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Abstract

In this paper, we generalized the principle of Banach contractive to the relative
formula and then used this formula to prove that the set valued mapping has a fixed
point in a complete partial metric space. We also showed that the set-valued
mapping can have a fixed point in a complete partial metric space without satisfying
the contraction condition. Additionally, we justified an example for our proof.
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1-Introduction and preliminaries

Studying the set valued mappings started with the work of Nadler in 1969 [1] who proved that a
set valued contractive mapping of complete metric space X into the family of closed bounded subsets
of X has a fixed point. Later in the same year, several authors provided some new set-valued fixed
point results by considering the & —distance. In 2018, Sokol [2] presented a Kennan-type fixed point
theorem for multivalued mapping defined on complete metric spaces. The existence and uniqueness of
common fixed points of a family of self-mappings, which satisfies s the generalization of the rational
contractive condition in 2-Banach spaces, was established [3]. In 1994, Mathews [4] introduced the
partial metric space, which is a metric space with a non-self-distance property, and obtained a Banach-
type fixed point theorem on complete partial metric space. After that, many authors studied the partial
metric space and the fixed point theory in this space. Jukrapong and Suthep [5] introduced two new
types of monotone set- valued mappings in a partial metric space and proved some fixed point
theorems of these two types. The aim of this paper is to prove that the set-valued mapping which
satisfies the generalization of the rational contractive condition can have a fixed point in complete
partial metric spaces.
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A partial metric on a nonempty set X is a function p : XxX—[0,to) such that the following
conditions hold: for all u, v, w € X,
(1) p (u, u) =p(v, v) = p(u, v) if and only if u=v,
(2) p (u, u) < p(u, v),
) p(u,v)=p(v,u),
(4) p (U, W) <p(u, v) +p(v, w) = p(v, V).
The pair (X, p) is called a partial metric space.

The definitions from the theory of metric spaces, such as those of Cauchy sequences, convergent
sequences, complete space and others, can be generalized to a partial metric space [6].
Dentition 1.1

A sequence X = (X ) of points in a partial metric space (X, p) is Cauchy if there exists a > 0, such
that for each ¢ > 0 there exists a positive integer K, such that for all n, m >k, |p(X n, X m) - 8| <€
That is, if limp e P(Xp,, Xm ) = a.
Definition 1.2

A sequence X = (x,,) of points in a partial metric space (X, p) converges to X, in X, If

limy, o, p(Xp, Xp ) = limp ., p(Xp,, X ) = p(X0,, %o ) -

Definition 1.3

A partial metric space (X, p) is complete if every Cauchy sequence converges.
Remark1.4 [7]

If p is a partial metric on X, then the function ps: X X X — [0, 4+o0) such that

p° (x,y) = 2p(x,y) — p(x,x) — p(y,y) defines a usual metric on X.

The relation between the partial metric space ( X, p) and the usual metric space (X, p*) is given by
the following lemma.
Lemma 1.5 [6]
Let (X, p) be a partial metric space. Then,
(@) Assequence ( x,)in Xis Cauchy in (X, p) if and only if it is Cauchy in (X, p®).
(b) A partial metric space (X, p) is complete if and only if the usual metric space (X, p°) is complete.
Remark 1.6 [8]
1- CB(X) is the collection of all nonempty closed bounded subsets of X.
2- C(X) is the collection of all closed subsets of X.
3- P(x,N)=inf{p(x,a),a€N
4- 6,(M,N) =sup{p(a,N),a € M} ,6,(N,M) = sup{p(b,M),b € N}
5- For M,N € CB(X),H,(M,N) = max {6,(M,N),5,(M,N) }
6- H, is said to be partial Hausdorff metric on CB(X).
7- Hy is said to be generalized partial Hausdorff metric on C(X)
Lemma 1.7 [9]
For M, N W € CB(X), we have :
(@) HP (M,M) < HP (M,N)
(b) HP (M,N) = HP (N, M)

(c)HP (M,N) < HP (M,W) + HP (W,N) — inf {p(w,w): w € W}

Lemma 1.8 [10]
Let (X,P) be a partial metric space , if M,N € CB(X), then for any a € M, there exists
b=b (a) €EN, such that p(a, b) < h H,(M,N), where h>1.
2 — Banach contraction principle for the set valued mapping in partial metric spaces

The principle of Banach contraction plays an important role in the fixed point theory for a single-
valued mapping in a complete metric space.
This principle is used to prove that the set-valued mapping in a complete partial metric space has a
fixed point, as we see in the following main result in this section.
Theorem 2.1

Let (X,P) be a complete partial metric space and T be a set-valued mapping from X into all
nonempty closed bounded subsets of X, such that :
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< ap (y.Ty) [1+p(x ,Tx)]

Foreachx,y € X,a,b € (0,1),suchthata+b <1
(2) For some x, € X ,the sequence { T™( x, )} has a subsequence { T™*( x, )} with
x* = lim, 5, T™(x, ) , then T has a fixed point, thatis x* € T(x*).
Proof:
Let xp € X and Xx; € T X, then by Lemma (1.8) there exists x, € T X;, such that

