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Abstract

The purpose of this study is to introduce a new idea for module Q over ring R,
let @ be well a unitary left R-module and let R be any ring with one.
We refer to Q as a closed-supplemented module, if each submodule of Q has closed-
supplement submodule where X is called the closed-supplement submodule of C in
Q.,if Q=X+Cand XNC K, X, C S Q .On the other hand we introduce the
concept of  closed-weakly  supplemented module, whenever that
each submodule within Q has closed-weak supplement in Q , such that a submodule
X of Q is named closed-weak supplement of C ,if Q =X+ C and X N C K, Q.We
prove some properties of these class of modules. Many Several of about these ideas
are given, additionally the relations involving these notions and other modules
related with them are presented.

Keywords: small submodules, closed submodule, closed-small submodule, closed-
supplemented module, closed-weakly supplemented module.

lial) Jaadll (e JaSa (ulia

dgana o lu , an aila W
db‘jhj"’.‘.‘fab‘.‘-.‘ AMLA ’ ?)Ld\ :‘:"\s !QL,“AL,“)X‘ ("“é

rdDAll

I Usang Lilie Q o831, R oailal)l e Q JeSall (eliall 888 i g8 4wyl 038 (ga (il
IS OIS 1 Gl Taail) (e JaSe 4l Q Gulidl) ) pudics . alaall jeminll g dila R oS3l L)
O e Lk Lalie oy X Loxie glall Laail) o Lige DlaSe Lulie clliay 4 S3a (elie
asehe el aulidga 50 . XNC K, X, CCSQ 5 Q=X+C o G313 Gl Lall
e Wil clley Q o (i elhe JS (6% Leie , Glaall aaill (0 Cipnall JaSall aladl)
Laill e daSe (i elae e Q 00 X i) Gelaall () s, Q B Glaall Laadl) (g0 lieaa
A ealuliadl e gall 1 Giliaye se WHXNC K, Q 5 Q=X+C <3, C J skl
aileiall GAY) Glulidly asladll sda o (g A S ) Gl , &S e ) el
e

Introduction

Each ring has its own identity in this article, and all modules will be until left R-module.
In Q a submodule X is named as small, (indicated by X « Q) if for any submodule C of Q

*Email: ideaforevents@gmail.com
286


mailto:ideaforevents@gmail.com

Yahyaa and Yaseen Iraqi Journal of Science, 2026, Vol. 67, No. 1, pp: 286-292

such that X + C = Q implies that C = Q [1]. Several authors on this subject generalized small
submodule, see [2], [3], [4], [5].

A proper submodule C of an R-module Q is named essential submodule in Q (X <, Q) ,
if for each nonzero submodule C of X X NC # 0 [6].In R-module @, a submodule X is
referred to a closed, if it has no proper essential extension in Q [1].The Closed-small
submodule of Q were developed as an extension of the small submodule, in which a proper
submodule X is named closed-small of Q and denoted by (X <. Q) ,if whenever X + C = Q
,mplies that C is closed submodule of Q [7]. For two submodules X and C of Q ,X
is referred to as a supplement of C in @, when we have the property Q =X +C and X N
C K X [8], [9] .If there is a supplement in a module Q for each of its submodules, then Q is
said to be supplemented module [10].Many authors generalized supplemented module see
[11],[12],[13], [14], [15] .In this paper we will introduce the concepts closed-supplemented
and closed-weakly supplemented modules by using the concept closed-small submodules as
a broad generalizations of supplemented and weakly supplemented modules , respectively
[16], [17], [18].It is evident the fact that every closed-supplemented module is closed-weakly
supplemented module, but still the convers is not true. We have proven the main properties of
these concepts.

Now we need to introduce the concept of CSP as a dual of CIP properties, since we use
modules which have this type of properties .As if the intersection of any two closed
submodules is again closed. The sum of any two closed submodules is again closed see [19].

Lemma 1.1: [7] Let Q beamodule inR ,if C < X < Q and € <. X then C <, Q.

Proof: Let i: X — Q inclusion map. Since <, X , then by (proposition 2.7, [7]), f(C) <. Q
but f(C) = C identity map, then C <, Q.

Proposition 1.2: [7] Let f: Q = X be an isomorphism where Q and X be R-modules such
that C <, X , then f71(C) <. Q

Proposition 1.3: [7] Let Q be an R-module has the CSP property. If X; <. Q and X, <. Q
then X; + X, <, Q.

2. Closed-Supplemented modules
In this section, we present the idea of closed-supplemented module as a generalization of
the supplemented module, and we give some of its properties.

