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Abstract 

     In this paper, we introduce and study new types of separation axioms in tri-

topological spaces, where we defined it using new types of closed set but not 

necessarily closed sets. Several properties of these concepts are proved. 
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1. Introduction 
     In 2007, M. Ganster and M. Steiner [1] 

introduce the concept of τb -closed set, which 

the complement of it is called τb -open set 

where he defined a subset A  of a topological 

space X to be τb -closed if clb(A)⊂U whenever 

A⊂U and U is open, where clb(A) denoted to the 

intersection of all b-closed sets containing a 

subset A. 

It is now the propose of this paper to introduce 

and investigate the corresponding concept, i.e. 

τb123 -closeness in tri-topological spaces, 

where the study of tri-topological spaces was 

first initiated by Martin M. Kovar [2] in 2000, 

where anon empty set X with three topologies is 

called a tri-topological space, also we use the 

main concept of this paper to introduce and 

investigation some new types of separation 

axioms in tri-topological, we call these axioms 

as kTb −τ123  Spaces, k=0, 1, 2. 

We recall some definitions and concepts which 

are useful in the following section. The symbol 

� will indicate the end or omission of a proof. 

2. Preliminaries 
Definition (2.1)  

     A subset A  of a topological space ( )τ,X  is 

called b open set if A⊂cl(int A)Y int(clA), 

where clA (int A) is the closure of A (the 

interior of A) [3], [4]. 

The complement of b open set is called b closed 

set. Thus A⊂X is b closed if and only if cl(int 

A)I int(clA)⊂A. [3], [4]. 

Definition (2.2)  

     A map ( ) ( )στ ,,: YXf →  is called 

irresolute if ƒ
−1

(A) is semi-open set in X for 

each semi-open set A of Y [5]. where a subset A 
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of a topological space ( )τ,X  is said to be  semi-

open if A ⊂ cl(int A) [6]. 

In what follows, by a space X and Y we mean 

tri-topological spaces ( )321 ,,, τττX  and (Y, σ1, 

σ2, σ3) respectively, where X and Y are 

nonempty set, 1τ , 2τ  and 3τ  are topologies on 

X and σ1, σ2, and σ3 are topologies on Y.  

Definition (2.3) 
     A subset A of a space X is called 123 open 

set if 321 τττ UU∈A , and the complement of 

123 open set is 123 closed set. 

Example (2.4)  

     Let X={a, b, c}, { }{ }aX ,,1 φτ = , 

{ }{ }bX ,,2 φτ = , { }{ }cX ,,3 φτ = , the sets 

{ } { } { }cbaX ,,,,φ  are all 123 -open sets and 

{ } { } { }bacacbX ,,,,,,,φ  are all 123 -closed sets 

in ( )321 ,,, τττX . 

Definition (2.5) 
     A subset A of a tri-topological space 

( )321 ,,, τττX  is called 123 neighborhood of a 

point x∈X if and only if there exists an 123 

open set U such that x∈U⊂A. 

Example (2.6) 

     Let X={a, b, c}, { }{ }baX ,,,1 φτ = , 

{ }{ }aX ,,2 φτ = , { } { }{ }cacX ,,,,3 φτ = , since 

the set {a} is 123 open and a∈{a}⊆{a, b}, then 

{a, b} is 123 neighborhood of a. 

Remark (2.7)  

     We will denoted to the 123 interior (resp. 123 

closure) of any subset, say A of X by 123 int A 

(resp. 123clA), where 123int A is the union of 

all 123 open sets contained in A, and 123clA is 

the intersection of all 123 closed sets containing 

A. 

Definition (2.8) 
     A subset A of a space X is said to be 123b 

open set if 

( ) ( )clAAclA 123int123int123123 U⊂ . 

Remarks (2.9)  
     � The complement of 123b open set is called 

123b closed set. Thus A⊂X is 123b closed if 

and only if 

( ) ( ) AclAAcl ⊂123int123int123123 I . 

� The intersection of all 123b closed sets of X 

containing a subset A of X is called 123b 

closure of A and is denoted by 123clb(A). 

Analogously the 123b interior of A is the union 

of all 123b open sets contained in A denoted by 

123int b(A) ( )Abint123 . 

Definition (2.10) 

     A subset A  of a tri-topological space X is 

called to be τb123 -closed if 123clb(A)⊂U 

whenever A⊂U and U is 123 open. 

Remark (2.11)  

     � The complement of τb123 -closed is 

τb123 - open. 

