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Abstract 

     The purpose of this study is to introduce a new idea for module 𝑄 over ring 𝑅, 

let 𝑄 be well a unitary left 𝑅-module and let 𝑅 be any ring with one. 

We refer to 𝑄 as a closed-supplemented module, if each submodule of 𝑄 has closed-

supplement submodule where  𝑋 is called the closed-supplement submodule of 𝐶 in 

𝑄 ,if  𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐  𝑋 , 𝐶 ⊆ 𝑄 .On the other hand we introduce the 

concept of closed-weakly supplemented module, whenever that 

each submodule within 𝑄 has closed-weak supplement in 𝑄 , such that a submodule 

𝑋 of 𝑄 is named closed-weak supplement of 𝐶 , if 𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐 𝑄.We 

prove some properties of these class of modules. Many Several of about these ideas 

are given, additionally the relations involving these notions and other modules 

related with them are presented. 

 

Keywords:  small submodules, closed submodule, closed-small submodule, closed-

supplemented module, closed-weakly supplemented module. 

 

 المغلقالنمط مقاس مكمل من 
 

 , ساهره محمود*أسراء هاشم يحيى
 جامعة بغداد,بغداد,العراق  ,   قسم الرياضيات, كلية العلوم

 
 الخلاصه:

مقاسا وحدويا الى   Q, لتكن   Rعلى الحلقه   Q    المقاس المكمل   ة الغرض من هذه الدراسه هو تقديم فكر      
من النمط المغلق اذا كان كل  مكمل انه    Qسنشير الى المقاس     .يدحلقه مع العنصر المحا Rاليسار ولتكن 

المغلق عندما  مقاس جزئي فيه      من     مكملا        مقاسا جزئيا  يدعى  Xيمتلك مقاسا مكملا جزئيا من النمط 
اذا تحقق ان   المغلق  𝑄النمط  = 𝑋 + 𝐶   و 𝑋 ∩ 𝐶 ≪𝑐  𝑋 , 𝐶 ⊆ 𝑄    .  قدمنا مفهوم ثانيه  من جهه 

   يملك مقاس جزئيا مكملا  Qكل مقاس جزئي من    عندما يكون   ,المقاس المكمل الضعيف من النمط المغلق  
يسمى مقاس جزئي مكمل من  النمط    Qمن    Xبحيث ان المقاس الجزئي  ,    Qفي  من النمط المغلق    ضعيفا 
𝑄, اذ كان     Cل   المغلق = 𝑋 + 𝐶     و𝑋 ∩ 𝐶 ≪𝑐 𝑄.لهذا النوع من المقاسات. تم عدة مبرهنات    ثبتنا ا

النتائج قات التي تنطوي على هذه المفاهيم والمقاسات الاخرى المتعلقه  , اضافتا الى العلا  اعطاء العديد من 
 بها.  

 

Introduction 

      Each ring has its own identity in this article, and all modules will be until left 𝑅-module. 

In 𝑄 a submodule 𝑋 is named as small, (indicated by 𝑋 ≪ 𝑄) if for any submodule 𝐶 of 𝑄  
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such that 𝑋 + 𝐶 = 𝑄 implies that 𝐶 = 𝑄 [1]. Several authors on this subject generalized small 

submodule, see  [2], [3], [4] , [5]. 

 

       A proper submodule 𝐶 of an 𝑅-module 𝑄 is named essential submodule in 𝑄 (𝑋 ≤𝑒 𝑄) , 

if for each nonzero submodule 𝐶 of 𝑋  𝑋 ∩ 𝐶 ≠ 0 [6].In 𝑅-module 𝑄, a submodule 𝑋 is 

referred to a closed, if it has no proper essential extension in 𝑄 [1].The  Closed-small 

submodule of 𝑄 were developed as an extension of the small submodule, in which a proper 

submodule 𝑋 is named closed-small of 𝑄 and denoted by (𝑋 ≪𝑐 𝑄) ,if whenever 𝑋 + 𝐶 = 𝑄 

