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Abstract 

     In this paper we will introduce the concept of (θ, φ) reverse derivation, 

generalized (θ, φ) reverse derivation and  generalized left (θ, φ) derivation. Let R be 

a 2-torsion free prime ring and U a Lie ideal of R such that u
2∈U, for all u∈U. The 

main result of this paper states that if F is a generalized (θ, θ) reverse derivation on 

R which also acts as a homomorphism or as anti- homomorphism on U, then either 

d=0 or U⊆Z(R) Further, as an application of this result it is shown that, if every 

generalized left (θ, θ) derivation on R which also acts as a homomorphism or as 

anti- homomorphism on U, then either d=0 or U⊆Z(R). 

Key Words: Lie ideals, prime rings, left derivation, reverse derivation, left (θθθθ, φφφφ) 
derivation.  
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1. Introduction 
     Throughout the present paper, R will denote 

an associative ring with center Z(R).For any  

x, y∈R, the symbol [x, y], will represent the 

commutator xy−yx. A ring R is said to be prime 

if for any x, y∈R, xRy=0 implies that either  

x=0 or y=0, [1]. A ring R is said to be 2-torsion 

free if whenever 2x=0 with x∈R, then x=0, [1]. 

An additive subgroup U of R is said to be a Lie 

ideal of R if [u, r]∈U, for all u∈U, r∈R, [1]. The 

Lie ideal U verifies u
2
∈U for all u∈U such that 

U⊄ Z(R) is called admissible Lie ideal of R, [2]. 

An additive mapping d: R→R is called 

derivation if d(xy)=d(x)y+xd(y) holds for all x, 

y∈R, [3]. Let θ, φ be endomorphisms of R. An 

additive mapping d: R→R is called (θ, φ) 

derivation if d(xy)=d(x)θ(y)+φ(x)d(y), for all x, 

y∈R, [4]. Of course a (1,1)-derivation is a 

derivation on R, where 1 is the identity mapping 

on R. Inspired by definition of (θ, φ) derivation 

the notation of generalized (θ, φ) derivation was 

extended as follows: Let θ, φ be endomorphisms 
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of  R and S be a non-empty subset of R. An 

additive mapping F: R→R is called generalized 

(θ, φ) derivation on S if there exist a (θ, φ) 

derivation d: R→R such that 

F(xy)=F(x)θ(y)+φ(x)d(y), for all x, y∈S, [5]. An 

additive mapping d: R→R is called left 

derivation if  

d(xy)=xd(y)+yd(x), for all x, y∈R, [6]. An 

additive mapping d: R→R is called left (θ, φ) 

derivation if  

d(xy)=θ(x)d(y)+φ(y)d(x), 

 for all x, y∈R, [4]. Clearly, every left (1, 1) -

derivation is a left derivation on R. Shaheen [6], 

introduced the concept of generalized left 

derivation as an additive mapping F: R→R, if  

there exist a left derivation d: R→R such that 

F(xy)=xF(y)+yd(x), for all x, y∈R. 

Breŝar and Vukman [7], have introduced the 

notion of  a reverse derivation as an additive 

mapping d from a ring R into itself satisfying 

d(xy)=d(y)x+yd(x), for all x, y∈R. 

Obviously, if R is commutative, then both 

derivation and reverse derivation are the same. 

Bell and Kappe [8], proved that if R is a 

semiprime ring and d is a derivation of R which 

is either an endomorphism or an anti-endomorp- 

hism, then d=0 Also, they are in the mentiond 

paper showed that if R is a prime ring and d is a 

derivation of R which acts as a homomorphism 

or an anti- homomorphism on a nonzero right 

ideal U of  R, then d=0 on R. Further, Yenigul 

and Argac [9], obtained the above result for α -

derivation  on prime rings. Recently, Ashraf , 

Nadeem and Quadri [10], extended the result for 

(θ, φ) derivation in pime and semiprime rings. 