Definition 2.1: Let Q be an R-module and X, C are submodules of Q,then X is called
closed- supplement of C in Q,1f Q = X + C and X N C K, X.If every submodule of Q
has closed-supplement then Q is called closed-supplemented module.

Remarks and Illustrations 2.2:

1. Since every small submodule is a closed-small submodule, then every supplemented
module is a closed-supplemented module.

2. The opposite of (1) is untrue, for example: Z,, as Z-module is closed-supplemented. Since
Zos = Tps + (2) and Zy, N (2) K, Zyy , similarly for X = (0),(3), (4), (0), (6), (12). Also
(8)+ (3) =Zy, and (8) N (3) = (0) <, (8) . So, every submodule of Z,, has closed-
supplement but it is not supplemented module, since (2),(3),(4) has no supplement
submodule in Z,, , and not every submodule has supplement submodule.

3. Every semi simple module is closed-supplemented for example Zg as Z-module, such
that Z¢ = {0,3} {0, 2,4} then {0,3} is closed-supplement of {0, 2,4} since Z¢ = {0,3} +
{0,2,4} and {0,3} n {0, 2,4} = (0) <, {0,3}, also {0, 2,4} is closed-supplement of {0, 3}.
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4. (0) is a closed-supplement of Q since (0) + Q = Q and (0) N Q = (0) <, (0), but any
A% Q ,Ais not closed-supplement of Q, since A+ Q =Q and AN Q = A which is not
closed-small in A.

5. Let Q be a uniform module, then Q is supplemented if and only if Q is closed-
supplemented module.

Theorem 2.3: If X and C are submodules of an R-module Q, so the following are equivalent:
1. C is closed-supplement of X in Q.

2. Q = X + C and for any non-closed submodule E of C, then Q # X + E.

Proof: (1) = (2) Assume C is closed-supplement of X in Q, so we have Q = X + C and X N
C <. C and suppose Q = X + E where E is non-closed submodule of C, so C =CNQ =
CN(X+E)=E+ (XnC)bymodular law [1], and since X N C K. C so we have E <, C,
so Contradiction , thus Q # X + E.

(2)=> (@) from (2) Q = X + C, we must show X N C <. C. Let U < C such that (XN C) +
U = C, if U is non-closed submodule of C, then by assumption Q # X +U,s0 Q =X+ C =
X+XNC)+U=X+U and this contradiction, so U <. C and hence X NC <, C,
and we obtain C is closed-supplement of X in Q.

Proposition 2.4: Let Q be an R-module and Q;, E are submodules of Q, such that Q; is
closed-supplemented module, if Q; + E has closed-supplement in Q then E has closed-
supplement in Q.
Proof:  Assuming Q@ + E has closed-supplement in @, so there exists U < Q
to the extent that Q+E+U=Q and (Q;+E)NU <K, U, since Q; is closed-
supplemented then (E + U) N Q; < Q has closed-supplement in Q, so there exists V < Q,
such that (E+U)NQ;)+V=0Q; and (E+U)NV K V. Now Q=Q; +E+U =
(E+U)NQ)+V+E+U=E+ ¥V +U). One can easily show En (V+U) <
(E+M)nU) +((E+U) nV) < ((E+Q) nU) + (E+U)NV) K U + Vby
(proposition 2.10 , [7]),s0o EN(V 4+ U) <. U +V and V + U is closed-supplement of E in Q
by Definition (2.1), hence E has closed-supplement in Q.

Definition 2.5: [7] An R-module Q is called closed-hollow module, if every proper
submodule of Q is closed-small submodule in Q.

Proposition 2.6: Assume Q is an R-module and X is closed-hollow of @, then X is closed-
supplement of each proper submodule C of Q suchthat Q = X + C.

Proof: Assume that C is an appropriate sub-module of Q in the sense that Q = X + C. Clear
XNC#X,sinceif XN C =X, then X < C hence C = Q and this contradiction. Since X is
closed-hollow, then X N C <, X so X is closed-supplement of C in Q.

Proposition 2.7: Let Q be an R-module, then every closed-small submodule of Q has closed-
supplement in Q.

Proof: Let X be closed-small submodule of @, so Q =X+ Q and X N Q = X <, Q hence Q
is closed-supplement of X in Q.

The convers is untrue, for instance 3Z;, as Z-module has closed-supplement (4) in Z,, ,but
not closed-small in Z,,, see [7].

