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Abstract
In this paper, we introduce and study new types of separation axioms in tri-
topological spaces, where we defined it using new types of closed set but not
necessarily closed sets. Several properties of these concepts are proved.
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1. Introduction

In 2007, M. Ganster and M. Steiner [1]
introduce the concept of b7 -closed set, which
the complement of it is called b7 -open set
where he defined a subset A of a topological
space X to be b7 -closed if cl,(A)cU whenever
AcU and U is open, where c/,(A) denoted to the
intersection of all b-closed sets containing a
subset A.
It is now the propose of this paper to introduce
and investigate the corresponding concept, i.e.
123b7 closeness in tri-topological —spaces,
where the study of tri-topological spaces was
first initiated by Martin M. Kovar [2] in 2000,
where anon empty set X with three topologies is
called a tri-topological space, also we use the
main concept of this paper to introduce and
investigation some new types of separation
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axioms in tri-topological, we call these axioms
as 123b7 —T,, Spaces, k=0, 1, 2.
We recall some definitions and concepts which

are useful in the following section. The symbol
O will indicate the end or omission of a proof.

2. Preliminaries
Definition (2.1)

A subset A of a topological space (X , 2') is
called b open set if Accl(int A)Y int(clA),
where clA (int A) is the closure of A (the
interior of A) [3], [4].

The complement of b open set is called b closed
set. Thus AcX is b closed if and only if cl(int
A)l int(clA)cA. [3], [4].

Definition (2.2)
A map f:(X,7)—>(¥,0) is called

irresolute if f'(A) is semi-open set in X for
each semi-open set A of Y [5]. where a subset A
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of a topological space (X ,T) is said to be semi-
open if A c cl(int A) [6].
In what follows, by a space X and Y we mean
tri-topological spaces (X ,Tl,Tz,T3) and (Y, &,
Gy, O3) respectively, where X and Y are
nonempty set, 7,, 7, and 7, are topologies on
X and 64, 0,, and G; are topologies on Y.
Definition (2.3)

A subset A of a space X is called 123 open
set if Ae 7 U T, U 73, and the complement of

123 open set is 123 closed set.

Example (2.4)
Let X={a, b, «c}, 7 :{X,¢,{a}},
T, = {x,0.{p}}, 7, ={X.d,{c}}, the sets

X.,p.4al{p}{c} are all 123-open sets and
X,9, {b,c}, {a,c},{a,b} are all 123 -closed sets
in (X,7,,7,,73).

Definition (2.5)
A subset A of a tri-topological space
(X ,TI,TZ,Z'3) is called 123 neighborhood of a

point xe X if and only if there exists an 123
open set U such that xe UCA.

Example (2.6)
Let X={a, b, ¢}, 7,={X.0.{a.b},

o, ={X.gdal}, 7={X.0.{chlacl}, since
the set {a} is 123 open and ac {a}c{a, b}, then
{a, b} is 123 neighborhood of a.

Remark (2.7)

We will denoted to the 123 interior (resp. 123
closure) of any subset, say A of X by 123 int A
(resp. 123clA), where 123int A is the union of
all 123 open sets contained in A, and 123clA is
the intersection of all 123 closed sets containing
A.

Definition (2.8)

A subset A of a space X is said to be 123b
open set if
A c123cl(123int A)U123int(123clA).
Remarks (2.9)

® The complement of 123b open set is called
123b closed set. Thus AcX is 123b closed if
and only if
123¢1(123int A)N123int(123clA) c A.
@ The intersection of all 123b closed sets of X

containing a subset A of X is called 123b
closure of A and is denoted by 123cl,(A).
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Analogously the 123b interior of A is the union
of all 123b open sets contained in A denoted by

123int ,(A)123int, (A).

Definition (2.10)

A subset A of a tri-topological space X is
called to be 123b7 -closed if 123cl,(A)cU
whenever AcU and U is 123 open.

Remark (2.11)

® The complement of 123b7 -closed is
123b7 - open.
@ The intersection of all 123b7 -closed sets of
X containing a subset A of X is called 123b7 -
closure of A and is denoted by 123cle(A)
Analogously the 123b7 -interior of A is the

union of all 123H7 -open sets contained in A
denoted by 123int, (A).