Ali and Kumar [5], extended the result for (θ, φ)  

derivations in prime rings. 

We extend the above result by introducing the 

concepts of (θ, φ) reverse derivation, 

generalized (θ, φ) reverse derivation and 

generalized left (θ, φ) reverse derivation. We 

will make use of the following basic 

commutator identities without any speeific 

mention : 

.],[],[],[

,],[],[],[

yyxzxyyzx

yzxzyxzxy

+=

+=
 

2. Prelimineries 
     Now we will introduce the following new 

definitions which are (θ, φ) reverse derivation, 

generalized (θ, φ) reverse derivation and 

generalized left (θ, φ) reverse derivation as 

follows  

2.1 Definition: 
     Let S be a non-empty subset of R. An 

additive mapping d: R→R is called (θ, φ)  -

reverse derivation on S if  

d(xy)=d(y)θ(x)+φ(y)d(x), for all x, y∈S. Clearly 

a (1, 1)-reverse derivation is a reverse derivation 

on R, where 1 is the identity mapping on R.  

2.2 Definition: 
     Let S be a non-empty subset of R.An additive 

mapping F: R→R is called generalized (θ, φ) 

reverse derivation on S if there exist a (θ, φ) 

revese derivation d: R→R such that 

F(xy)=F(y)θ(x)+φ(y)d(x), for all x, y∈S. 

2.3 Example  

     Consider the ring 









∈







= Zba

b

a
R ,:

0

0
, 

where Z denotes the set of integer numbers . 
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Then d is (θ, φ) reverse derivation with the 

endomorphisms θ and φ of R which are defined 

by 
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2.4 Example: 

     Consider the ring R as in Example (2.3). 

Define F: R→R by 
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Then there exist (θ, φ) -reverse derivation d as in 

Example (2.3) .Thus, F is generalized (θ, φ) 

reverse derivation.  

 2.5 Definition: 
     Let S be a non-empty subset of R. An 

additive mapping  F: R→R is called  generalized 

left (θ, φ) derivation on S if there exist a left (θ, 

φ) derivation d: R→R such that 

F(xy)=θ(x)F(y)+φ(y)d(x), for all x, y∈S. 

2.6 Example: 
     In Example (2.4), it is easy to check that F is 

generalized left (θ, φ) derivation since there 

exists a left (θ, φ) derivation d which is defined 

as in Example (2.3). 
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We begin with following lemmas which are 

essential in developing  the proof of our main 

results. 

2.7 Lemma: [2] 

     If U⊄Z(R) is a Lie ideal of a 2-torsion free 

prime ring R and a, b∈R such that aUb=0, then 

a=0 or b=0. 

2.8 Lemma: [11] 

     If R is a semiprime ring and U is a Lie ideal 

of R with u
2
=0, for all u∈U, then U=0. 

2.9 Lemma: [12] 
     Let R be a 2-torsion free prime ring and U be 

nonzero admissible Lie ideal of R. Then U 

contains a nonzero ideal of R. 

3. Main results 
3.1 Lemma: 

     Let R be a 2-torsion free prime ring and U a 

nonzero Lie ideal of R. Let θ, φ be 

automorphisms of R. If R admits a(θ, φ) reverse 

derivation d such that d(u)=0, then d=0 or 

U⊆Z(R). 

Proof: 

     We have d(u)=0, for all u∈U. This yields 

d[u, r]=0, for all u∈U, r∈R. Now using that fact 

d(u)=0, the above expression yields that 

 −−+= )()()()()()(0 rududrurd θφθ         

      )()( rduφ  

)()()()( rduurd φθ −= , for all u∈U, r∈R. 