,implies that 𝐶 is closed submodule of 𝑄 [7]. For two submodules 𝑋 and 𝐶 of 𝑄 , 𝑋  

is referred to as a supplement of 𝐶 in 𝑄, when we have the property 𝑄 = 𝑋 + 𝐶  and  𝑋 ∩
𝐶 ≪ 𝑋 [8], [9] .If there is a supplement in a  module 𝑄 for each of its submodules, then 𝑄 is 

said to be supplemented module [10].Many authors generalized supplemented module see  

[11] , [12] , [13], [14], [15] .In this paper we will introduce the concepts closed-supplemented  

and  closed-weakly supplemented  modules by using the concept closed-small submodules  as 

a broad generalizations  of supplemented and  weakly supplemented modules , respectively 

[16], [17], [18].It is evident the fact that  every closed-supplemented module is closed-weakly 

supplemented module, but still the convers is not true. We have proven the main properties of 

these concepts.  

 

Now we need to introduce the concept of CSP as a dual of CIP properties, since we use 

modules which have this type of properties  .As if the intersection of any two closed 

submodules is again closed. The sum of any two closed submodules is again closed see [19]. 

 

Lemma 1.1: [7] Let 𝑄 be a module in 𝑅 , if 𝐶 ≤ 𝑋 ≤ 𝑄 and 𝐶 ≪𝑐 𝑋 then 𝐶 ≪𝑐 𝑄. 

 Proof:  Let 𝑖: 𝑋 → 𝑄  inclusion map. Since ≪𝑐 𝑋 , then by (proposition 2.7, [7]), 𝑓(𝐶) ≪𝑐 𝑄    
but 𝑓(𝐶) = 𝐶 identity map, then 𝐶 ≪𝑐 𝑄. 

Proposition 1.2: [7] Let 𝑓: 𝑄 → 𝑋 be an isomorphism where 𝑄 and 𝑋  be  𝑅-modules such 

that 𝐶 ≪𝑐 𝑋 , then 𝑓−1(𝐶) ≪𝑐 𝑄 

Proposition 1.3: [7]  Let 𝑄 be an 𝑅-module has the CSP property. If 𝑋1  ≪𝑐 𝑄 and 𝑋2 ≪𝑐 𝑄  

then   𝑋1 + 𝑋2 ≪𝑐 𝑄. 

 

2. Closed-Supplemented modules  

     In this section, we present the idea of closed-supplemented module as a generalization of 

the supplemented module, and we give some of its properties.  

 

Definition 2.1: Let 𝑄 be an 𝑅-module and 𝑋, 𝐶 are submodules of 𝑄,then 𝑋 is called 

      closed- supplement of 𝐶 in 𝑄, if 𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐 𝑋.If every submodule of 𝑄 

has closed-supplement then 𝑄 is called closed-supplemented module. 

 

Remarks and Illustrations 2.2: 

1. Since every small submodule is a closed-small submodule, then every supplemented 

module is a closed-supplemented module. 

2. The opposite of (1) is untrue, for example: ℤ24 as ℤ-module is closed-supplemented. Since 

ℤ24 = ℤ24 + (2̅) and ℤ24 ∩ (2̅) ≪𝑐 ℤ24 , similarly for 𝑋 = (0̅), (3̅), (4̅), (0̅), (6̅), (12̅̅̅̅ ). Also  

(8̅) + (3̅) = ℤ24  and  (8̅) ∩ (3̅) = (0̅) ≪𝑐 (8̅) . So, every submodule of ℤ24 has closed-

supplement but it is not supplemented module, since  (2̅), (3̅), (4̅) has no supplement 

submodule in ℤ24 , and not every submodule has supplement submodule. 

