1: The mse for estimators and different estimated value of k

Kuks Kiw Kyst knvm kumm kkmm
OLS 1.218629 1.218629 1.218629 1.218629 1.218629 1.218629
ORR 0.1663935 0.158478 0.145758 0.194666 0.193161 0.187584
KM 0.2930769 0.261189 0.158810 0.011439 0.011811 0.013379

From Table 1, the proposed k estimators had the best performance in the sense of a smaller
MMSE. When the estimated value of k is closed to 1, the MMSE of KM estimator will be
better than OLS and ORR and vice versa.

6. Conclusion

The presence of multicollinearity makes the performance of OLS estimator inefficient and
unstable. To address this problem, we developed new convex estimator named (KM)
estimator for the linear regression model. Theoretically, we established the sufficient
conditions under which the KM estimator outperforms the other classical estimators that
presented in this paper using mean squared error. In order to evaluate the performance of the
proposed KM estimator, a simulation study was conducted with different values of shrinkage
parameter k. According to the results, we indicated that the KM estimator is more efficient
than traditional ORR and URR estimators. Additionally, we compared the KM estimator and
others using a numerical example. We proposed new estimated values of k which show more
efficiency others that given in this study.
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Appendix
Table 1: Estimated MSEs when t=20 and ¢=0.8 and 0.9
® 0.8 0.9
o k MK ORR URR MK ORR URR
k 0.250316545 | 0.250316546 | 0.250316545 | 0.261585443 | 0.261585448 | 0.261585447
HK 143 711 924 062 314 628
K 0.250316567 | 0.250316575 | 0.250316568 | 0.261585452 | 0.261585479 | 0.261585473
HKEB 493 236 799 832 030 335
k 0.250316546 | 0.250316548 | 0.250316547 | 0.261585443 | 0.261585449 | 0.261585448
w 640 621 512 543 824 930
k 0.250316545 | 0.250316546 | 0.250316545 | 0.261585443 | 0.261585448 | 0.261585447
HSL 130 694 910 062 313 627
K 0.250326091 | 0.250328674 | 0.250326055 | 0.261595885 | 0.261617020 | 0.261611401
0.00 | "HMO 643 762 088 749 059 959
1 K 0.250317548 | 0.250317826 | 0.250317549 | 0.261586950 | 0.261590159 | 0.261589320
AM 237 373 952 331 057 947
K 0.250317960 | 0.250318351 | 0.250317961 | 0.261590810 | 0.261601976 | 0.261599035
M 004 306 507 424 878 975
k 0.250316545 | 0.250316546 | 0.250316545 | 0.261585443 | 0.261585448 | 0.261585447
MED 143 711 924 062 314 628
K 0.250325848 | 0.250328366 | 0.250325813 | 0.261595657 | 0.261616355 | 0.261610855
ks 040 674 550 747 522 700
k 0.250433557 | 0.250458414 | 0.250427753 | 0.261646079 | 0.261744939 | 0.261716533
Sarith 521 179 953 936 007 800
o k MK ORR URR MK ORR URR
0.198799448 | 0.198823050 | 0.198810726 | 0.287299920 | 0.287192853 | 0.287191528
Frk 2 3 0 6 6 0
0.199146297 | 0.199257909 | 0.199157110 | 0.287766144 | 0.287232483 | 0.287220139
Kuxs 5 6 0 0 5 0
0.198849154 | 0.198885970 | 0.198862372 | 0.287310926 | 0.287193713 | 0.287192192
Fevw 2 3 7 1 0 0
0.198799084 | 0.198822588 | 0.198810341 | 0.287299839 | 0.287192847 | 0.287191523
Kusi 0 4 2 6 3 1
0.365306518 | 0.373634996 | 0.329507242 | 0.332790471 | 0.307853237 | 0.301258527
kHMO
0.01 5 2 1 8 5 4
' 0.216709069 | 0.217058898 | 0.212897387 | 0.302296084 | 0.290498282 | 0.289413521
Kam 9 2 5 0 8 4
0.227236374 | 0.226856772 | 0.220388891 | 0.311961310 | 0.294512314 | 0.292130417
km 4 5 7 8 1 9
0.198799359 | 0.198822937 | 0.198810632 | 0.287299880 | 0.287192850 | 0.287191525
kmep 4 7 2 1 4 5
0.206478644 | 0.207235221 | 0.205341206 | 0.292846122 | 0.287972189 | 0.287719348
kks 7 2 4 4 9 4
0.243639895 | 0.242272962 | 0.232103658 | 0.325727730 | 0.302645049 | 0.297685817
Sarith 0 3 4 0 4 1
o k MK ORR URR MK ORR URR
0.216484593 | 0.216474183 | 0.216470310 | 0.291509817 | 0.291500901 | 0.291499484
K 9 3 8 7 7 4
0.216651698 | 0.216598877 | 0.216566816 | 0.291600832 | 0.291550025 | 0.291538195
Kus 6 3 9 7 3 6
0.216503052 | 0.216488014 | 0.216481427 | 0.291511247 | 0.291501715 | 0.291500155
kLW
0.1 8 8 6 1 6 7
0.216484533 | 0.216474138 | 0.216470273 | 0.291509812 | 0.291500898 | 0.291499481
st 6 1 9 0 5 7