                                                                         (1)                                                                                  

Now, for any s∈R, replace r by rs in equation 

(1) and use equation (1) , to get 

)()()()(0 rsduursd φθ −=  

   −+= )())()()()(( urdsrsd θφθ  

     ))()()()()(( rdsrsdu φθφ +  

  −+= )()()()()()( rdusursd φφθθ  

    )()()()()()( rdsurusd φφθθ −  

 )()](),([)](),()[( rdusursd φφθθ += , for all 

u→U, r, s∈R.                                               (2)  

Again replacing s by vs in equation (2), our 

hypothesis yield that 

)()](),([)](),()[(0 rduvsurvsd φφθθ +=  

  ++= )](),())[()()()(( urvdsvsd θθφθ    

      +)()](),()[( rdusv φφφ  

       )()()](),([ rdsuv φφφ                                  

  −= )](),()[()( ursdv θθφ   

       +)](),()[()( ursdv θθφ  

      )()()](),([ rdsuv φφφ  

   )()()](),([ rdsuv φφφ= , for all u, v∈U, r, 

s∈R. 

This implies that [v, u]Rθ
−1

(d(r))=0. Thus the 

primeness of R implies that either [u, v]=0 or 

d(r)=0. 

If [u, v]=0, for all u, v∈U, then it follows that 

[u, [u, rs]]=0. Since R is 2-torsion free , the 

above relation yields [u, r][u, s]=0, for all u∈U, 

r, s∈R. 

Thus, [u, r]x[u, s]=[u, rx][u, s]=0, for all u∈U, r, 

s, x∈R, and hence [u, r]=0, for all u∈U, r∈R i.e, 

U⊆Z(R). 

We are now well-equipped to prove our main 

results . 

3.2 Theorem: 

     Let R be a 2-torsion free prime ring and U be 

a nonzero Lie ideal of R with u
2
∈U, for all u∈U. 

Suppose that θ and φ are automorphisms of  R 

and d: R→R is a (θ, φ) reverse derivation . 

(i) If d acts as a homomorphism on U, then either 

d=0 on R or U⊆Z(R). 

(ii) If d acts as anti-homomorphism on U, then 

either d=0 on R or U⊆Z(R). 

Proof: 

     Suppose that U⊄Z(R). 

(i) If d acts as a homomorphism on U, then we 

have 

)()()()()()()( udvuvdvduduvd φθ +== , for 

all u, v∈U.                                                (1) 

Replacing v by 2uv in equation (1) and using 

that fact R is 2-torsion free, we get 

))()()()()(( udvuvdud φθ +  

++= )())()()()(( uudvuvd θφθ  

    )()()( udvu φφ   

Using equation (1), the above relation yields that 

0)()())()(( =− udvuud φφ , for all u, v∈U. 

and hence  

0))(())()(( 11 =− −− udUuud φφφ , for all u∈U. 

Hence by Lemma (2.7), either d(u)−φ(u)=0 or 

d(u)=0. 

 If d(u)−φ(u)=0, for all u∈U, then by replacing v  

by u in equation (1), we get d(u)θ(u)=0, for all 

u∈U. 

Now, replace u by u+v, to get 

0)()()()( =+ uvdvud θθ ,forall Uvu ∈, . 

Replace u by 2vw and since R is 2-torsion free, 

we get 

++= )()()()()()(0 vvdwvvwd θφθθ   

      )()()( wvvd θθ  
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   )()()( vvwd θθ= , for all v, w∈U. 

Replace w by 2wx in the last equation and since 

R is 2-torsion free, then 

)()())()()()((0 vvwdxwxd θθφθ +=  

  )()()( 2vwxd θθ=  , for all v, w, x∈U. 

This implies that, θ
−1

(d(x))Uv
2
=0, for all v, x∈U 

By Lemma (2.7), either v
2
=0 or d(w)=0. If v

2
=0, 

for all v∈U, then by Lemma (2.8), U=0 and this 

contradication. On the other hand if d(w)=0, for 

all w∈U, then by Lemma (3.1),we get the 

required result . 