3. Every semi simple module is closed-supplemented for example ℤ6 as ℤ-module, such 

that ℤ6 = {0̅, 3̅} ⨁{0̅, 2̅, 4̅}  then  {0̅, 3̅} is closed-supplement of {0̅, 2̅, 4̅} since ℤ6 = {0̅, 3̅} +
{0̅, 2̅, 4}̅ and {0̅, 3̅} ∩ {0̅, 2̅, 4̅} = (0̅) ≪𝑐 {0̅, 3̅}, also {0̅, 2̅, 4̅} is closed-supplement of {0̅, 3̅}. 
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4. (0̅) is a closed-supplement of 𝑄 since (0̅) + 𝑄 = 𝑄 and  (0̅) ∩ 𝑄 = (0̅) ≪𝑐 (0̅), but any 

𝐴 ≨ 𝑄  , 𝐴 is not closed-supplement of 𝑄, since 𝐴 + 𝑄 = 𝑄 and  𝐴 ∩ 𝑄 = 𝐴 which is not 

closed-small in 𝐴. 

 

5. Let 𝑄 be a uniform module, then 𝑄  is supplemented if and only if  𝑄 is closed-

supplemented module. 

 

Theorem 2.3: If 𝑋 and 𝐶 are submodules of an 𝑅-module 𝑄, so the following are equivalent: 

1.  𝐶 is closed-supplement of 𝑋 in 𝑄. 

2.  𝑄 = 𝑋 + 𝐶 and for any non-closed submodule 𝐸 of 𝐶, then 𝑄 ≠ 𝑋 + 𝐸. 

Proof: (𝟏) ⇒ (𝟐) Assume 𝐶 is closed-supplement of 𝑋 in 𝑄, so we have  𝑄 = 𝑋 + 𝐶 and 𝑋 ∩
𝐶 ≪𝑐 𝐶 and suppose 𝑄 = 𝑋 + 𝐸 where 𝐸 is non-closed submodule of 𝐶, so 𝐶 = 𝐶 ∩ 𝑄 =
𝐶 ∩ (𝑋 + 𝐸) = 𝐸 + (𝑋 ∩ 𝐶) by modular law [1] , and since 𝑋 ∩ 𝐶 ≪𝑐 𝐶 so we have 𝐸 ≤𝑐 𝐶, 

so Contradiction , thus 𝑄 ≠ 𝑋 + 𝐸. 

(𝟐) ⇒ (𝟏) from (2) 𝑄 = 𝑋 + 𝐶, we must show 𝑋 ∩ 𝐶 ≪𝑐 𝐶. Let 𝑈 ≤ 𝐶 such that (𝑋 ∩ 𝐶) +
𝑈 = 𝐶, if 𝑈 is non-closed submodule of 𝐶, then by assumption 𝑄 ≠ 𝑋 + 𝑈, so 𝑄 = 𝑋 + 𝐶 =
𝑋 + (𝑋 ∩ 𝐶) + 𝑈 = 𝑋 + 𝑈 and this contradiction, so 𝑈 ≤𝑐 𝐶 and hence 𝑋 ∩ 𝐶 ≪𝑐 𝐶, 

and we obtain  𝐶 is closed-supplement of 𝑋 in 𝑄. 
 

Proposition 2.4: Let 𝑄 be an 𝑅-module and 𝑄1, 𝐸 are submodules of 𝑄, such that 𝑄1 is 

closed-supplemented module, if 𝑄1 + 𝐸 has closed-supplement in 𝑄 then 𝐸 has closed-

supplement in 𝑄.  

Proof:  Assuming  𝑄1 + 𝐸 has closed-supplement in 𝑄, so there exists 𝑈 ≤ 𝑄 

to the extent that  𝑄1 + 𝐸 + 𝑈 = 𝑄 and (𝑄1 + 𝐸) ∩ 𝑈 ≪𝑐 𝑈, since 𝑄1 is closed-

supplemented then (𝐸 + 𝑈) ∩ 𝑄1 ≤ 𝑄1 has closed-supplement in 𝑄1, so there exists 𝑉 ≤ 𝑄1 