(X1, X2) < h H(T Xo, T Xo) with h = ﬁ

Again, there exists X3 € T X, such that p(Xz, X3) < h H (T x, T Xy).
If we continue in this process, then, for each n > 1, there exists
X1 € T X With p(X 1, Xne1) S h H(T X, T X )

Now, since
ap (xpTxp) [1+p (-1 ,TXn-1)
<
H(Txp_1,Tx,) < PG x)

+ b p(xXn-1,%n)

ap (xnTxn) [1+p(ep—1 ,Txn-1)]

then’ p(xn' xn+1) < h [ 1+ (Xp—1,%n)

+ bp(Xp-1,%n) |

< p[ 9P Gontnrn) [LpCGenog 0y)
- 1+p(xn—1»xn)

+ bp(Xn-1, %) |

Hence, (1-ha) p(xp, Xp41) < hb p(xn_yq, xp)

hb
P(xn, Xpe1) < ioha) p(Xn—1,%n)
hb hb
- (1_ha) [(1—ha) p(xn—Zan—l)]

<

' hb
< ((1_ha))n p(xOJ xl)'

Therefore, by choosing the two natural numbers n, m, such thatm > n, we have

hb hb hb _
p(X n X n+m) = [( (1—ha))n +( (1-ha) )n+1 toet ( (1-ha) )n+m ' ] p(XO' X1)
( hb )n b
(1—ha)
< TR ((:ﬁa)) P (Xo, X1y 20 as n — oo dueto (—(1_ha)) <1.
On the other hand,

by the definition of ps(x,y) = 2p(x,y) — p(x,x) —p(y,y), we get forany m e N

ps (xn' xn+m) = Zp(xn' xn+m) - p(xn' xn) — P, Xm)
SZp(xn'xn+m) »0asn - x

This yields that ( x,,) is a Cauchy sequence in (X, p°) .

Since (X, p) is complete partial metric space, then, from Lemma 1.5, (X, p® ) is a complete metric
space and hence (x,) converges to some X o in X with respect to (X, p%) , so
lirnn—mo ps (xn » X0 ) = 0.

Furthermore, the sequence ( x,, ) converges in (X, p®)toapoint X, in X if and only if
My moe? (5 Xm) = My, p (xn , %) = p(xo, Xo)
Thatis, p(xq, x¢) = lim,_.p (x, , x¢) =lim,,p (x, , x,) =0.
Now, by using the fourth property of a partial metric space for each i, we have
p(xoir Tixoi) <p (Xoi, Txn ) + p(Txn, Tixoi ) — H(Txn, Txyn)
ap (e Txy) [14p (X ,TXn)]

< p (X0, Txy ) + p(Tixp, Tixo; )- T+ (i) -
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bp(x,,x,) > 0asn—- .

That is xy; € T;x,; foreach i, and this completes the proof.
Remark 2.2

In a previous study [3], Theorem 2.1 for a single valued mapping in a complete metric space was
proved. Note that, if we have a sequence of set valued mapping (T; ) converging point-wise, to T such
that T has a fixed point, then this fixed point represents the limit point of the sequence of fixed points
of the sequence of set-valued mapping {T; }.
We state and proof this main result in the following theorem.
Theorem 2.3
Let {T; } be a sequence of set-valued mapping from a complete partial metric space X into the set of
all closed bounded subsets of X convergence point-wise to T, and

H(Tix, Tyy) < “2 Tl‘_{ )p[(l;;’)(x Tl 4 pp(x,y), for each x,y € X,a,b € (0,1),such

thata+b <1,i=1,2,..
If each T; has a fixed point x,; and T has a fixed point x, , then the sequence {x,, } convergence to
xo.
Proof
Since H is a Hausdorff metric space, then, by using Lemma (1.7), we get

H (T (x0), Ta(¥on)) < H (T (x0), Tn(x0)) + H (T (x0), Tn(xon)) — Inf {p(y, y) : ¥ € T (x0) }

ap( xon ,Tn(xon))|1+p(x0 ,Tr(x0)
< H (7o), Ty () + 2L fnrontblin 00 4, )

But, p(x0, Xon) < H (T (x0), Ty (xon))
Hence,

ap( xXon Tn(xon))|1+D0(x0 , Tn(x0)
P Gy on) < H (T Cr), Ty (xp)) + L Eon Tn o IR0 BOON )

Thatis, (1-0) p (Yo, Xon) < H (T(xo), Ty (xo)) + 2L Zon Inlrom) 1400 1))

1+p(xg,Xon)

H (T (x0),Tn(x0)
(JE‘;—_b)xo) - 0 as T,(xg) = T(xp).

Hence,xy, — X

Then, p (xg, Xon) <

Now, p (xo;, Tixo:) < p (X0i Tixn) + p (Tixy, Tixo:)- H(Tixy , Tixy, )

ap(xy,TiGen)[14+D0(xn ,Ti(x))]

< p (x4 Tixy) + 0 (Tixp, Tixo;) T+ p(rnty) — bp(xp, xn)
ap(xp Xne)|14+0(x0 ,Ti(xn)
< p (X1 Xpe1) + P (1, Tixoi) — = n:p[(xn,x(n)n )] _ b p(xy, x,)

< p (Xoi Xn+1) + P (a1, Tixo)) — 0

Hence, p (xo;, Tixo;) — 0
Thatis, x,; € T;x,; foreach i, and this completes the proof.