Proposition 2.8: Let X and C are two submodules of @ with C is a closed-supplement of. If
Q = E + C for some submodule E of X, then C is closed-supplement of E in Q.
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Proof: Assume Q = E + C for some submodule E of X and C is closed-supplement of X in Q,
sowehave Q =X+Cand XNC K. Candsince ENC<XNC K, C,then ENC K, C
by (proposition 2.3, [7] ) hence C is closed-supplement of E in Q.

Proposition 2.9: Let Q be an R-module with X , C and U as its submodules, such that X <
C, if X is closed-supplement of U in Q then X is closed-supplement of U N C in C.

Proof: Considering that X is closed- supplement of U in Q then we have, Q = X + U and
XNUK,X. Now C =QNnC=(X+U)nC=X +UnNC) by modular law, and
since XN(UNC)SXNU <KX, soweget XN ((UNC) KL, X by (proposition 2.3, [7] ),
hence X is closed-supplement of U N C in C.

Proposition 2.10: Let Q = Q;® Q,, if X; is closed-supplement of X, in Q; and C; is
closed-supplement of C, in Q, , then X;® C; is closed-supplement of X, C, in Q.

Proof: Since X; is closed-supplement of X, in Q4 and C; is closed-supplement of C, in Q,,
then we have Q; = X; + X, and X; N X, K. X;, also Q, =C; +C, and C; N C, K, Cq,
s0Q =090, =X +X,)B(C, +C) = (X1DC,) + (X,DC3), since X N X, K. X; and
C; N C, K. C; then by(proposition 2.10, [7]) , we have (X; N X,)B(C; N () K. X1 C;.
Clearly (X;BC) N (X,DC,) = (X1 N X,) D (€, N C) K. X, D (4, hence X, C; is
closed-supplement of X,® C, in Q.

Definition 2.11: [20] An R-module M is called multiplication if for each N is a submodule of
M, there exists an ideal I of R such that N = IM.

Proposition 2.12: Let Q be a faithful, finitely generated and multiplication module over
commutative ring R and X be a submodule, of Q , if X = JQ is closed-supplement of IQ in
Q, then J is closed-supplement of I in R, where I , ] are ideals of R.

Proof: Let X = JQ is closed supplement of IQ in Q, then we have Q = X +IQ and X = JQ N
1Q L. X. Now =RQ =1Q+JQ ={+])Q , as well as being cancellation because Q is
faithful, finitely created, and multiplication by [20]. So R =1 + ] also we have IQ N X =
1QNJQ=(UNJ)Q K. X =]Q, hence INJ)Q K. JQ. To show INJ K], let Ebe an
ideal of R suchthat INJ)+E =],so(INJ)Q + EQ =JQ and since (I N J)Q K. JQ, then
EQ <.JQ.So E <. ] by (lemma 2.13, [7]) and we get the result, and hence ] is closed-
supplement of I in R.

3. Closed-Weakly Supplemented.

In this work we present the idea of closed-weakly supplemented module, and we discuss
some of the basic properties of these modules and other related concepts.
Definition 3.1: Let Q be an R-module and X, C are submodules of Q, then Xis called closed-
weak supplement of C in Q, if Q =X+ C and X N C K, Q, if every submodule of Q has
closed-weak supplement, then Q is called closed-weakly supplemented module.

Notes and Illustrations 3.2:

1. Every weakly supplemented module is closed-weakly supplemented module while the
converse is not holed. The example below shows that the converse is untrue: Z,, as Z-
module is closed-weakly supplemented, since all of them submodules has closed weak
supplement, (0),(6),(12) is closed-wake supplement submodules in Z,, and for a
submodule (2) such that (2) + Z,, = Zy4 and (2) N Z,, = (2) K, Zy4 [7], and for (3) such
that (3) + (8) = Z,4 and (3) N (8) = (0) K Z,, also for (4), (8).But not weak supplement
module since for (3) such that (3) + Z,, = Zysand (3) N Z,, = (3) is not small in Z,,.Also
for (2), (4), (8). As a result, not every Z,, submodules have a weak supplement sub-module.
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2. Z4 as Z- module is closed-weakly supplemented, since Z, is supplemented module so it is
weakly supplemented. Thus, it is a closed-weakly supplemented module.

3. Every supplemented module is weakly supplemented by [8] , hence closed-weakly
supplemented by (1).

Proposition 3.3: Every closed-supplemented is closed-weakly supplemented.

Proof: Let Q be closed-supplemented and X,C are submodules of @, so X is closed-
supplement of C in Q, hence Q =X+ C and X N C K, C , then by lemma (1.1), Xn
C <. 0.