0.271336539 | 0.261063867 | 0.249580759 | 0.349926473 | 0.329626545 | 0.320407665
kHMO
0 7 0 1 8 2
kue | 0228031869 | 0.224590680 | 0.222556523 | 0.305777499 | 0.296765103 | 0.295488654
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7 6 6 8 2 5
0.242726309 | 0.235797747 | 0.230907343 | 0.332316503 | 0.313340087 | 0.308063028
kam 2 8 0 9 5 3
0.216484582 | 0.216474174 | 0.216470303 | 0.291509814 | 0.291500899 | 0.291499482
Kaeo 0 4 5 1 7 7
0.224494637 | 0.222086085 | 0.220684030 | 0.294007715 | 0.292440094 | 0.292217140
kks 9 4 9 3 4 1
0.250953411 | 0.242634337 | 0.235980690 | 0.322914352 | 0.306262050 | 0.302689639
Sarith 7 5 2 4 8 5
o k MK ORR URR MK ORR URR
0.386448571 | 0.371211724 | 0.375725412 | 0.633305428 | 0.483937164 | 0.581289257
Fuk 6 3 | 0 9 5
0.385157585 | 0.373126801 | 0.374597368 | 0.626206544 | 0.433567416 | 0.571396155
Kiks 7 2 3 5 1 7
0.383196688 | 0.367572312 | 0.372477398 | 0.631868438 | 0.474644500 | 0.579309929
e 9 8 8 9 2 1
0.387275508 | 0.372244290 | 0.376603492 | 0.634685313 | 0.492677392 | 0.583234156
st 4 2 9 0 0 8
0.470530381 | 0.483909884 | 0.449445561 | 0.642531362 | 0.385971636 | 0.561573379
| Kiimo 2 1 5 1 0 9
0.409081431 | 0.405024563 | 0.395494410 | 0.624100326 | 0.395440562 | 0.564658857
Fam 5 6 7 9 8 9
0.418189980 | 0.416659479 | 0.403364447 | 0.627465039 | 0.443815619 | 0.573268643
kam 0 4 8 8 2 0
0.387722754 | 0.372815424 | 0.377086187 | 0.633995839 | 0.488329256 | 0.582255919
e 4 0 6 3 3 2
0.387601105 | 0.372659245 | 0.376954363 | 0.637358508 | 0.509264819 | 0.587181687
kks 4 3 3 9 8 1
0.478040612 | 0.493729866 | 0.456202923 | 0.631831085 | 0.379771102 | 0.561299750
Sarith 2 4 2 6 4 1
o k MK ORR URR MK ORR URR
0.827339649 | 0.802818776 | 0.817340202 | 1.483266062 | 1.387403890 | 1.425438988
Kuk 5 9 7 4 7 8
0.723097951 | 0.697600370 | 0.718776819 | 1.230326181 | 1.064549924 | 1.168440196
Kiks 2 7 8 7 0 4
0.710987723 | 0.691449635 | 0.709759819 | 1.070121559 | 0.956830463 | 1.052556451
e 5 0 9 5 4 0
0.738850595 | 0.710670153 | 0.732543286 | 1.424109430 | 1.302868626 | 1.359450300
Kusi 6 8 9 6 8 4
5 K 0.730098824 | 0.761299154 | 0.754598034 | 0.833221521 | 0.989905004 | 1.034896497
HMo 3 7 5 5 7 2
0.708913497 | 0.706844563 | 0.715856761 | 0.912041991 | 0.968128250 | 1.027373530
Feam 6 1 9 6 6 4
0.707512702 | 0.693676242 | 0.708933070 | 0.839216720 | 0.988107823 | 1.034107835
kam 3 0 9 5 4 6
0.839377536 | 0.816274280 | 0.829388354 | 1.491700684 | 1.399811854 | 1.435241733
kMED
3 1 9 1 8 8
kys 0.823986 0.799093 0.814003 1.292872 1.13339 1.226302
Table 2: Estimated MSEs when t=20 and ¢=0.95 and 0.99
() 0.95 0.99
o k MK ORR URR MK ORR URR
k 0.286771130 | 0.286771130 | 0.286771129 | 0.302253782 | 0.302253792 | 0.302253791
0.00 HK 6 3 8 0 1 8
1 0.286771150 | 0.286771148 | 0.286771144 | 0.302253756 | 0.302253806 | 0.302253803
Kiiks 5 5 6 3 7 9
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K 0.286771131 | 0.286771130 | 0.286771130 | 0.302253781 | 0.302253792 | 0.302253791
Lw 0 6 1 9 2 8
k 0.286771130 | 0.286771130 | 0.286771129 | 0.302253782 | 0.302253792 | 0.302253791
HSL 6 3 8 0 1 8
K 0.286850296 | 0.286840108 | 0.286825687 | 0.303295960 | 0.302576515 | 0.302517314
HMO 3 8 1 0 7 4
k 0.286782723 | 0.286781711 | 0.286779499 | 0.302241298 | 0.302261997 | 0.302260526
AM 8 7 7 2 6 3
k 0.286839166 | 0.286830831 | 0.286818349 | 0.302245427 | 0.302258975 | 0.302258046
M 7 5 7 5 2 2
K 0.286771130 | 0.286771130 | 0.286771129 | 0.302253782 | 0.302253792 | 0.302253791
MED 6 3 8 0 1 8
K 0.286844744 | 0.286835496 | 0.286822038 | 0.302254927 | 0.302323089 | 0.302310577
KS 5 1 9 2 5 5
0.287059735 | 0.286997592 | 0.286950228 | 0.302230875 | 0.302300776 | 0.302292312
Sarith 8 0 4 8 4 7
o k MK ORR URR MK ORR URR
K 0.265274461 | 0.265275317 | 0.265275200 | 0.302345858 | 0.302346964 | 0.302346934
HK 4 7 3 6 0 6
k 0.265276278 | 0.265280532 | 0.265279559 | 0.302342776 | 0.302348202 | 0.302347957
HKB 8 0 7 4 3 0
k 0.265274543 | 0.265275555 | 0.265275404 | 0.302345847 | 0.302346968 | 0.302346938
Lw 8 0 8 7 3 3
k 0.265274461 | 0.265275317 | 0.265275199 | 0.302345858 | 0.302346964 | 0.302346934