Remark (2.12)

The relationships between the concepts 123
closed set, 123b closed set and 123b7 -closed
summarized in the following diagram:

123 closed 123b -closed 123b7 -closed
set s set - set

Diagram (2-1)

Now, we will prove every pointed in the above
diagram in the following propositions:

Proposition (2.13)
Every 123 closed subset of a tri-topological
space X is 123b closed.

Proof:
Let AcX be 123 closed set, since
A°c123clA°, hence 123int

A°c123int(123clA®), but 123int ACA for any
subset A, hence A°c123int (123clA°), and
A°c123int (123clA°)Y123cl(123int A°), hence
A°is 123b open set, hence A is 123b open set .[]

Proposition (2.14)
Every 123b closed subset of a tri-topological
space X is 123b7 -closed.

Proof:
Let A be a 123b -closed subset of X , and
let AcU, where U is 123 -open, since A is

123b -closed set, hence
123int(123¢1(A))N123cl(123int(A)) c A,
but AcU, hence
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123int(123¢1(A))N123cl(123int(A)) c U ,
since 123cl, (A) is the smallest 123b -closed set
containing A , so,
123¢,(A)= AU(123int(123c1(A)) N123c(123int(A)))
cAUU
cU,

ie. A is 123b7 closed.m’

Now, we will give some examples to show that
the inverse pointed in the diagram (2.1) is not
true

Example (2.15)
123b -closed set - 123 -closed set.
Let X :{a,b7c}a

o ={X.glalb}iabl}. 7, ={X.0. 0},
Ty = {X.p{a}}, then the sets in
{x,0.{b,c}{a, c}{c}} are 123 -closed sets and
the family {X,@,{b,c}{a,c}{c}{a}{p}} is the
123b -closed sets, so {a},{b} are 123b -closed
but not 123 -closed sets.
Example (2.16)
123b7 -closed set + 123b -closed set.

In example (2.15), the set {a,b} is

123b 7 ~closed but it is not 123b -closed set.

3.123b7 —T, Spaces, k =0,1,2

In this section we will introduce new types of
separation axioms which we called 12367 —T,
spaces for k=0,1,2, for the sake of
convenience, we begin with definition the
concepts 123 —T, spaces for k =0,1,2.

Definition (3.1)

A tri-topological space X is called:
®123 -7, if and only if to each pair of distinct
points x, y in X , there exists an 123 -open set
containing one of the points but not the other.
@123 1T, if and only if to each pair of distinct
points x, y of X, there exist a pair of 123-
open sets one containing x but not y and the
other containing y but not x.
®123 1T, if and only if to each pair of distinct
points x, y of X, there exist a pair of disjoint
123 -open sets one containing x and the other
containing y .
@123 -regular if and only if to each 123 -closed
set I and each point x ¢ F, there exist disjoint
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123 -open sets U and V such that xe U and
FcV.

Definition (3.2)
A tri-topological spaces X is said to be
123b7 —T,, space if and only if to each pair of

distinct points x, y in X, there exists a

123b 7 -open set containing one of the points but
not the other.
Now we proceed to prove that every tri-

topological space is 123b7 — T, space.
Proposition (3.3)

If {x} is 123b7 -open for some x€ X , then
X¢ 123clb7({y}), forall y# x.

Proof:
Let {x} be 123b7 -open for some xe€ X ,

then X —{x} is 123b7-closed, and
x¢ X —{x}. ¥ xe 123clb7({y}) for some
y# x, then y,x both are in all the 123b7 -
closed sets containing y,so xe X —{x} which
is contraction, hence x ¢ 123cl, , ({y}) .0
Proposition (3.4)

In any tri-topological space X , any distinct
points have distinct 123b7 -closures.
Proof:

Let x,ye X with x# y, and let A={x},
hence 123cl(A)= A or X. Now, if
123cI(A)= A, then A is 123 -closed, hence it
is 123b7 closed, so X —A={x} is 123b7-
open and not containing y. So by proposition
(3.3), xe123cl,_({y}) and ye123cl,_.({y}).
which 123cl,_({y}) and
123cl, _({x}) are distinct. If 123cl(A)=X,
then A is 123b7 -open, hence {x} is 123b7 -
closed, which mean that 123cl,ﬂ({x})= {x}
which is not equal to 123cl,, ({y}) .0

implies  that

Proposition (3.5)

In any tri-topological space X , if distinct
points have distinct 123b7 -closures then X is
123b7 —T, space.
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Proof:
Let x,ye X with x # y, with 123clbr({y})

is not equal to 123cl,, ({x}), hence there exists
Z€ 123clb7({x}) but
z€123cl,.({y}) but

without loss of

z€ X such that
€& 123Clbr({y}) or
ze123cl, ({x}).

generality, let

Now,

z€123cl,, ({x}) but
ze123cl, ({y}). 1t xe123cl, ({y}). then
123cl,, ({x}) is contained in 123cl,, ().
z€123cl,.({y}).
contradiction, this mean that x& 123cl,_({y})
hence xe123cl,, ({y}c ), hence X s
123b7 —T;, space. O

hence which 18 a

Proposition (3.6)
Every tri-topological space is 123b7 T,
space.

Proof:
Follows from propositions (3.5) and (3.4).

Definition (3.7)

A tri-topological space X is said to be
123b7 —1T, space if and only if to each pair of
distinct points x, y in X with x# y, there

exist two 123b7 -open sets U, V such that
xeU,ygU and yeV,xe V.

Proposition (3.8)

Every 123b7—1, space is 123b7-T,
space.
Proof:

Follows from the definition of 123b7—T,
space.

Now, we will give an example to show that the
converse of proposition (3.8) is not true.

Example (3.9)

Let X = {a,b7 C}a
7, ={X.glalia.b}{a.cl}y. 7, ={X.pda}},
T, = {x,p.{a,c}}, all 123b7-open sets are
X,¢,{a}{a,b} and {a,c}, so (X,z'l,z'z,z'3) is
123b7—T, space but it is not 123b7—T,
space.
Proposition (3.10)

In a tri-topological space X , the following
statements are equivalent:
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® X is 123b7 -1, space.
@ For each xe X, {x} is 123h7 -closed in

X.

® Each subset of X is the intersection of all
123b 7 -open sets containing it.

@ The intersection of all 123b7 -open sets

containing the point xe X is {x}

Proof:
®=@ X is 123b7—T1, space and let

x,ye X and x#y, then there exists an

123b7 -open set, say U, such that ye U, .

Hence yeU, c {xF. SO

{xf = U{Uy 1ye {x}c} which is 123b7 -open,
so {x} is 123b7 -closed in X .
@=>®Let Ac X and y¢ A. Hence

Ac{yfand {y} is 123b7-open in X and

A= ﬂ{{y}c I y€E AC} which is the intersection

of all 123b7 -open sets containing A .
@ = @ Obvious.
@@= O Let x,ye X and x#y. By

assumption, there exist at least an 123b7 -open
set containing x but not y also an 123b7 -

open set containing y but not x. ie. X is
123b7 -1, space. O

Definition (3.11)

A tri-topological space X is said to be
123b7 —T, if and only if for x,ye X, x#y,
there exist two disjoint 123b7 -open sets U , V
in X suchthat xe U and yeV.

Proposition (3.12)
Every 123b7-T,
space.

space is 123b7-T,
Proof:

Let X is 123b7—T, space and let x, y in
X with x # y, so by hypothesis there exist two
disjoint 123b7 -open, say U, V such that
xeU and yeV, but UV =¢, hence
x¢V and ye U ,ie. X is 123b7—T, space.
Definition (3.13)

A subset A of a tri-topological space
(X ,71,72,2'3) is called 123b7 -neighborhood of
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a point x€ X if and only if there exists an
123b7 -open set U suchthat xe U C A.

Proposition (3.14)
In a tri-topological space X , the following
statements are equivalent:

® X is 123b7 T, space.