The following shows under a certain condition closed-weak supplement be closed
supplement

Proposition 3.4: Let Q an R-module has CIP and C be a closed-weakly supplement
submodule of Q, if C is direct summand of Q then C is closed-supplement submodule in Q.
Proof: Let C is closed-weak supplement, so there exists E < Q suchthat C + E = Q and C N
E K. Q,since CNE <C < Q and C is direct summand of Q then by (proposition 2.8, [7])
we get C N E K, C, hence Cis closed-supplement of E in Q.

Proposition 3.5: Let Q be an R-module and Q;, X are submodules of @ such that Q; is
closed-weakly supplemented module, if Q; + X has closed-weak supplement in Q, then X has
closed-weak supplement in Q.

Proof: Let Q; + X has closed-weak supplement submodule in Q, so there exists C < Q such
that C + (Q; + X) = Q and C N (Q; + X) K, Q, where Q; + X < Q and since Q is closed-
weakly supplemented, so there exists E < Q; such that (C +X) N Q; +E =Q; and (C +
X)NE K. Qq, where (C+X)NQ;<Q; so Q=C+(Q; +X) =C+((C+X)HQ1+
E +X) =C+ X + E. Now to show that (C + X) N E <, Q, since (C + X) N E K, Q; , then
by lemma (1.1) ,we get (C + X) NE K. Q, so E is closed-weak supplement of C + X in Q.
We will show C + E is closed-weak supplement of X in Q, clear (C + E) + X = Q, we must
show that (C + E)NX K. Q,since (C+E)NX<CNQ;+X)+(C+X)NE K, Q by (
proposition 2.3, [7]) , so (C + E) N X <, Q and hence, C + E is closed-weak supplement of
X in Q.

Proposition 3.6: Let Q = Q4 + Q, and Q4 , Q, are submodules in Q, if Q; and Q, are closed-
weakly supplemented module, then Q is closed-weakly supplemented module.

Proof: Let C < Q, since Q1 + Q, + C = Q, it is trivially has closed-weak supplement in Q, by
proposition (3.5), we get @, + C has closed-weak supplement in Q and again by proposition
(3.5), C has closed-weak supplement in Q, hence Q is closed-weakly supplemented module.

Proposition 3.7: Let Q be closed-weakly supplemented module, then for every X and C are
submodules of Q with Q = X + C, there exists a closed-weak supplement E of X in Q, where
E<C.

Proof: Let Q is closed-weakly supplemented, and X N C < Q such that X N C has closed-
weak supplement W in Q where W < Q, hence Q = (X NC)+ W and X NC)NW <, Q,
SO Q=X+C=XNC)+W =X+ (CNnW) by modular law. Let E=CNW so, Q =
X+EandXNE=XN(CNW) K. Q and hence E is closed-weak supplement of X in Q.

Proposition 3.8: Given an R-module Q with CSP and X and C as its submodules, such that

C is closed-weak supplement of XinQ, if E <C and E <, Q, then C is closed-weak
supplement of X + E in Q.
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Proof: Let C is closed-weak supplement of X in Q,soQ =X+ Cand X N C <, Q,now Q =
X+C=X+C+E=C+X+E, we must show CN(X+E) <. Q. Since XNC K, Q
and E <, Q then (X N C) + E K. Q by proposition (3.5), so by modular law N (X + E) =
(XN C)+E K, Q,and hence C is closed-weak supplement of X + E in Q.

Proposition 3.9: Let X and C be submodules of @, an R-module, with X being a closed-
supplement of Cin Q, if Q = E + X for some submodule E of C, then X is closed -weak
supplement of E in Q.

Proof: Let X is closed-weak supplement of Cin @, so @ =C+ X and C N X <, @, now to
showthat EN X <, Q,since ENX < CNX K, Qthen ENX K, Q by (proposition 2.3, [7]
), and hence X is closed-weak supplement of E in Q.

Proposition 3.10: Let f: Q = X be an isomorphism where Q and X be R-modules, if X is
closed-weakly supplemented then Q is closed-weakly supplemented.

Proof: Let E < Q then, f(E) < X. Since X is closed-weakly supplemented there exists C is
closed-weak supplement of f(E) in X, so X=C+ f(E) and C N f(E) K. X. Now
fHC+ f(E)) = fF1(X) hence f~1(C) + E = Q and since C N f(E) <. X then f~1(C N
f(E)) <. f~1(X) by proposition (1.2) , hence f~H(C) NE K. f~1(X) = Q.So ,f~1(C) is
closed-weak supplement of E in Q and therefor, Q is closed-weakly supplemented module.

Conclusion:

Recently we developed the closed-supplement module as a covered in this work along how it
relates to another concept. Finely, the notion of a closed weakly supplemented module is
presented.
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