(ii) If d acts as an anti- homomorphism on U, 

then we have 

)()()()()()()( udvuvdudvduvd φθ +== ,    

for all u, v∈U.                                               (2) 

Replacing u by 
2

u  in equation (2), and by using 

equation (2), we get 

 )()()()()()( 222 udvuvdudvd φθ += . That is, 

))()()()()(( uduuudvd φθ +  

++= )()()(()()()( uudvuuvd θφθθ  

   ))()( uduφ  

Then 0)()())()(( =− uduvvd φφ , for all u, 

v∈U.                                                          (3) 

Replacing  v by u in equation (2) and using 

equation (3), we get 

))()()())(()((0 2 uududvvd θφ −−=  

  +−−= )()()()()()()( 22 udvuudvdudvd φθ  

      )()()( uudv θφ   

 +−−= )()()()()( 22 udvuuvdvud φθ  

       )()()( uudv θφ  

 )()(()()()()( 2uFvuuvFuFuvF θθ −−=  

     ))()( uuF θ−  

In view of equation (2), the last equation yields 

that                          

)()()()()(0 uduvuduv φφφ −=                                                                                                                                                                               

)()](),([ udvu φφ= , for all Uvu ∈, . 

                                                                       (4) 

By Lemma (2.9), U contains a nonzero ideal of 

R and hence 

)()](),([)()](),([0 udRIuudIu φφφφ ==        

  )())()](),([)](),()[(( udIRuIuR φφφφφφ +=  

  )()(]),([ uRdIRRu φφ=  

Since R is prime and U⊄Z(R), then the last 

equation implies that 

  Iφ
−1

(d(u))=IRφ
−1

(d(u))=0. Since R is prime and 

I≠0, then d(u)=0, for all u∈U and hence by 

Lemma( 3.1) , we get the required result . 

In the next Lemma, we explaine the relationship 

between (θ, φ) reverse derivation and left (θ, φ) 

derivation. 

3.3 Lemma: 
     A mapping d on a 2-torsion free semiprime 

ring R is a (θ, φ) reverse derivation iff it is a left 

(θ, φ) derivation. 

Proof: 

     Suppose that d is a (θ, φ) reverse derivation. 

Then 

)()()()()( 222 xdyxydxyd φθ +=  

           ++= ))())()()()(( xydyyyd θφθ  

                )()()( xdyy φφ ; 

that is 

++= )()()()()()()( 2 xydyxyydxyd θφθθ  

                 φ(y)φ(y)d(x), for all x, y∈R. 

                                                                         (1)                                                                 

Also, 

)()()()())(( xydyxyydyxyd φθ +=  

   ++= )()()(()()()( xydyyxyd θφθθ  

       ))()( xdyφ  

that is 

++= )()()()()()()( 2 xydyyxydxyd θφθθ  

                )()()( xdyy φφ                                 (2) 

From equation (1) and equation (2), we get 

d(y)[θ(x), θ(y)]=0, for all x, y∈R. 

                                                                         (3) 

Replacing x by xz1  in equation (3) and using 

equation (3) again, we get 

0)](),()[()( 1 =yxzyd θθθ  

That is 

d(y)z[θ(x), θ(y)]=0, for all x, y, z∈R. 

                                                                         (4) 

A linearization of equation (3) on y leads to 

0)](),()[()](),()[( =+ yxuduxyd θθθθ  

That is, 

d(y)[θ(x), θ(u)]=−d(u)[θ(x), θ(y)], for all x, y, 

u∈R. 

                                                                         (5) 

Replacing z by [θ(u), θ(x)]zd(u) in equation (4) 

and using equation (5), we get 

)](),()[()](),()[(0 yxuzdxuyd θθθθ=  

   )](),()[()](),()[( yxuzdyxud θθθθ−=  

                                                                        (6) 

Since R is semiprime, by (6), we get d(u)[θ(x), 

θ(y)]=0, that is, d(u)[r, s]=0, for all r, s, u∈R. 

By [3, Lemma 1.1.8], d(u)∈Z(R), for all 
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u∈R. Hence d(xy)=d(y)θ(x)+φ(y)d(x)  

                           )()()()( xdyydx φθ +=  

This shows that d is left (θ, φ) derivation. 