3- Fixed point theorem for the set-valued mapping in a partial metric space

Nadler [1] proved that a contraction set-valued mapping in a complete metric space has a fixed
point. In another study [7], it was proved that a contractive set-valued mapping in a complete partial
metric space has a fixed point.

In this section, we proved the existence of a fixed point for set-valued mapping in a complete
partial metric space without using the contraction condition.
Let (X, p) be a complete partial metric space and N(X) be a set of all nonempty subsets of X. Let
T: X = N(X) be set-valued mapping. A point x, € X is said to be fixed point of Tif Xo € T X .
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Define g: X — R by g(x) = p(x, T(x)). g is lower semi-continuous, if forany (x,) c Xand x € X, if x
n— x then, g(x) < lim, -, g(x,).
For a positive constant a € (0, 1), define the set I < X as:
I ={y € Tx):apkxy) <p(xTX)}.

Theorem 3.1

Let (X, p) be a complete partial metric space and T: X —C(X) be a set-valued mapping. If there
exists a constant k € (0, 1), such that for any x € X there isy € I} satisfying p (y, T (y)) < k p(X,
y), then T has a fixed point in X, provided that k <a and f is lower semi-continuous.
Proof

Since T (x) € C(X) for any x € X, I7 is nonempty for any constant a € (0, 1), then for any initial
point X, € X there exists x; €L;° , such that p(xy, T X;) < kp(Xo, X1) and, for x, € X, there is x, € I
satisfying p(Xz,T X2) < K p(Xy, X2).
By continuing this process, we can get an iterative sequence (x,)%-, Where X,.; € I,™ and

P(Xne1, T Xne1) S KP(X p Xpe1)  1n=0,1,2,3,... (1)

Since, Xp1 € 13",
then ap(Xn Xne1) < p(Xn, T X ) (2
By the above two inequalities, we have

P(X ne1, Xne2) < S p(xn TXxn) ,n=0,1,2,...
Now, look at the following inequality
P(X nv1, Xner) < % [S PXn1, TXna)

< (5)2 [5 p(Xn2 TX1n2)]

: k
< ()™ p(Xo T Xo)
By using the fourth property for the partial metric space for any n,m e N, we have

POCn X nem) S [(2)" 4 (E)™ 14 (£)771 ] plxo, x)

(EHn ‘
= 1“k P(Xo,xy »0asn - o dueto - < 1.

By the definition of p*®(x, ya) =2p(x,y) —p(x,x) —p(y,y), we get forany me N,

ps (xn' xn+m) = zp(xn' xn+m) - p(xn' xn) — P, Xm)
Szp(xn'xrwm) »0asn - x

This yields that ( x;,) is a Cauchy sequence in (X, p®).

Since (X, p) is complete partial metric space, then, from lemma 1.5, (X, p®) is a complete metric
space and hence ( x,, ) converges to some X o in X with respect to p*, so lim,_, p°® (x, ,x,) = 0.
Again, the sequence ( x,, ) converges in (X, p®)toapoint X, in X ifand only if

limy e P (X 5 X ) = limpopp (X, %0) = p(Xo, Xo)

Thatis, p(xg, x¢) = lim,.p (%, , Xo) =lim,p (x, , x,) =0.
Furthermore,
Since{ g(xy )In=0 ={p (x,, Tx, ) }n=o IS decreasing, then its converges to zero
Since f is lower semi continuous, then 0 < g(x,) < lim,_, g(x, ) = 0.
Hence,g (x) =0 andthen p (xy, Txy ) = 0.
Thatis, x, €T x,, and this completes the proof.
Now, we would like to give an example for the set-valued mapping in a complete partial metric space
which has a fixed point and in the same time does not satisfy the contraction condition.
Example 3.2
1

LetX:{§ 3 o ,...}u{0,1}
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P(x, y) = max {x, y}, for x ,y € X; then X is a complete partial metric space.
Let we define the mapping T: X - C(X) as:

1 1
{3_11 ,1} ,» X _3_n ,n= 0,1,2,...

(0.4) =

Obviously, T is not a contractive mapping, but it has a fixed point.

To show this, let x = 3% , Y =0, then

p(x, y) = max{x,y} = , H(T(),T(y))=max{,1}=1

That is, there isno k € (0,1) , satisfying the following inequality of contraction condition
1= H(TxTy) <k (p(x,y) = k (57)

T(x) =

On the other hand, it is easy to show that T has a fixed point by using the previous theorem
f()=px, Tx)=inf{p(x,y),y €Tx} = inf{max(x,y),y €Tx}

Then,
3% x=3in,n: 1,2,3, ...
=10 x=0
1 x=1

Hence, f is continuous.

Furthermore, by the definition of I} = {y € T(x):ap(x,y) < p(x,T(x)) }.
There exists y € IJ5 suchthatp(y, T (y)) = % p(x,y).

Hence, the existence of a fixed point follows from Theorem 3.1.
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