HSL 3 3 9 6 0 6
K 0.277202930 | 0.275617291 | 0.273724253 | 0.341083382 | 0.318873449 | 0.315675108
0.01 HMO 0 8 6 8 4 5
’ k 0.265545040 | 0.265830442 | 0.265730816 | 0.305849317 | 0.302965977 | 0.302844344
AM 8 4 5 9 4 1
k 0.265735786 | 0.266117069 | 0.265965763 | 0.312102734 | 0.303962954 | 0.303646299
oM 3 6 5 3 7 1
K 0.265274461 | 0.265275317 | 0.265275200 | 0.302345858 | 0.302346964 | 0.302346934
MED 4 7 3 6 0 6
k 0.266328408 | 0.266838854 | 0.266556870 | 0.303219189 | 0.302591838 | 0.302544022
ks 1 4 9 4 6 1
0.268137272 | 0.268553918 | 0.267959437 | 0.316587707 | 0.304930226 | 0.304426018
Sarith 3 5 4 8 0 1
o k MK ORR URR MK ORR URR
k 0.287169152 | 0.287432558 | 0.287439177 | 0.310263339 | 0.310453969 | 0.310465348
HK 5 6 7 9 6 6
k 0.285988958 | 0.287086697 | 0.287127643 | 0.309033329 | 0.309753245 | 0.309831876
HKB 5 8 9 8 1 5
k 0.287123375 | 0.287418795 | 0.287426628 | 0.310256226 | 0.310450181 | 0.310461870
Lw 2 4 6 6 6 3
k 0.287170024 | 0.287432820 | 0.287439417 | 0.310263541 | 0.310454076 | 0.310465447
HSL 0 8 2 4 8 1
K 0.298518879 | 0.297853748 | 0.296233497 | 0.884040726 | 0.995612492 | 0.901631236
o HMO 7 1 1 9 2 3
' k 0.285107976 | 0.287888713 | 0.287710960 | 0.334011329 | 0.323713033 | 0.321557888
AM 0 5 2 0 8 1
k 0.289930973 | 0.291329334 | 0.290623694 | 0.314964173 | 0.308695129 | 0.308457822
oM 4 0 6 0 3 2
K 0.287169571 | 0.287432684 | 0.287439292 | 0.310263449 | 0.310454028 | 0.310465402
MED 8 8 9 8 1 3
k 0.284032662 | 0.286672323 | 0.286731158 | 0.307670210 | 0.308812363 | 0.308981149
Ks 3 9 3 8 8 5
0.305225616 | 0.303418697 | 0.301051957 | 0.316192702 | 0.309352495 | 0.309014531
Sarith 9 2 1 5 9 4
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o k MK ORR URR MK ORR URR
k 0.462709976 | 0.538460965 | 0.507186977 | 1.831109216 | 1.854551237 | 1.882956578
HK 2 1 5 5 0 4
k 0.406247103 | 0.476066366 | 0.442372174 | 1.117459787 | 1.069872746 | 1.112203462
HKB 5 4 6 | 8 8
k 0.424378676 | 0.497935571 | 0.464415451 | 0.636663128 | 0.514848340 | 0.548320729
w 0 3 1 2 2 7
k 0.438245487 | 0.513251782 | 0.480337511 | 0.651851079 | 0.531348105 | 0.565837890
HSL 9 6 5 6 1 4
K 0.566206004 | 0.571976046 | 0.635747981 | 0.637117333 | 0.515338314 | 0.548842611
| HMO 7 1 9 2 3 6
k 0.377833450 | 0.408317599 | 0.386896024 | 0.826832240 | 0.731083091 | 0.772296107
AM 8 7 4 1 8 5
K 0.426760017 | 0.500635010 | 0.467196267 | 0.821116109 | 0.724414936 | 0.765510738
oM 6 4 9 1 2 8
K 0.468296938 | 0.543977894 | 0.513149619 | 1.834349382 | 1.857952858 | 1.886276553
MED 0 0 9 0 3 4
k 0.549291287 | 0.617911727 | 0.594987381 | 1.130513352 | 1.084910260 | 1.127133495
ks 6 4 8 1 0 9
0.381126074 | 0.404379979 | 0.386198060 | 0.769983836 | 0.665007431 | 0.704806880
Sarith 2 8 1 2 3 1
o k MK ORR URR MK ORR URR
K 1.483266062 | 1.387403890 | 1.425438988 | 2.182836936 | 2.182404469 | 2.169024344
HK 4 7 8 0 4 6
k 1.230326181 | 1.064549924 | 1.168440196 | 1.545646518 | 1.498003886 | 1.483807404
HKB 7 0 4 0 5 1
k 1.070121559 | 0.956830463 | 1.052556451 | 0.945819602 | 0.956215897 | 0.955494372
w 5 4 0 3 5 7
k 1.424109430 | 1.302868626 | 1.359450300 | 1.359770505 | 1.302485667 | 1.289319103
HSL 6 8 4 9 5 2
5 K 0.833221521 | 0.989905004 | 1.034896497 | 0.887511190 | 0.981406698 | 0.982098504
HMo 5 7 2 7 8 8
k 0.912041991 | 0.968128250 | 1.027373530 | 1.009029579 | 0.968913685 | 0.964160937
AM 6 6 4 6 8 0
k 0.839216720 | 0.988107823 | 1.034107835 | 1.264834109 | 1.204829810 | 1.192687273
M 5 4 6 1 5 8
K 1.491700684 | 1.399811854 | 1.435241733 | 2.200369148 | 2.201262899 | 2.187953793
MED 1 8 8 9 2 5
k 1.292872136 | 1.133390387 | 1.226301822 | 1.065247878 | 1.012395565 | 1.004869583
ks 8 8 4 8 1 6
Table 3: Estimated MSEs when t=60 and ¢=0.8 and 0.9
0.8 0.9
o k MK ORR URR MK ORR URR
B 0.225854469 | 0.225854469 | 0.225854469 | 0.253154784 | 0.253154785 | 0.253154784
HK 3 3 1 8 1 9
k 0.225854474 | 0.225854474 | 0.225854473 | 0.253154793 | 0.253154795 | 0.253154793
HKB 9 7 4 4 1 0
k 0.225854469 | 0.225854469 | 0.225854469 | 0.253154785 | 0.253154785 | 0.253154785
Lw 8 8 5 3 7 4