� The intersection of all τb123 -closed sets of 

X containing a subset A of X is called τb123 -

closure of A and is denoted by ( )Aclbτ123  

Analogously the τb123 -interior of A is the 

union of all τb123 -open sets contained in A 

denoted by ( )Abτint123 . 

Remark (2.12)  
     The relationships between the concepts 123 

closed set, 123b closed set and τb123 -closed 

summarized in the following diagram: 

 
Now, we will prove every pointed in the above 

diagram in the following propositions: 

Proposition (2.13)  

     Every 123 closed subset of a tri-topological 

space X is 123b closed. 

Proof:  

     Let A⊆X be 123 closed set, since 

A°⊂123clA°, hence 123int 

A°⊂123int(123clA°), but 123int A⊂A for any 

subset A, hence A°⊂123int (123clA°), and 

A°⊂123int (123clA°)Y123cl(123int A°), hence 

A° is 123b open set, hence A is 123b open set .� 

Proposition (2.14)  

     Every 123b closed subset of a tri-topological 

space X is τb123 -closed. 

Proof:  

     Let A  be a b123 -closed subset of X , and 

let UA ⊆ , where U  is  123 -open, since A  is 

b123 -closed set, hence 

( )( ) ( )( ) AAclAcl ⊂int123123123int123 I , 

but UA ⊂ , hence 

123 -closed 

set 

b123 -closed 

set 

τb123 -closed 

set 

Diagram (2-1) 
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( )( ) ( )( ) UAclAcl ⊂int123123123int123 I , 

since ( )Aclb123  is the smallest b123 -closed set 

containing A , so, 

( ) ( )( ) ( )( )( )

,

int123123123int123123

U

UA

AclAclAAclb

⊂

⊂

=

U

IU

 

i.e. A  is τb123 -closed.� 

Now, we will give some examples to show that 

the inverse pointed in the diagram (2.1) is not 

true 

Example (2.15) 

     b123 -closed set →/  123 -closed set. 

 Let { }cbaX ,,= , 

{ } { } { }{ }babaX ,,,,,1 φτ = , { }{ }bX ,,2 φτ = , 

{ }{ }aX ,,3 φτ = , then the sets in 

{ } { } { }{ }ccacbX ,,,,,,φ  are 123 -closed sets and 

the family { } { } { } { } { }{ }baccacbX ,,,,,,,,φ  is the 

b123 -closed sets, so { } { }ba ,  are b123 -closed 

but not 123 -closed sets. 

Example (2.16)  

     τb123 -closed set →/  b123 -closed set. 

 In example (2.15), the set { }ba,  is 

τb123 -closed but it is not b123 -closed set. 

3. kTb −τ123  Spaces, 2,1,0=k  

In this section we will introduce  new types of 

separation axioms which we called kTb −τ123  

spaces for 2,1,0=k , for the sake of 

convenience, we begin with definition the 

concepts kT−123 spaces for 2,1,0=k . 

Definition (3.1)  

     A tri-topological space X  is called: 

� 0123 T−  if and only if to each pair of distinct 

points x , y  in X , there exists an 123 -open set 

containing one of the points but not the other. 

� 1123 T−  if and only if to each pair of distinct 

points x , y  of X , there exist a pair of 123 -

open sets one containing x  but not y  and the 

other containing y  but not x . 

� 2123 T−  if and only if to each pair of distinct 

points x , y  of X , there exist a pair of disjoint 

123 -open sets one containing x  and the other 

containing y . 

�123 -regular if and only if to each 123 -closed 

set F  and each point Fx ∉ , there exist disjoint 

123 -open sets U  and V such that Ux ∈  and 

VF ⊂ . 

Definition (3.2)  

     A tri-topological spaces X  is said to be 

0123 Tb −τ  space if and only if to each pair of 

distinct points x , y  in X , there exists a 

τb123 -open set containing one of the points but 

not the other. 

Now we proceed to prove that every tri-

topological space is 0123 Tb −τ  space. 

Proposition (3.3)  

     If { }x  is τb123 -open for some Xx ∈ , then 

{ }( )yclx bτ123∉ , for all xy ≠ . 

Proof: 

     Let { }x  be τb123 -open for some Xx ∈ , 

then { }xX −  is τb123 -closed, and 

{ }xXx −∉ . If { }( )yclx bτ123∈  for some 

xy ≠ , then xy,  both are in all the τb123 -

closed sets containing y , so { }xXx −∈  which 

is contraction, hence { }( )yclx bτ123∉ .� 

Proposition (3.4)  

     In any tri-topological space X , any distinct 

points have distinct τb123 -closures. 