such that ((𝐸 + 𝑈) ∩ 𝑄1) + 𝑉 = 𝑄1 and (𝐸 + 𝑈) ∩ 𝑉 ≪𝑐 𝑉. Now 𝑄 = 𝑄1 + 𝐸 + 𝑈 =

((𝐸 + 𝑈) ∩ 𝑄1) + 𝑉 + 𝐸 + 𝑈 = 𝐸 + (𝑉 + 𝑈). One can easily show 𝐸 ∩  (𝑉 + 𝑈)  ≤

  ((𝐸 + 𝑉) ∩ 𝑈)  + ( (𝐸 + 𝑈)  ∩ 𝑉 )   ≤  ((𝐸 + 𝑄1)  ∩ 𝑈)  +  ((𝐸 + 𝑈) ∩  𝑉)  ≪𝑐 𝑈 +  𝑉 by 

(proposition 2.10 , [7]), so 𝐸 ∩ (𝑉 + 𝑈) ≪𝑐 𝑈 + 𝑉 and 𝑉 + 𝑈 is closed-supplement of 𝐸 in 𝑄 

by Definition (2.1), hence 𝐸 has closed-supplement in 𝑄. 

 

Definition 2.5: [7]   An 𝑅-module 𝑄 is called closed-hollow module, if every proper 

submodule of 𝑄 is closed-small submodule in 𝑄. 

 

Proposition 2.6:  Assume  𝑄 is an 𝑅-module and 𝑋 is closed-hollow of 𝑄, then 𝑋 is closed-

supplement of each proper submodule 𝐶 of  𝑄 such that  𝑄 = 𝑋 + 𝐶. 
Proof:  Assume that 𝐶 is an appropriate sub-module of 𝑄 in the sense that 𝑄 = 𝑋 + 𝐶. Clear 

𝑋 ∩ 𝐶 ≠ 𝑋, since if 𝑋 ∩ 𝐶 = 𝑋, then 𝑋 ≤ 𝐶 hence 𝐶 = 𝑄 and this contradiction. Since 𝑋 is 

closed-hollow, then 𝑋 ∩ 𝐶 ≪𝑐 𝑋 so 𝑋 is closed-supplement of 𝐶 in 𝑄. 

Proposition 2.7: Let 𝑄 be an 𝑅-module, then every closed-small submodule of 𝑄 has closed-

supplement in 𝑄. 
Proof:  Let 𝑋 be closed-small submodule of 𝑄, so 𝑄 = 𝑋 + 𝑄 and 𝑋 ∩ 𝑄 = 𝑋 ≪𝑐 𝑄 hence 𝑄 

is closed-supplement of 𝑋 in 𝑄. 
The convers is untrue, for instance  3ℤ12 as ℤ-module has closed-supplement (4̅) in ℤ12 ,but 

not closed-small in ℤ12, see [7].  

 

Proposition 2.8:  Let 𝑋 and 𝐶 are two submodules of 𝑄 with 𝐶 is a closed-supplement of. If 

𝑄 = 𝐸 + 𝐶 for some submodule 𝐸 of 𝑋, then 𝐶 is closed-supplement of 𝐸 in 𝑄. 
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Proof: Assume 𝑄 = 𝐸 + 𝐶 for some submodule 𝐸 of 𝑋 and 𝐶 is closed-supplement of 𝑋 in 𝑄, 
so we have 𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐 𝐶 and since 𝐸 ∩ 𝐶 ≤ 𝑋 ∩ 𝐶 ≪𝑐 𝐶, then 𝐸 ∩ 𝐶 ≪𝑐 𝐶  

by (proposition 2.3, [7] )  hence 𝐶 is closed-supplement of 𝐸 in 𝑄. 

 

Proposition 2.9:  Let 𝑄 be an 𝑅-module with 𝑋 , 𝐶 and 𝑈 as its submodules, such that 𝑋 ≤
𝐶, if 𝑋 is closed-supplement of 𝑈 in 𝑄 then 𝑋 is closed-supplement of 𝑈 ∩ 𝐶  in 𝐶. 

Proof:  Considering that  𝑋 is closed- supplement of  𝑈  in 𝑄 then we have,  𝑄 = 𝑋 + 𝑈 and 

𝑋 ∩ 𝑈 ≪𝑐 𝑋. Now 𝐶 = 𝑄 ∩  𝐶 = ( 𝑋 +  𝑈 )  ∩  𝐶 = 𝑋 + (𝑈 ∩ 𝐶) by modular law, and 

since 𝑋 ∩ (𝑈 ∩ 𝐶) ≤ 𝑋 ∩ 𝑈 ≪𝑐 𝑋, so we get 𝑋 ∩ (𝑈 ∩ 𝐶) ≪𝑐 𝑋 by (proposition 2.3, [7]  ), 

hence 𝑋 is closed-supplement of 𝑈 ∩ 𝐶  in 𝐶. 