0.00 k 0.225854469 | 0.225854469 | 0.225854469 | 0.253154784 | 0.253154785 | 0.253154784
! HSL 3 3 1 8 1 9
K 0.225855547 | 0.225855527 | 0.225855284 | 0.253159095 | 0.253159760 | 0.253158743
HMO 2 4 0 0 2 5
k 0.225854706 | 0.225854702 | 0.225854648 | 0.253155507 | 0.253155619 | 0.253155448
AM 5 1 5 0 0 6
Koy | 0.225854984 | 0.225854975 | 0.225854859 | 0.253156930 | 0.253157262 | 0.253156756
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9 5 0 8 6 3
k 0.225854469 | 0.225854469 | 0.225854469 | 0.253154784 | 0.253154785 | 0.253154784
MED 3 3 1 8 1 9
k 0.225855546 | 0.225855526 | 0.225855283 | 0.253159077 | 0.253159740 | 0.253158727
ks 5 8 5 6 2 5
0.225931345 | 0.225929842 | 0.225912497 | 0.253242860 | 0.253255822 | 0.253235167
Sarith 3 4 2 2 7 1
(o3 k MK ORR URR MK ORR URR
K 0.236445064 | 0.236445022 | 0.236444998 | 0.270156014 | 0.270156156 | 0.270156120
HK 0 3 8 3 0 7
k 0.236445984 | 0.236445777 | 0.236445583 | 0.270156909 | 0.270157616 | 0.270157323
HKB 8 7 4 3 0 0
k 0.236445140 | 0.236445084 | 0.236445049 | 0.270156049 | 0.270156212 | 0.270156169
Lw 3 9 3 1 8 2
k 0.236445063 | 0.236445022 | 0.236444998 | 0.270156014 | 0.270156155 | 0.270156120
HSL 8 2 7 2 9 7
k 0.236845739 | 0.236772352 | 0.236691597 | 0.324717674 | 0.315740133 | 0.306641218
001 hMo 8 4 5 8 2 6
’ k 0.236509249 | 0.236497641 | 0.236484668 | 0.270468691 | 0.270612874 | 0.270524845
AM 0 5 2 5 5 4
k 0.236536522 | 0.236519978 | 0.236501497 | 0.270438611 | 0.270572571 | 0.270492318
M 5 4 2 6 4 1
K 0.236445064 | 0.236445022 | 0.236444998 | 0.270156014 | 0.270156156 | 0.270156120
MED 0 3 8 3 0 7
k 0.236777459 | 0.236716758 | 0.236649727 | 0.270648417 | 0.270842509 | 0.270710149
ks 7 4 9 3 9 9
0.237793921 | 0.237537498 | 0.237267503 | 0.271900408 | 0.272158461 | 0.271771304
Sarith 0 1 0 8 7 1
(o2 k MK ORR URR MK ORR URR
K 0.221258152 | 0.221267024 | 0.221265330 | 0.252481391 | 0.252482021 | 0.252478790
HK 8 1 1 0 6 1
k 0.221307903 | 0.221351577 | 0.221337662 | 0.252597120 | 0.252599544 | 0.252572698
KB 0 2 1 5 2 8
k 0.221263450 | 0.221276061 | 0.221273234 | 0.252488459 | 0.252489233 | 0.252484772
Lw 7 4 1 7 5 7
k 0.221258128 | 0.221266983 | 0.221265294 | 0.252481383 | 0.252482013 | 0.252478783
HASL 8 2 1 0 4 2
K 0.453357668 | 0.481356323 | 0.433279779 | 0.413126825 | 0.417779890 | 0.377913962
01 HMO 8 7 1 2 9 3
’ k 0.228286831 | 0.230450720 | 0.228977636 | 0.279712674 | 0.274828356 | 0.269829080
AM 0 7 7 9 4 2
k 0.234889590 | 0.237545324 | 0.234908748 | 0.308145767 | 0.300183263 | 0.289331890
M 2 3 7 7 1 8
K 0.221258145 | 0.221267011 | 0.221265319 | 0.252481369 | 0.252482000 | 0.252478772
MED 5 6 1 8 0 0
k 0.222828720 | 0.223690258 | 0.223306242 | 0.254419781 | 0.254333946 | 0.253927023
ks 4 5 9 0 2 6
0.236411846 | 0.239114812 | 0.236218577 | 0.289410346 | 0.283056908 | 0.276177364
Sarith 0 6 0 6 6 4
(o2 k MK ORR URR MK ORR URR
K 0.369516180 | 0.371174285 | 0.371305061 | 0.420599597 | 0.406819965 | 0.413047747
HK 0 5 6 1 9 3
k 0.367406204 | 0.372052189 | 0.371912805 | 0.409179107 | 0.378475460 | 0.395516900
1 HKB 3 8 1 9 9 1
k 0.368155107 | 0.370447417 | 0.370613905 | 0.419283389 | 0.403672772 | 0.411083128
Lw 7 7 1 1 0 5
k 0.369688045 | 0.371276055 | 0.371401198 | 0.420879822 | 0.407488370 | 0.413468733
HSL 4 7 9 5 3 7
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0.543856156 | 0.574274973 | 0.552736893 | 0.523425208 | 0.498912108 | 0.437939934
Kimo 5 6 9 9 1 3
0.414204819 | 0.425615067 | 0.419596356 | 0.411407396 | 0.356350199 | 0.375012546
Kam 1 8 7 3 1 5
0.434200490 | 0.448043914 | 0.439681451 | 0.410734738 | 0.355973862 | 0.375046459
ke 4 7 6 4 9 5
0.369954204 | 0.371436684 | 0.371552875 | 0.420967915 | 0.407698387 | 0.413601326
Kaeo 7 9 3 9 3 1
0.369892182 | 0.371398946 | 0.371517243 | 0.420984522 | 0.407737972 | 0.413626335
kis 7 0 2 6 7 5
0.462851572 | 0.480515454 | 0.468779657 | 0.416049044 | 0.359526173 | 0.375326041
Sarith 9 0 8 1 8 6
o k MK ORR URR MK ORR URR
K 0.949167830 | 0.892510333 | 0.932590621 | 0.941654606 | 0.943485544 | 0.942194080
HK 7 8 2 0 3 8
0.894920376 | 0.815396146 | 0.888143362 | 0.830971737 | 0.836597036 | 0.834600813