Proof:  

     Let Xyx ∈,  with yx ≠ , and let { }c
xA = , 

hence ( ) AAcl =123  or X . Now, if 

( ) AAcl =123 , then A  is 123 -closed, hence it 

is τb123 -closed, so { }xAX =−  is τb123 -

open and not containing y . So by proposition 

(3.3), { }( )yclx bτ123∉  and { }( )ycly bτ123∈ , 

which implies that { }( )yclbτ123  and 

{ }( )xclbτ123  are distinct. If ( ) XAcl =123 , 

then A  is τb123 -open, hence { }x  is  τb123 -

closed, which mean that { }( ) { }xxclb =τ123  

which is not equal to { }( )yclbτ123 .� 

Proposition (3.5)  

     In any tri-topological space X , if distinct 

points have distinct τb123 -closures then X  is 

0123 Tb −τ  space. 
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Proof: 

     Let Xyx ∈,  with yx ≠ , with { }( )yclbτ123  

is not equal to { }( )xclbτ123 , hence there exists 

Xz ∈  such that { }( )xclz bτ123∈  but 

{ }( )yclz bτ123∉  or  { }( )yclz bτ123∈  but 

{ }( )xclz bτ123∉ . Now, without loss of 

generality, let { }( )xclz bτ123∈  but 

{ }( )yclz bτ123∉ . If { }( )yclx bτ123∈ , then 

{ }( )xclbτ123  is contained in { }( )yclbτ123 , 

hence { }( )yclz bτ123∈ , which is a 

contradiction, this mean that { }( )yclx bτ123∉  

hence { }( )c

b yclx τ123∈ , hence X  is 

0123 Tb −τ  space. � 

Proposition (3.6)  

     Every tri-topological space is 0123 Tb −τ  

space. 

Proof:  
     Follows from propositions (3.5) and (3.4). 

Definition (3.7) 

     A tri-topological space X  is said to be 

1123 Tb −τ  space if and only if to each pair of 

distinct points x , y  in X  with yx ≠ , there 

exist two  τb123 -open sets U , V  such that 

UyUx ∉∈ ,  and VxVy ∉∈ , . 

Proposition (3.8)  

     Every 1123 Tb −τ  space is 0123 Tb −τ  

space. 

Proof: 

     Follows from the definition of 1123 Tb −τ  

space. 

Now, we will give an example to show that the 

converse of proposition (3.8) is not true. 

Example (3.9)  

     Let { }cbaX ,,= , 

{ } { } { }{ }cabaaX ,,,,,,1 φτ = , { }{ }aX ,,2 φτ = , 

{ }{ }caX ,,,3 φτ = , all τb123 -open sets are 

{ } { }baaX ,,,,φ  and { }ca, , so  ( )321 ,,, τττX  is 

0123 Tb −τ  space but it is not 1123 Tb −τ  

space. 

Proposition (3.10)  

     In a tri-topological space X , the following 

statements are equivalent: 

���� X  is 1123 Tb −τ  space. 

���� For each Xx ∈ ,  { }x  is τb123 -closed in 

X . 

���� Each subset of X  is the intersection of all 

τb123 -open sets containing it. 

���� The intersection of all τb123 -open sets 

containing the point Xx ∈  is { }x . 

Proof:  

     ����⇒���� X  is 1123 Tb −τ  space and let 

Xyx ∈,  and yx ≠ , then there exists an 

τb123 -open set, say yU  such that yUy ∈ . 

Hence { }c

y xUy ⊂∈ , so 

{ } { }{ }c

y

c
xyUx ∈= :U  which is τb123 -open, 

so { }x  is τb123 -closed in X . 

����⇒���� Let XA ⊂  and Ay ∉ . Hence 

{ }c
yA ⊂ and { }c

y  is τb123 -open in X  and 

{ }{ }cc
AyyA ∈= :I  which is the intersection 

of all τb123 -open sets containing A . 

����⇒���� Obvious. 

����⇒���� Let Xyx ∈,  and yx ≠ . By 

assumption, there exist at least an τb123 -open 

set containing x  but not y  also an τb123 -

open set containing y  but not x . i.e. X  is 

1123 Tb −τ  space. � 

Definition (3.11)  

     A tri-topological space X  is said to be 

2123 Tb −τ  if and only if for Xyx ∈, , yx ≠ , 

there exist two disjoint τb123 -open sets U , V  

in X  such that Ux ∈  and Vy ∈ . 