 

 Proposition 2.10:  Let  𝑄 = 𝑄1⨁ 𝑄2, if 𝑋1 is closed-supplement of 𝑋2 in 𝑄1 and 𝐶1 is 

closed-supplement of 𝐶2 in 𝑄2 , then 𝑋1⨁ 𝐶1 is closed-supplement of 𝑋2⨁ 𝐶2 in 𝑄. 
Proof:  Since  𝑋1 is closed-supplement of 𝑋2 in 𝑄1 and 𝐶1 is closed-supplement of 𝐶2 in 𝑄2, 

then  we  have 𝑄1 = 𝑋1 + 𝑋2  and   𝑋1 ∩ 𝑋2 ≪𝑐 𝑋1,  also 𝑄2 = 𝐶1 + 𝐶2 and 𝐶1 ∩ 𝐶2 ≪𝑐 𝐶1, 

so 𝑄 = 𝑄1⨁ 𝑄2 = (𝑋1 + 𝑋2)⨁( 𝐶1 + 𝐶2) = (𝑋1⨁𝐶1) + (𝑋2⨁𝐶2), since 𝑋1 ∩ 𝑋2 ≪𝑐 𝑋1 and  

𝐶1 ∩ 𝐶2 ≪𝑐 𝐶1  then by(proposition 2.10,  [7]) ,  we have (𝑋1 ∩ 𝑋2)⨁(𝐶1 ∩ 𝐶2) ≪𝑐 𝑋1⨁ 𝐶1. 

Clearly (𝑋1⨁𝐶1)  ∩  (𝑋2⨁ 𝐶2)  =  (𝑋1  ∩  𝑋2) ⨁ (𝐶1  ∩  𝐶2)  ≪𝑐 𝑋1 ⨁  𝐶1, hence 𝑋1⨁ 𝐶1 is 

closed-supplement of 𝑋2⨁ 𝐶2 in 𝑄. 

 
Definition 2.11: [20]  An 𝑅-module 𝑀 is called multiplication if for each 𝑁 is a submodule of 

𝑀, there exists an ideal 𝐼 of 𝑅 such that 𝑁 = 𝐼𝑀.  

 

Proposition 2.12:  Let 𝑄 be a faithful, finitely generated and multiplication module over 

commutative ring 𝑅  and 𝑋 be a submodule, of 𝑄 , if 𝑋 = 𝐽𝑄 is closed-supplement of  𝐼𝑄  in 

𝑄, then 𝐽 is closed-supplement of 𝐼 in 𝑅, where 𝐼 , 𝐽  are ideals of 𝑅.  
Proof: Let 𝑋 = 𝐽𝑄  is closed supplement of 𝐼𝑄 in 𝑄, then we have 𝑄 = 𝑋 + 𝐼𝑄 and 𝑋 = 𝐽𝑄 ∩
𝐼𝑄 ≪𝑐 𝑋. Now = 𝑅𝑄 = 𝐼𝑄 + 𝐽𝑄 = (𝐼 + 𝐽)Q , as well as being cancellation because 𝑄 is 

faithful, finitely created, and multiplication by [20]. So 𝑅 = 𝐼 + 𝐽 also we have 𝐼𝑄 ∩ 𝑋 =
𝐼𝑄 ∩ 𝐽𝑄 = (𝐼 ∩ 𝐽)𝑄 ≪𝑐 𝑋 = 𝐽𝑄, hence (𝐼 ∩ 𝐽)𝑄 ≪𝑐 𝐽𝑄. To show 𝐼 ∩ 𝐽 ≪𝑐 𝐽, let 𝐸 be an 

ideal of 𝑅 such that (𝐼 ∩ 𝐽) + 𝐸 = 𝐽, so (𝐼 ∩ 𝐽) 𝑄 + 𝐸𝑄 = 𝐽𝑄 and since (𝐼 ∩ 𝐽)𝑄 ≪𝑐 𝐽𝑄, then 

𝐸𝑄 ≤𝑐 𝐽𝑄.So 𝐸 ≤𝑐 𝐽 by (lemma 2.13, [7]) and we get the result, and hence 𝐽 is closed-

supplement of  𝐼  in 𝑅. 
  