Kiks 8 9 6 9 3 5
0.863513289 | 0.785807575 | 0.865450696 | 0.750062039 | 0.759068877 | 0.756952308
Fiw 8 1 2 5 7 1
0.901515619 | 0.823589757 | 0.893216578 | 0.814214304 | 0.820517360 | 0.818453289
st 7 3 9 6 2 2
0.835962380 | 0.811082175 | 0.860574557 | 0.703470546 | 0.715690054 | 0.714549486
S| Kumo 3 3 3 9 4 5
0.854617076 | 0.783381969 | 0.860220678 | 0.757577444 | 0.766261111 | 0.764125041
kam 0 3 4 8 2 4
0.853410362 | 0.783491529 | 0.859627714 | 0.826654600 | 0.832452794 | 0.830437657
Ken 0 5 5 3 7 5
0.961068039 | 0.911648204 | 0.943547315 | 0.959565404 | 0.960934412 | 0.959780616
Kno 3 3 8 3 4 6
0.964682524 | 0.917581867 | 0.947010343 | 0.965521646 | 0.966748274 | 0.965640858
kis
0 0 5 6 7 3
Table 4: Estimated MSEs when t=60 and ¢=0.95 and 0.99
0.95 0.99
(o3 k MK ORR URR MK ORR URR
0.287114473 | 0.287114474 | 0.287114474 | 0.302168481 | 0.302168482 | 0.302168482
Kik 6 3 2 9 6 4
0.287114477 | 0.287114481 | 0.287114479 | 0.302168486 | 0.302168489 | 0.302168487
Kiks 4 2 9 1 3 9
0.287114473 | 0.287114474 | 0.287114474 | 0.302168481 | 0.302168482 | 0.302168482
v 7 5 3 9 6 4
0.287114473 | 0.287114474 | 0.287114474 | 0.302168481 | 0.302168482 | 0.302168482
Kist 6 3 2 9 6 4
K 0.287124064 | 0.287131334 | 0.287128191 | 0.302373666 | 0.302271852 | 0.302251263
0.00 HMO 6 0 5 0 4 8
1 0.287115864 | 0.287116948 | 0.287116487 | 0.302173996 | 0.302175949 | 0.302174464
Kam 4 5 4 3 7 3
0.287121642 | 0.287127119 | 0.287124762 | 0.302215385 | 0.302207760 | 0.302199944
ke 1 3 4 8 9 1
0.287114473 | 0.287114474 | 0.287114474 | 0.302168481 | 0.302168482 | 0.302168482
e 6 3 2 9 6 4
0.287123566 | 0.287130469 | 0.287127488 | 0.302212306 | 0.302205955 | 0.302198498
ks 5 7 3 6 6 3
0.287181476 | 0.287224083 | 0.287203650 | 0.302336127 | 0.302259421 | 0.302241311
Sarith 5 7 1 8 3 4
o k MK ORR URR MK ORR URR
0.01 kyk | 0.270156014 | 0.270156156 | 0.270156120 | 0.302010931 | 0.302010742 | 0.302010727
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3 0 7 1 7 3
f 0.270156909 | 0.270157616 | 0.270157323 | 0.302012272 | 0.302011326 | 0.302011197
HKB 3 0 0 4 0 6
f 0.270156049 | 0.270156212 | 0.270156169 | 0.302010936 | 0.302010744 | 0.302010729
Lw 1 8 2 0 8 1
f 0.270156014 | 0.270156155 | 0.270156120 | 0.302010931 | 0.302010742 | 0.302010727
HSL 2 9 7 1 7 3
B 0.324717674 | 0.315740133 | 0306641218 | 0.350113378 | 0.325191451 | 0.320210219
HMO 8 2 6 2 1 1
f 0.270468691 | 0.270612874 | 0.270524845 | 0.305808596 | 0.302686354 | 0.302542422
AmM 5 5 4 7 0 7
f 0.270438611 | 0.270572571 | 0.270492318 | 0.309963144 | 0.303316434 | 0.303037845
GM 6 4 1 8 6 6
f 0.270156014 | 0.270156156 | 0.270156120 | 0.302010931 | 0.302010742 | 0.302010727
MED 3 0 7 1 7 3
f 0.270648417 | 0.270842509 | 0.270710149 | 0.302355813 | 0.302115813 | 0.302093555
Ks 3 9 9 3 1 0
0.271900408 | 0.272158461 | 0.271771304 | 0.313162330 | 0.303866675 | 0.303470562
Sarith 8 7 1 6 0 3
o k MK ORR URR MK ORR URR
B 0.292159568 | 0.292171891 | 0.292171372 | 0.305942347 | 0.305937485 | 0.305941092
HK 9 1 5 1 1 2
f 0.292139244 | 0.292198303 | 0.292194000 | 0.305842453 | 0.305805246 | 0.305832913
HKB 5 7 7 7 2 9
f 0.292159194 | 0.292172336 | 0.292171765 | 0.305941808 | 0.305936844 | 0.305940548
Lw 0 4 0 2 5 8
P 0.292159571 | 0.292171888 | 0.292171370 | 0.305942352 | 0.305937491 | 0.305941098
HSL 2 4 1 8 9 0
f 0.358822897 | 0.349847826 | 0.340258458 | 0.311780785 | 0.304559435 | 0.304670482
P 1 6 2 8 1 0
: f 0.294692488 | 0.294474486 | 0.294092024 | 0.306868487 | 0.304628782 | 0.304843960
amM 4 8 8 0 8 0
f 0.295825670 | 0.295137387 | 0.294643045 | 0.311864379 | 0.304567278 | 0.304674936
M 8 8 8 9 3 5
f 0.292159570 | 0.292171888 | 0.292171370 | 0.305942354 | 0.305937493 | 0.305941099
MED 8 9 6 5 9 7
f 0.292089279 | 0.292421065 | 0.292381466 | 0.305720990 | 0.305545138 | 0.305622207
KS 7 0 9 8 8 0
0.304605018 | 0.300351441 | 0.298982604 | 0.319670405 | 0.306059022 | 0.305714115
Sarith 9 7 2 0 1 6
o k MK ORR URR MK ORR URR
f 0.360645681 | 0.359431436 | 0360242125 | 1.297992132 | 1.263933006 | 1.286481620
HK 8 5 2 2 5 6
f 0.357429868 | 0.351499586 | 0.353045149 | 0.871676526 | 0.801693090 | 0.868346533