@ If xe X, then for each y # x, there is an
123b7 -neighborhood N(x) of x such that
ye 123cl,_(N(x)).

® For each xe {123cle(N )}=1{x}, where N
is an 123b7 -neighborhood of x.

Proof:

O=>@ Let xe X ,if ye X with x#y,
then there exist disjoint 123H7 -open sets U ,
V in X such that xeU and ye V. Then
xeUcX -V, hence X -V 1is an 123b7-
neighborhood of x, but X —V is an 123b7 -
closed and ye X =-V. Now let
N(x)=X -V . ie ye123cl, (N(x)).

@ = ® Obvious.

®@=® Let x,ye X and x#y. By
assumption, there exist at least an 123b7 -
neighborhood N  of x  such that
ye123cl, (N), so xe X —123cl, (N) is
123b7 -open, but N 123b7 -neighborhood of
X, hence there exists an 123b7 -open set U
such that xeUcCN and
UNX—-123cl, (N)=¢. ie. X s

123b7 —T, space. O

Definition (3.15)

A tri-topological spaces X is said to be
123b 7 -regular space if and only if for each
123b7 -closed set F' and each point x¢ F,
there exist disjoint 123H7 -open sets U and
V suchthat xe U and F CV .

Proposition (3.16)
A 123b7 —T,, space is 123b7—T, space if

itis 123b7 -regular space.

Proof:
Let X be 123b7-T,

123b 7 -regular space. And let x,ye X and

space and

x #y, hence there exists an 123b7 -open, say
U such that U contains one of x and y, say
x but not y, so X —U is an 123b7 -closed

Iraqi Journal of Science, Vol.52, No.2, PP

and x¢ X -U, but X is 123b7 -regular
space, hence there exist disjoint 123b7 -open
sets V, and V, such that xe€V, and
X-UcV,, hence xeV, and yeV,, ie.
X is123b7-T7,. 0
Definition(3.17)

Amap f:(X,7.7,.75) = (Y,0,,0,,0;) is
called 123b7 -irresolute if the inverse image of

every 123b7 -open set in Yis 123b7 -open in
X.

Proposition (3.18)
It f:(X,7.7,,7,) = (Y,0,,0,,04) is an

injective and 123b7 -irresolute map and Y is
123b7 —T, space then X is 123b7 —T, space.

Proof:

Let x,ye X
injective, then f (x);ﬁ f (y), and since Y is
123b7—T,, then there exist disjoint 123b7 -
open sets U and , such that f (x)e U and
f(y)GV. Now let G=f'(U) and
Hzf_l(V), hence xe G, ye H and G, H
are 123b 7 -open sets, with
GNH = W)Ns (V)= wnv)=9¢.
ie. X is 123b7 —T, space. O

and x#y, since f is

4. References

1. Maximilian Ganster, Markus Steiner,
2007, "On bt -closed sets”, Applied
Gene. Topo., Vol. 8, No. 2, 243-247.

2. Martin M. Kovar, 2000, "On 3-
Topological Version Of @ -Regularity”,
Internat. J. Math. & Math. Sci., Vol. 23,
No. 6, 393-398.

3. D. Andrijevic, 1996, "On b -open sets”,
Mat. Vesnik, Vol. 48, 59-64.

4. T. Noiri, A. Al-Omari, and M. S.
Noorani, 2008, "On wb -open sets and
b -Lindelof spaces”, Euro. Jour Of Pure
And Applied Math., Vol. 1, No. 3, (3-9).

5. Miguel Caldas Cueva, 2000, "Weak
And Strong Forms Of Irresolute Maps”,
Internat. J. Math. & Math. Sci., Vol. 23,
No. 4, 253-259.

6. N. Levine, 1963, "Semi-open sets and
semi-continuity in topological spaces”,
Amer. Math. Mothly, Vol. 70, 36-41.



Hameed and Abid Iraqi Journal of Science, Vol.52, No.2, PP

7. J. N. Sharma, 1977, "Topology”,
Krishna Prakashan Mandir, Manoj
Printers, Meerut.