3. Closed-Weakly Supplemented. 

     In this work we present the idea of closed-weakly supplemented module, and we discuss  
some   of the basic properties of these modules and other related concepts. 

Definition 3.1: Let 𝑄 be an 𝑅-module and 𝑋, 𝐶 are submodules of 𝑄,  then 𝑋is called closed-

weak supplement of 𝐶 in 𝑄, if 𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐 𝑄, if every submodule of 𝑄 has 

closed-weak supplement, then 𝑄 is called closed-weakly supplemented module. 

 

Notes and Illustrations 3.2: 

1.  Every weakly supplemented module is closed-weakly supplemented module while the 

converse is not holed. The example below shows that the converse is untrue: ℤ24 as ℤ-

module is closed-weakly supplemented, since all of them submodules has closed weak 

supplement, (0̅), (6̅), (12̅̅̅̅ ) is closed-wake supplement submodules in 𝑍24 and for a 

submodule (2̅) such that (2̅) + ℤ24 = ℤ24 and (2̅) ∩ ℤ24 = (2̅) ≪𝑐  ℤ24 [7], and for (3̅) such 

that (3̅) + (8̅) = ℤ24 and (3̅) ∩ (8̅) = (0̅) ≪ ℤ24 also for (4̅), (8̅).But not weak supplement 

module since for (3̅) such that (3̅) + ℤ24 = ℤ24and (3̅) ∩ ℤ24 = (3̅) is not small in ℤ24.Also 

for (2̅), (4̅), (8̅). As a result, not every ℤ24 submodules have a weak supplement sub-module. 
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2. ℤ4 as ℤ- module is closed-weakly supplemented, since ℤ4 is supplemented module so it is 

weakly supplemented. Thus, it is a closed-weakly supplemented module. 

3. Every supplemented module is weakly supplemented by [8] , hence closed-weakly 

supplemented by (1). 

 

Proposition 3.3: Every closed-supplemented is closed-weakly supplemented.  

Proof:  Let 𝑄 be closed-supplemented and 𝑋, 𝐶 are submodules of 𝑄, so 𝑋 is closed-

supplement of 𝐶 in 𝑄, hence 𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐 𝐶 , then by lemma (1.1),  𝑋 ∩
𝐶 ≪𝑐 𝑄. 

 

The following shows under a certain condition closed-weak supplement be closed 

supplement 

Proposition 3.4: Let 𝑄 an 𝑅-module has CIP and 𝐶 be a closed-weakly supplement 

submodule of 𝑄, if 𝐶 is direct summand of 𝑄 then 𝐶 is closed-supplement submodule in 𝑄. 

Proof:  Let 𝐶 is closed-weak supplement, so there exists 𝐸 ≤ 𝑄 such that 𝐶 + 𝐸 = 𝑄 and 𝐶 ∩
𝐸 ≪𝑐 𝑄, since 𝐶 ∩ 𝐸 ≤ 𝐶 ≤ 𝑄 and 𝐶 is direct summand of 𝑄 then by (proposition 2.8, [7]) 

we get 𝐶 ∩ 𝐸 ≪𝑐 𝐶, hence 𝐶is closed-supplement of 𝐸 in 𝑄. 
 

Proposition 3.5:  Let 𝑄 be an 𝑅-module and 𝑄1, 𝑋 are submodules of  𝑄 such that 𝑄1 is 

closed-weakly supplemented module, if 𝑄1 + 𝑋 has closed-weak supplement in 𝑄, then 𝑋 has 

closed-weak supplement in 𝑄. 