HKB 8 8 1 8 2 0
f 0.360333068 | 0.359015424 | 0.359879149 | 0.715437058 | 0.635321105 | 0.711622088
Lw 6 9 0 3 3 7
f 0.360677604 | 0.359473483 | 0.360278833 | 0.724647293 | 0.645117064 | 0.721062052
HSL 9 8 7 5 4 5
1l 0.397464236 | 0.386054249 | 0379267354 | 0.518777361 | 0.408893286 | 0.424544949
HMO 7 1 4 8 6 1
f 0.372981385 | 0.361283317 | 0.359805243 | 0.500462509 | 0.398683880 | 0.462059897
AM 7 6 7 0 0 3
f 0.382890834 | 0.370648060 | 0.367072166 | 0.620481295 | 0.533929576 | 0.611391190
M 0 8 6 3 7 4
f 0.360857254 | 0.359708700 | 0.360484271 | 1.299165499 | 1.265225119 | 1.287646707
MED 8 9 8 5 9 0
kes | 0.363835153 | 0.363349665 | 0.363699309 | 1.132370530 | 1.082646695 | 1.123527922
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8 9 2 6 9 3
0.413812399 | 0.404684417 | 0.394154136 | 0.608488480 | 0.521006513 | 0.598178171
Sarith 0 7 2 6 2 7
o k MK ORR URR MK ORR URR
K 1.434154047 | 1.664997202 | 1.509342775 | 5.772598011 | 6.294157999 | 6.000824599
HK 5 2 2 0 3 3
1.108862983 | 1.403972550 | 1.158321374 | 2.600700248 | 3.712512975 | 2.737942709
Kiks 6 7 6 7 0 2
0.966995116 | 0.936890773 | 0.952848912 | 2.209323004 | 0.757459339 | 1.434352179
e 2 0 1 4 6 0
1.096325244 | 1.392125022 | 1.144127601 | 1.673746895 | 0.833338420 | 1.083986084
krsy 5 4 4 9 2 1
1.030273297 | 0.910160378 | 1.028895294 | 2.260968029 | 0.754246880 | 1.470947487
> | kumo 6 2 9 6 2 7
0.901879044 | 1.138860129 | 0.908606662 | 1.132750588 | 1.069221801 | 0.779599812
Kam 3 8 4 2 5 3
1.003132121 | 1.294880506 | 1.036233443 | 0.955562408 | 1.637749155 | 0.827548087
ke 6 2 0 0 0 9
1.462892632 | 1.685445237 | 1.538930431 | 5.781431011 | 6.300827620 | 6.009450859
Fneo 3 6 1 2 7 1
1.045842520 | 1.341834351 | 1.086272942 | 0.994022925 | 1.238046337 | 0.732460737
kKS
6 9 7 4 0 2
Table 5: Estimated MSEs when t=180 and ¢=0.8 and 0.9
0.8 0.9
o k MK ORR URR MK ORR URR
K 0.225291604 | 0.225291604 | 0.225291604 | 0.265260228 | 0.265260228 | 0.265260228
HK 1 2 1 5 5 4
0.225291607 | 0.225291607 | 0.225291606 | 0.265260231 | 0.265260231 | 0.265260230
Kiiks 4 7 9 2 2 5
0.225291604 | 0.225291604 | 0.225291604 | 0.265260228 | 0.265260228 | 0.265260228
e 5 5 4 6 6 5
k 0.225291604 | 0.225291604 | 0.225291604 | 0.265260228 | 0.265260228 | 0.265260228
HSL 1 2 1 5 5 4
K 0.225320590 | 0.225322764 | 0.225315760 | 0.265266351 | 0.265266354 | 0.265265002
0.00 | “HMO 7 2 2 9 1 1
1 0.225292711 | 0.225292794 | 0.225292527 | 0.265260879 | 0.265260879 | 0.265260736
Kam 1 9 2 3 8 0
0.225294028 | 0.225294212 | 0.225293625 | 0.265262087 | 0.265262088 | 0.265261678
ke 7 0 9 4 7 1
K 0.225291604 | 0.225291604 | 0.225291604 | 0.265260228 | 0.265260228 | 0.265260228
MED 1 2 1 5 5 4
0.225317697 | 0.225319655 | 0.225313350 | 0.265266107 | 0.265266110 | 0.265264812
kis 0 3 1 9 1 0
0.225407406 | 0.225415862 | 0.225387929 | 0.265342765 | 0.265342327 | 0.265324205
Sarith 0 3 4 5 1 7
o k MK ORR URR MK ORR URR
0.202833274 | 0.202833292 | 0.202833281 | 0.265037647 | 0.265037656 | 0.265037649
Kik 8 1 9 2 4 7
0.202833599 | 0.202833686 | 0.202833601 | 0.265037870 | 0.265037916 | 0.265037860
Kiiks 6 2 3 3 4 1
0.202833316 | 0.202833342 | 0.202833324 | 0.265037657 | 0.265037668 | 0.265037659
0.0 | kuw 4 6 1 1 0 4
0.202833274 | 0.202833292 | 0.202833281 | 0.265037647 | 0.265037656 | 0.265037649
Krst 8 1 9 2 4 6
0.208541688 | 0.209234191 | 0.207902398 | 0.266509034 | 0.266560709 | 0.266243289
kiimo 9 9 4 1 3 8
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K 0.203097892 | 0.203152736 | 0.203086678 | 0.265149511 | 0.265166465 | 0.265139660
AM 5 1 2 4 2 4
k 0.203777503 | 0.203959539 | 0.203726448 | 0.266049896 | 0.266117027 | 0.265892180
oM 0 9 7 5 2 3
K 0.202833274 | 0.202833292 | 0.202833281 | 0.265037647 | 0.265037656 | 0.265037649
MED 8 1 9 2 4 7
k 0.203526044 | 0.203663184 | 0.203491480 | 0.265281891 | 0.265315154 | 0.265257397
ks 5 4 1 9 0 9
0.204187121 | 0.204437271 | 0.204105144 | 0.266061217 | 0.266128233 | 0.265901049
Sarith 4 6 9 0 3 4
o k MK ORR URR MK ORR URR
K 0.218666096 | 0.218667527 | 0.218666728 | 0.266680283 | 0.266680178 | 0.266679441