Conversely, if d is left (θ, φ) derivation .Then 

)()()()()( 222 xdyydxxyd φθ +=  

            ++= )()()()()()( ydyxydyx φθθθ  

               )()()( xdyy φφ                                  (7) 

On the other hand , 

++= )()()()()()())(( ydxyydyxyxyd θφθθ  

                 )()()( xdyy φφ                              (8) 

From equation (7) and equation (8), we get 

[θ(x), φ(y)]d(y)=0, for all x, y∈R. 

                                                                         (9) 

Replacing x by 1xz  in equation (9) and using (9) 

again ,we get [θ(x), φ(y)]θ(z1)d(y)=0. That is 

[θ(x), φ(y)]zd(y)=0, for all x, y, z∈R.   

                                                                   (10)                         

A linearization of equation (9) leads to 

)()](),([)()](),([ uduxudyx φθφθ −= ,  

for all x, y, u∈R.                    (11)                                                                

Replacing z by d(u)z[θ(x), φ(u)] in equation (10) 

and using equation (11) and since R is  

semiprime, we get 

[r, s]d(u)=0, for all r, s, u∈R. 

By [3,Lemma 1.1.8], d(u)∈Z(R), for all 

u∈R. Hence 

)()()()()( xdyydxxyd φθ +=  

           )()()()( xdyxyd φθ +=  

This implies that d is (θ, φ) reverse derivation . 

As an application of Theorem (3.2) and Lemma 

(3.3) we get the following result, which 

generalizes  Theorem (4.2) in [4]: 

3.4 Theorem: 
     Let R be a 2-torsion free prime ring and U be 

a nonzero Lie ideal of R with u
2
∈U, for all u∈U. 

Suppose that θ and φ are automorphisms of R 

and d: R→R is a left (θ, φ) derivation . 

(i) If d acts as a homomorphism on U, then 

either d=0 on R or U⊆Z(R). 

(ii) Ifd acts as anti-homomorphism on U, 

then either d=0 on R or U⊆Z(R). 

3.5 Theorem: 

     Let R be a 2-torsion free prime ring and 

U be a nonzero Lie ideal of R with u
2
∈U, 

for all u∈U. Suppose that θ is an 

automorphism and F: R→R is a generalized 

(θ, θ) reverse derivation associated with (θ, 

θ) reverse derivation .  

(i) If F acts as a homomorphism on U, 

then either d=0 on R or U⊆Z(R). 
(ii) If F acts as anti-homomorphism on U, 

then either d=0 on R or U⊆Z(R).  

Proof: 

     Suppose that U⊄Z(R). 

(i) If F acts as a homomorphism on U, then we 

have 

)()()()()()()( udvuvFvFuFuvF θθ +== , 

for all u, v∈U.                                               (1) 

Replacing v by 2uv in equation (1) and using 

that fact R is 2-torsion free , we get 

))()()()()(( udvuvFuF θθ +  

)()()())()()()(( uduvuudvuvF θθθθ ++=  

Using equation (1), the above relation yields that 

(F(u)−θ(u))θ(v)d(u)=0, for all u, v∈U, and 

hence 

θ
−1

(F(u)−θ(u))Uθ
−1

(d(u))=0, for all u∈U. Hence 

by Lemma (2.7), either F(u)−θ(u)=0 or d(u)=0. 

 If F(u)−θ(u)=0, for all u∈U then by replacing v 

by u in equation (1), we get θ(u)d(u)=0, for all 

u∈U. 

Now, replace u by  u+v, to get 

 θ(u)d(v)+θ(v)d(u)=0, for all u, v∈U. Replace u 

by 2wv and since R is 2-torsion free, we get 

))()()()()(()()()(0 wdvwvdvvdvw θθθθθ ++=

   = θ(v)θ(v)d(w), for all v, w∈U. 