Proposition (3.12)  

     Every 2123 Tb −τ  space is 1123 Tb −τ  

space. 

Proof: 

     Let X  is 2123 Tb −τ  space and let x , y  in 

X  with yx ≠ , so by hypothesis there exist two 

disjoint τb123 -open, say U , V  such that  

Ux ∈  and Vy ∈ , but φ=VU I , hence 

Vx ∉  and Uy ∉ , i.e. X  is 1123 Tb −τ  space.  

Definition (3.13)  

     A subset A  of a tri-topological space 

( )321 ,,, τττX  is called τb123 -neighborhood of 
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a point Xx ∈  if and only if there exists  an 

τb123 -open set U  such that AUx ⊂∈ . 

Proposition (3.14)  

     In a tri-topological space X , the following 

statements are equivalent: 

���� X  is 2123 Tb −τ  space. 

���� If Xx ∈ ,  then for each xy ≠ , there is an 

τb123 -neighborhood ( )xN  of x  such that 

( )( )xNcly bτ123∉ . 

���� For each ( ){ } { }xNclx b =∈ τ123 , where N  

is an τb123 -neighborhood of x . 

Proof: 

     ����⇒���� Let Xx ∈ , if Xy ∈  with yx ≠ , 

then there exist disjoint τb123 -open sets U , 

V  in X  such that Ux ∈  and Vy ∈ . Then 

VXUx −⊂∈ , hence VX −  is an τb123 -

neighborhood of x , but VX −  is an τb123 -

closed and VXy −∉ . Now let 

( ) VXxN −= , i.e. ( )( )xNcly bτ123∉ . 

����⇒���� Obvious. 

����⇒���� Let Xyx ∈,  and yx ≠ . By 

assumption, there exist at least an τb123 -

neighborhood N  of x  such that 

( )Ncly bτ123∉ , so ( )NclXx bτ123−∉  is 

τb123 -open, but N  τb123 -neighborhood of 

x , hence there exists an τb123 -open set U  

such that NUx ⊂∈  and 

( ) φτ =− NclXU b123I . i.e. X  is 

2123 Tb −τ  space. � 

Definition (3.15) 

     A tri-topological spaces X  is said to be 

τb123 -regular space if and only if for each 

τb123 -closed set F  and each point Fx ∉ , 

there exist disjoint τb123 -open  sets U  and 

V such that Ux ∈  and VF ⊂ . 

Proposition (3.16)  

     A 0123 Tb −τ  space is 2123 Tb −τ  space if 

it is τb123 -regular space. 

Proof:  

Let X  be 0123 Tb −τ  space and 

τb123 -regular space. And let Xyx ∈,  and 

yx ≠ , hence there exists an τb123 -open, say 

U  such that U  contains one of x  and y , say 

x  but not y , so UX −  is an τb123 -closed 

and UXx −∉ , but X  is τb123 -regular 

space, hence there exist disjoint  τb123 -open  

sets 1V  and 2V  such that 1Vx ∈  and 

2VUX ⊂− , hence 1Vx ∈  and 2Vy ∈ , i.e. 

X  is 2123 Tb −τ . � 

Definition(3.17) 

     A map ( ) ( )321321 ,,,,,,: σσστττ YXf →  is 

called τb123 -irresolute if the inverse image of 

every τb123 -open set in Y is τb123 -open in 

X . 

Proposition (3.18)  

     If ( ) ( )321321 ,,,,,,: σσστττ YXf →  is an 

injective and τb123 -irresolute map and Y  is 

2123 Tb −τ  space then X  is 2123 Tb −τ space. 

Proof:  

     Let Xyx ∈,  and yx ≠ , since f  is 

injective, then ( ) ( )yfxf ≠ , and since Y  is 

2123 Tb −τ , then there exist disjoint  τb123 -

open  sets U  and 
V

 such that ( ) Uxf ∈  and 

( ) Vyf ∈ . Now let ( )UfG 1−=  and 

( )VfH 1−= , hence Gx ∈ , Hy ∈  and G , H  

are τb123 -open  sets, with 

( ) ( ) ( ) φ=== −−− VUfVfUfHG III
111

, 

i.e. X  is 2123 Tb −τ  space. � 
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