HK 0 1 2 3 9 4
K 0.218691724 | 0.218698834 | 0.218692210 | 0.266708017 | 0.266707425 | 0.266701290
HKB 3 7 9 1 1 4
k 0.218668839 | 0.218670880 | 0.218669541 | 0.266681486 | 0.266681363 | 0.266680428
Lw 8 9 2 4 2 6
k 0.218666091 | 0.218667521 | 0.218666723 | 0.266680282 | 0.266680178 | 0.266679440
HSL 2 3 3 7 3 9
K 0.432697891 | 0.453009557 | 0.398450660 | 0.305259975 | 0.296421197 | 0.289839321
01 HMO 5 1 3 2 6 6
’ k 0.227159540 | 0.227804950 | 0.225931587 | 0.273680792 | 0.272245005 | 0.271034476
AM 0 8 1 1 5 3
k 0.224667309 | 0.225288594 | 0.223934740 | 0.305107389 | 0.296290892 | 0.289738384
oM 0 1 1 7 5 2
K 0.218666092 | 0.218667522 | 0.218666724 | 0.266680279 | 0.266680175 | 0.266679438
MED 2 4 3 8 4 5
k 0.219484037 | 0.219647901 | 0.219448701 | 0.267153733 | 0.267131721 | 0.267034062
ks 5 9 3 9 5 6
0.231398386 | 0.231943294 | 0.229210126 | 0.286272424 | 0.281324569 | 0.278115619
Sarith 1 2 1 0 3 7
o k MK ORR URR MK ORR URR
K 0.285174947 | 0.285475422 | 0.285446551 | 0.327414603 | 0.326870003 | 0.326849823
HK 9 0 7 2 7 5
k 0.286097330 | 0.287388454 | 0.287151206 | 0.330230891 | 0.327678730 | 0.327417057
HKB 7 3 7 6 2 9
k 0.285252140 | 0.285663186 | 0.285616696 | 0.327542223 | 0.326897592 | 0.326870745
w 5 0 6 5 7 8
k 0.285173684 | 0.285472279 | 0.285443689 | 0.327411054 | 0.326869252 | 0.326849248
HsL 5 8 3 8 9 6
K 0.387401288 | 0.398581951 | 0.383806787 | 0.796946669 | 0.935210609 | 0.715943064
1 hMo 7 3 6 4 2 2
k 0.315309002 | 0.320822394 | 0.316383288 | 0.411522028 | 0.397796031 | 0.374322399
AM 8 1 6 5 8 0
k 0.341776257 | 0.348729031 | 0.340648100 | 0.383604141 | 0.367482503 | 0.354006025
M 3 6 7 1 8 3
K 0.285165841 | 0.285452720 | 0.285425857 | 0.327382353 | 0.326863212 | 0.326844612
MED 0 9 6 9 5 6
k 0.285329526 | 0.285843983 | 0.285779308 | 0.327374595 | 0.326861589 | 0.326843363
ks 9 2 2 3 7 4
0.365060969 | 0.373879789 | 0.362450634 | 0.408880929 | 0.394761787 | 0.372292137
Sarith 9 4 1 9 6 5
o k MK ORR URR MK ORR URR
B 0.667872312 | 0.667130164 | 0.668749747 | 0.752348216 | 0.736736145 | 0.745501041
HEK 4 6 2 4 3 2
s, 0.663175128 | 0.663597939 | 0.665195826 | 0.746262764 | 0.723936303 | 0.737909759
HKB 8 5 5 1 7 8
Ky | 0.665126827 | 0.664601856 | 0.666498878 | 0.746911572 | 0.725244281 | 0.739000456
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3 5 9 5 8 1
0.668547622 | 0.667790948 | 0.669321321 | 0.748294438 | 0.728158063 | 0.740767259
st 3 6 2 0 5 5
0.850207728 | 0.935425174 | 0.872414581 | 0.796128403 | 0.857759101 | 0.789442029
Kimo 9 6 3 0 6 8
0.693042614 | 0.707090863 | 0.696704296 | 0.756389964 | 0.749592305 | 0.745611696
Kam 5 2 0 1 0 4
0.678990880 | 0.687443452 | 0.681972763 | 0.749206633 | 0.731397703 | 0.739184692
kam 3 3 6 6 8 5
0.672979484 | 0.672306139 | 0.673197516 | 0.756221520 | 0.744897295 | 0.750184525
Kago 6 6 3 5 6 9
0.678021035 | 0.677659421 | 0.677903420 | 0.761606697 | 0.756189054 | 0.757677061
kis
8 1 1 2 7 7
Table 6: Estimated MSEs when t=180 and ¢=0.95 and 0.99
0.95 0.99
o k MK ORR URR MK ORR URR
0.286027711 | 0.286027711 | 0.286027711 | 0.302099918 | 0.302099918 | 0.302099918
Kuk 4 5 4 7 8 8
0.286027713 | 0.286027714 | 0.286027713 | 0.302099920 | 0.302099920 | 0.302099920
Kiks 3 0 5 2 5 2
0.286027711 | 0.286027711 | 0.286027711 | 0.302099918 | 0.302099918 | 0.302099918
e 4 5 5 7 8 8
0.286027711 | 0.286027711 | 0.286027711 | 0.302099918 | 0.302099918 | 0.302099918
kst 4 5 4 7 8 8
K 0.286319362 | 0.286349302 | 0.286284842 | 0.302107841 | 0.302108244 | 0.302106589
0.00 HMO 2 9 2 2 7 7
1 0.286033422 | 0.286034839 | 0.286033411 | 0.302100987 | 0.302101149 | 0.302100905
Fam 6 6 3 3 8 1
0.286036059 | 0.286038115 | 0.286036030 | 0.302107423 | 0.302107844 | 0.302106269
ke 1 0 3 2 4 0
0.286027711 | 0.286027711 | 0.286027711 | 0.302099918 | 0.302099918 | 0.302099918
kmep 4 5 4 7 8 8
0.286090468 | 0.286103727 | 0.286088494 | 0.302105965 | 0.302106418 | 0.302105126
ks 0 7 1 1 8 8
k 0.286122648 | 0.286140943 | 0.286118250 | 0.302139136 | 0.302132055 | 0.302125665
Sarith 4 2 9 0 2 3
o k MK ORR URR MK ORR URR