Proof:  Let 𝑄1 + 𝑋 has closed-weak supplement submodule in 𝑄, so there exists 𝐶 ≤ 𝑄 such 

that 𝐶 + (𝑄1 + 𝑋) = 𝑄 and 𝐶 ∩ (𝑄1 + 𝑋) ≪𝑐 𝑄, where 𝑄1 + 𝑋 ≤ 𝑄 and since 𝑄 is closed-

weakly supplemented, so there exists 𝐸 ≤ 𝑄1 such that (𝐶 + 𝑋) ∩ 𝑄1 + 𝐸 = 𝑄1 and (𝐶 +
𝑋) ∩ 𝐸 ≪𝑐 𝑄1, where (𝐶 + 𝑋) ∩ 𝑄1 ≤ 𝑄1 so 𝑄 = 𝐶 + (𝑄1 + 𝑋) = 𝐶 + ((𝐶 + 𝑋) ∩ 𝑄1 +

𝐸 + 𝑋) = 𝐶 + 𝑋 + 𝐸. Now to show that (𝐶 + 𝑋) ∩ 𝐸 ≪𝑐 𝑄, since (𝐶 + 𝑋) ∩ 𝐸 ≪𝑐 𝑄1 , then 

by lemma  (1.1)  ,we get (𝐶 + 𝑋) ∩ 𝐸 ≪𝑐 𝑄, so 𝐸  is closed-weak supplement of 𝐶 + 𝑋 in 𝑄. 

We will show 𝐶 + 𝐸 is closed-weak supplement of 𝑋 in 𝑄, clear (𝐶 + 𝐸) + 𝑋 = 𝑄, we must 

show that (𝐶 + 𝐸) ∩ 𝑋 ≪𝑐 𝑄, since (𝐶 + 𝐸) ∩ 𝑋 ≤ 𝐶 ∩ (𝑄1 + 𝑋) + (𝐶 + 𝑋) ∩ 𝐸 ≪𝑐 𝑄 by ( 

proposition 2.3, [7]) , so (𝐶 + 𝐸) ∩ 𝑋 ≪𝑐 𝑄 and hence, 𝐶 + 𝐸  is closed-weak supplement of 

𝑋 in 𝑄.  
 

Proposition 3.6: Let 𝑄 = 𝑄1 + 𝑄2 and 𝑄1 , 𝑄2 are submodules in 𝑄, if 𝑄1 and 𝑄2 are closed-

weakly supplemented module, then 𝑄 is closed-weakly supplemented module. 

Proof: Let 𝐶 ≤ 𝑄, since 𝑄1 + 𝑄2 + 𝐶 = 𝑄, it is trivially has closed-weak supplement in 𝑄, by 

proposition (3.5), we get  𝑄2 + 𝐶 has closed-weak supplement in 𝑄 and again by proposition 

(3.5), 𝐶 has closed-weak supplement in 𝑄, hence 𝑄 is closed-weakly supplemented module. 

 

Proposition 3.7:  Let 𝑄 be closed-weakly supplemented module, then for every 𝑋 and 𝐶 are 

submodules of 𝑄 with 𝑄 = 𝑋 + 𝐶, there exists a closed-weak supplement 𝐸 of 𝑋 in 𝑄, where 

𝐸 ≤ 𝐶. 

Proof:  Let 𝑄 is closed-weakly supplemented, and  𝑋 ∩ 𝐶 ≤ 𝑄 such that 𝑋 ∩ 𝐶 has closed-

weak supplement 𝑊 in 𝑄 where 𝑊 ≤ 𝑄, hence 𝑄 = (𝑋 ∩ 𝐶) + 𝑊 and (𝑋 ∩ 𝐶) ∩ 𝑊 ≪𝑐 𝑄, 

so 𝑄 = 𝑋 + 𝐶 = (𝑋 ∩ 𝐶) + 𝑊 = 𝑋 + (𝐶 ∩ 𝑊) by modular law. Let 𝐸 = 𝐶 ∩ 𝑊 so, 𝑄 =
𝑋 + 𝐸 and 𝑋 ∩ 𝐸 = 𝑋 ∩ (𝐶 ∩ 𝑊) ≪𝑐 𝑄 and hence 𝐸 is closed-weak supplement of 𝑋 in 𝑄. 
 