Replace w by 2xw in the last equation and since 

R is 2-torsion free, then 

 ))()()()()((0 2 xdwxwdv θθθ +=  

    = θ(v
2
)θ(w)d(x) θ, for all Uwvx ∈,, .  

This implies that, v
2
Uθ

−1
(d(x))=0, for all x, 

v∈U. By Lemma (2.7), either v
2
=0 or d(x)=0. If 

v
2
=0, for all v∈U, then by Lemma (2.6), U=0 

and this contradication. On the other hand if 

d(x)=0, for all x∈U, then by Lemma (3.1), we 

get the required result.  

(ii) If F acts as an anti- homomorphism on U, 

then we have 

)()()()()()()( udvuvFuFvFuvF θθ +== , 

for all u, v∈U.                                              (2) 

Replacing u by 
2

u  in equation (2), and by using 

equation (2), we get 

)()()()()()( 222 udvuvFuFvF θθ +=  

That is, 

))()()()()(( uduuvFvF θθ +  

))()()()()(()()()( uduuudvuuvF θθθθθ ++=

Then (F(v)−θ(v))θ(u)d(u)=0, for all                                                            

u, v∈U.                                             (3) 
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Replacing v by u in equation (2) and using 

equation (3), we get 

))()()())(()((0 2 uuFuFvvF θθ −−=  

      

−−−= )()()()()()()( 22 uFvuuFvFuFvF θθ  

      )()()( uuFv θθ  

+−−= )()()()()( 22 uFvuuvFvuF θθ  

    )()()( uuFv θθ  

  −−−= )()(()()()()( 2uFvuuvFuFuvF θθ  

      ))()( uuF θ  

In view of equation (2), the last equation yields 

that 

)()()()()(0 uduvuduv θθθ −=  

    =[θ(u), θ(v)]d(u), for all u, v∈U.                                              

                                                                      (4) 

By Lemma 2.9, U contains a nonzero ideal of R 

and hence 

)()](),([)()](),([0 udRIuudIu θθθθ ==  

  )())()](),([)](),()[(( udIRuIuR θθθθθθ +=  

  )()(]),([ uRdIRRu θθ=   

Since R is prime and U⊄Z(R), then the last 

equation implies that 

  0))(())(( 11 == −− udIRudI θθ  . 

Since R is prime and I≠0, then d(u)=0, for all 

u∈U and hence by lemma (3.1), we get the 

required result . 

3.6 Corollary: 
     Let R be a 2-torsion free prime ring and U be 

a nonzero Lie ideal of R with u
2
∈U,for all 

u∈U.Suppose that θ is an automorphism and F: 

R→R is a generalized left (θ, θ)              - 

derivation associated with left (θ, θ)                - 

derivation d such that F(xy)=F(yx), for all x, 

y∈R. 

(i) If F acts as a homomorphism on U, then 

either d=0 on R or U⊆Z(R). 

(ii) If F acts as anti-homomorphism on U, 

then either d=0 on R or U⊆Z(R) . 

Proof: 

     Since F is a generalized left (θ, θ) derivation, 

then 

))(()( 2 yxyFxyF =  

             )()()()( xydyyFxy θθ +=  

             ++= )()()()()()( ydxyyFyx θθθθ  

                )()()( xdyy θθ                                 (1) 

On the other hand, since F(xy)=F(yx), then 

))(()( 2 yyxFxyF =  

             )()()()( yxdyyFyx θθ +=   

             ++= )()()()()()( xdyyyFxy θθθθ   

                )()()( ydxy θθ                                 (2)  

Compare equation (1) and (2), we get 

   [θ(x), θ(y)]F(y)=0, for all x, y∈R. 

As proof of Lemma (3.3), we get F(u)∈Z(R), for 

all u∈R. 

This implies that F is a generalized (θ, θ)          - 

reverse derivation associated with (θ, θ)         - 

reverse derivation. By applying Theorem (3.5),   

we get the required result. 
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