0.285822242 | 0.285822248 | 0.285822243 | 0.301413727 | 0.301413717 | 0301413711
Kuk 7 7 0 2 7 9
0.285822442 | 0.285822472 | 0.285822424 | 0.301413994 | 0.301413946 | 0.301413898
Kiks 3 0 5 7 7 2
0.285822246 | 0.285822253 | 0.285822246 | 0.301413728 | 0.301413718 | 0.301413712
Frw 9 3 9 3 7 7
0.285822242 | 0.285822248 | 0.285822243 | 0.301413727 | 0.301413717 | 0.301413711
Kusi 7 7 0 2 7 9
k 0.424598636 | 0.423105780 | 0.392870005 | 0.356500176 | 0.333808117 | 0.327080336
0.01 HMoO 1 5 6 4 7 8
0.289028564 | 0.288118951 | 0.287648802 | 0.305659997 | 0.302354562 | 0.302162609
Fam 9 8 2 2 1 9
0.310196039 | 0.300476268 | 0.297450993 | 0.320311871 | 0.305778507 | 0.304886061
kam 0 9 2 1 3 1
0.285822242 | 0.285822248 | 0.285822243 | 0.301413727 | 0.301413717 | 0.301413711
e 7 7 0 2 7 9
0.286024463 | 0.286032672 | 0.285989669 | 0.301481102 | 0.301458343 | 0.301449263
kKS
0 4 9 7 9 2
0.287712134 | 0.287312192 | 0.287007383 | 0.308077101 | 0.302789430 | 0.302508610

Sarith
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0 7 4 6 2 0
o k MK ORR URR MK ORR URR
B 0.349159840 | 0.349978733 | 0.350033365 | 0.304116531 | 0.304118557 | 0.304118981
HK 6 5 8 5 4 0
f 0.345070367 | 0.347375776 | 0.347595827 | 0.304095494 | 0.304101513 | 0.304104854
HKB 4 5 6 1 9 1
B 0.348994307 | 0.349875981 | 0.349937120 | 0.304116437 | 0.304118490 | 0.304118923
Lw 5 2 2 6 7 8
B 0.349168207 | 0.349983922 | 0.350038229 | 0.304116531 | 0.304118557 | 0.304118981
HSL 1 3 8 9 7 3
B 0.360945261 | 0.361210485 | 0.359662630 | 0.315271121 | 0.305343848 | 0.305016975
P 4 6 8 8 8 0
: B 0.348057486 | 0.349821617 | 0.349528077 | 0.306180564 | 0.303991030 | 0.303993292
AM 8 0 2 0 8 8
f 0.353302348 | 0.354259181 | 0.353449125 | 0.310883152 | 0.304522005 | 0.304384334
M 1 5 8 4 0 4
B 0.349240506 | 0.350028743 | 0.350080260 | 0.304116533 | 0.304118559 | 0.304118982
MED 1 0 3 7 0 4
B 0.349945602 | 0.350464201 | 0.350490590 | 0.304082962 | 0.304087410 | 0.304093297
KS 7 8 0 3 3 9
0.380535694 | 0.380716047 | 0.377248004 | 0.320734710 | 0.306851221 | 0.306200858
Sarith 8 5 7 2 6 6
o k MK ORR URR MK ORR URR
B 0.328609874 | 0.327783117 | 0.327770137 | 0.547030729 | 0.522695838 | 0.539163158
HK 7 5 6 6 6 8
f 0.332495674 | 0.328482133 | 0.328269801 | 0.495925476 | 0.449465212 | 0.485617741
HKB 6 7 6 1 5 5
f 0.328679608 | 0.327791213 | 0.327776416 | 0.530887053 | 0.499802110 | 0.522608744
Lw 5 0 0 5 8 6
f 0.328609127 | 0.327783032 | 0.327770071 | 0.532008762 | 0.501396830 | 0.523761088
HSL 6 0 0 0 7 7
B 0.431480462 | 0.417124905 | 0.389928404 | 0.448441137 | 0.359257177 | 0.400596991
. HMO 8 6 0 1 7 2
f 0.378365682 | 0.356451973 | 0.347730830 | 0.452727479 | 0.379591848 | 0.426783325
AM 0 3 8 9 6 8
f 0.400525755 | 0.379763915 | 0364015232 | 0.448647036 | 0.359053033 | 0.400074824
M 4 1 0 9 8 3
B 0.328580596 | 0.327779784 | 0327767538 | 0.548167502 | 0.524304276 | 0.540330742
MED 6 5 8 0 2 2
f 0.328288956 | 0.327748813 | 0.327742888 | 0.578434824 | 0.567058792 | 0.572274405
KS 8 9 4 3 5 9
0.423195727 | 0.406785596 | 0.382783516 | 0.450174038 | 0.373751103 | 0.420633006
Sarith 0 3 1 2 5 8
o k MK ORR URR MK ORR URR
B 0.743363155 | 0.744183051 | 0.744803381 | 0.989231461 | 0.961874037 | 0.982746587
HK 8 6 1 2 6 8
B 0.713419241 | 0.714611285 | 0.715354666 | 0.834775311 | 0.801151781 | 0.826096631
HKB 5 4 4 7 9 5
B 0.708690854 | 0.709985648 | 0.710703992 | 0.698477547 | 0.657521602 | 0.673578529
Lw 6 3 5 0 8 4
s |k 0.713098548 | 0.714296435 | 0.715038977 | 0.700863203 | 0.660024843 | 0.676834298
HSL 6 0 5 3 8 0
B 0.702621101 | 0.704599947 | 0.705035965 | 0.692641574 | 0.651664402 | 0.665055276
HMO 9 7 3 0 1 8
f 0.704570527 | 0.706025190 | 0.706679077 | 0.740498230 | 0.702164991 | 0.724802415
AM 0 7 8 0 3 6
ken 0.7084;68764 0.7093)69648 0.7104;85942 0.8169251926 0.7825533170 0.8075520874
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K 0.759740735 | 0.760394266 | 0.760883713 | 1.009649191 | 0.983094685 | 1.003148715
MED 8 2 5 8 4 0
k 0.795200481 | 0.795527924 | 0.795724851 | 0.967755160 | 0.939553743 | 0.961241564
KS 2 3 7 2 5 3
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