Proposition 3.8:  Given an 𝑅-module 𝑄 with CSP and 𝑋 and 𝐶 as its submodules, such that 

𝐶 is closed-weak supplement of 𝑋 in 𝑄, if 𝐸 ≤ 𝐶 and 𝐸 ≪𝑐 𝑄, then 𝐶 is closed-weak 

supplement of 𝑋 + 𝐸 in 𝑄.  
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Proof:  Let 𝐶 is closed-weak supplement of 𝑋 in 𝑄, so 𝑄 = 𝑋 + 𝐶 and 𝑋 ∩ 𝐶 ≪𝑐 𝑄, now 𝑄 =
𝑋 + 𝐶 = 𝑋 + 𝐶 + 𝐸 = 𝐶 + 𝑋 + 𝐸, we must show 𝐶 ∩ (𝑋 + 𝐸) ≪𝑐 𝑄. Since 𝑋 ∩ 𝐶 ≪𝑐 𝑄 

and 𝐸 ≪𝑐 𝑄 then (𝑋 ∩ 𝐶) + 𝐸 ≪𝑐 𝑄 by proposition (3.5), so by modular law ∩ (𝑋 + 𝐸) =
(𝑋 ∩ 𝐶) + 𝐸 ≪𝑐 𝑄 , and hence 𝐶 is closed-weak supplement of 𝑋 + 𝐸 in 𝑄. 
 

Proposition 3.9:  Let 𝑋 and 𝐶 be submodules of 𝑄, an 𝑅-module, with 𝑋 being a closed-

supplement of  𝐶 in 𝑄, if 𝑄 = 𝐸 + 𝑋 for some submodule 𝐸 of 𝐶, then 𝑋 is closed -weak 

supplement of 𝐸 in 𝑄. 

Proof:  Let 𝑋 is closed-weak supplement of 𝐶 in 𝑄, so  𝑄 = 𝐶 + 𝑋 and 𝐶 ∩ 𝑋 ≪𝑐 𝑄 , now to 

show that 𝐸 ∩ 𝑋 ≪𝑐 𝑄, since 𝐸 ∩ 𝑋 ≤ 𝐶 ∩ 𝑋 ≪𝑐 𝑄 then 𝐸 ∩ 𝑋 ≪𝑐 𝑄 by (proposition 2.3, [7] 

) , and hence 𝑋 is closed-weak supplement of 𝐸 in 𝑄. 

 

Proposition 3.10:   Let 𝑓: 𝑄 → 𝑋 be an isomorphism where 𝑄 and 𝑋 be  𝑅-modules, if 𝑋 is 

closed-weakly supplemented then 𝑄 is closed-weakly supplemented. 

Proof: Let 𝐸 ≤ 𝑄 then,  𝑓(𝐸) ≤ 𝑋. Since 𝑋 is closed-weakly supplemented there exists 𝐶 is 

closed-weak supplement of 𝑓(𝐸) in 𝑋 , so 𝑋 = 𝐶 + 𝑓(𝐸) and 𝐶 ∩ 𝑓(𝐸) ≪𝑐 𝑋.  Now 

𝑓−1(𝐶 + 𝑓(𝐸)) = 𝑓−1(𝑋) hence 𝑓−1(𝐶) + 𝐸 = 𝑄 and since 𝐶 ∩ 𝑓(𝐸) ≪𝑐 𝑋 then 𝑓−1(𝐶 ∩

𝑓(𝐸)) ≪𝑐 𝑓−1(𝑋) by proposition (1.2)  , hence 𝑓−1(𝐶) ∩ 𝐸 ≪𝑐 𝑓−1(𝑋) = 𝑄.So ,𝑓−1(𝐶) is 

closed-weak supplement of 𝐸 in 𝑄 and therefor,   𝑄 is closed-weakly supplemented module. 

 

 Conclusion: 
Recently we developed the closed-supplement module as a covered in this work along how it 

relates to another concept. Finely, the notion of a closed weakly supplemented module is 

presented.  
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