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Abstract
In this paper we investigate the stability and asymptotic stability of the zero
solution for the first order delay differential equation
N
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where the delay is variable and by using Banach fixed point theorem. We give
new conditions to ensure the stability and asymptotic stability of the zero solution of
this equation.
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1. Introduction
In applied science, many practical problems concerning heat flow, species interaction
microbiology, neural networks, and many more are linked with delay differential equation. Burton [1 -
5] was among the first who studied the stability of delay differential equation using the fixed point
theory, instead of Liapunov method. Many researchers studied the stability for many types of delay
differential equations. For example, in 2010, Menc Fan [6] studied the stability of the delay
differential equation
x(t) = —a(t,x)x(t) + f(t,x¢)
where x,(6) = x(t + 8) and 6 € [-r,0] , r = 0, that is with constant delay using fixed point
theory.
While Bo Zhang [7] studied fixed points and stability in differential equations with variable delays
x(t) = =b(®)x(t — (1))

and its generalization
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N
2(0) = = ) B©)x(t ~5(®)
j=1
where b; € C(R*,R) and 7,7; € C(R*,R™) with t — 7(t) — oo and
t—1j(t) > 0ast > oo,
While Ramazan Yazgan [8] studied the global asymptotic stability of solutions to neutral equations of
first order

2(t) = —a(®)x(t) + b()g(x() + c®Of @(t — 7)) + q(t, x(t), x(t — (1))
where a, b, c € C([0,0),R), g, f € C(R,R),q € C([0,),R X R, R)
In this paper we study the stability of the following delay differential equation

M

YO == a(®y(t-1®) + £yt - 0) (LD

i=1
where R = (—o0,0), Rt = [0, +00) and R~ = (—, 0] , respectively.
and a; € C(R*,R) and 7,7; € C(R*,R*) with t—1(t) > and t—1;(t) >0 as t—
o, f(t,y(t—1(t)) € C(R* x A, R).
Here we use
A = C([—r,0],R) to denote the space of continuous function from [—r, 0] to R.
Assume that f(t,0) = 0 and there exists a positive constant D and a continuous function b, (t) €
C(R.R*) such that by Lipchitz function
lf(t,®) - f(t, V) < b (DD — V|
Forall®and¥ € Ap:={y € A:|y|| <D}
2. Preliminaries
We now give some basic information.
Theorem 2.1. Banach fixed point theorem [9]
If T:X — X is a contraction and X is a Banach space, then there is a unique point x* € X which is
fixed by T (That is T(x) = x). Moreover, if x. is any pointin X,
then the sequence defined by x; = T (x-), x, = T(x;), ... converges to x*.
Corollary 2.2. [9]
If S is a closed subset of the Banach space X, and T: S — S is a contraction, then T has a unique fixed
pointin S.
3. Stability of the zero solution for the delay differential equation by Banach fixed point theorem
Let C(S;,S,) denotes the set of all continuous functions ®: S; — S,
For each t. , define
m;(to) = inf{s — 1;(s):s = to}, m(t.) = min{m;(t-): 1 <i < M}
And A(t.) = C([m(t.), t-], R) with the supremum norm ||-||. That is
Il = sup{lf (x)|: f is continuous and t € [m(t-), t-]}
Define the inverse of t — 7;(t) by I;(t) if it exists and set

M
H(t) = Z a; (L),
i=1

M t
Z0EDY f el 100, (5) [1(5) ds

i=1 ¢
If 7;(t) is differentiable. For each (t.,®) € R x A(t.), by using existence fixed point theorem, a
solution of (1.1) through (t., @) is a continuous function y: [m(t-), t- + o) — R™ for some positive
constant o > 0 such that y(t) satisfies (1.1) on [t.,t- + 0) and y(s) = D(s) for s € [m(t.), t-]. We
denote such a solution by y(t) = y(t,t., ®). For each (t.,®) € R* x A(t.) , there exists a unique
solution y(t) = y(t, t., ®) of (1.1) defined on [t., +o0) (see [1]).
For fixed t. , we define

|®]] = sup{|®(s)| : m(t-) < s < t-}

Theorem 3.1
Suppose that t; is differentiable, the inverse function I;(t) of t — t; exists and there exists a constant
o € (0,1) such that for t > 0.
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1. limy,e inf fOtH(s)ds > —00,
t
fiﬁ(t)lw(f(s))lds + [y e naodu ()
X la;(I;(v))|dvds

s—=ti(s)
Then the zero solution of (1.1) is asymptotically stable if and only if

3. fOtH(s)ds >0 as t— oo,

2. XLy

+u(t)<o

Proof:
Suppose that (3) holds, for each t- = 0.
t
We set k = sup;s {e_fo H(s)ds} ..(3.1)

Let ® € A(t-) be a fixed and define

{y € C([m(t-), ), R):y(t) » Oas t > o,y(s) = CD(S)}

S =
fors € [m(t.), to]
Then S is a complete metric space with metric
Py, 2) = supes.{ly(t) — z(D)[}

Define T:S —» S by T, (t) = ®(t) for t € [m(to) to-] and

T, (t) = [O(t:) - Z f a;(1;(s))®(s)ds]e” Je.HODa

i=1 t —Ti(te)

+Z f a;(1;(s))y(s)ds

=1 - 7;(t)
M

- f e~ Js Hwdu Z a;(s)T:()y(s — 7:(s))ds

to i=1

fe fH(u)d“H(s) Z f a;(l;W)fw,y(v—t())dv|ds ...(3.2)
to i=1 s—1;(s)
For t = t..T), € C([m(t-), ), R), because the total continuous functions are continuous.
We now show that T,(t) -0 as t — oo. Since y(t) »0and t—71;(t) > o, foreach ¢>0,
there exists t; > to suchthat s > t; implies |y(s —t;(s)| < ¢
fori=1.2,..,M.
Thus , fort > t; , the first term 4; in (3.2) satisfies
M te
Ay = [D(t.) —Z J a;(1;(s))®(s)ds|e”
i=1 to—T;(to)
A; = 0, because by (3) we have , fOtH(s)ds —oast—oo,and et -0
as t — oo,
And since y(t) > 0as t > o, we get 4, - 0. Also Az — 0 because y(t —7;(¢)) > 0 as ¢ —
7;(t) = ,i1=1,2, ..., M.
Now, we show that the fourth term A, — 0

) tto H(u)du

t s 1

|4,] = f e~ ks Hadupy oy i f a; (L) f(w,y(v —t())dv|ds
i =1 5-7i(s) _
t1 [ M s T

< [ e lm@aqn D" [ Jam)ifwye - @)l ds
tot __l;1 S_Tfs(5) i

+ [ e Er0npE Y [ eI yw - te)ldv|ds

to | i=1 S—1,(5)
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ty [ M s ]

< [ e fr@anes D" [ et @y - c@)ldv|ds
tot __1;1 s—-ris(s) i

+ [er k@t 1S [ la @)l @lye - tw)ldv|ds
t; [i=1 5-7;(5) ]

ty

M s
< _ —ftH(u)du b (r. dvld
< SUPgemeny Y (@ —T(@)| | €7 |H(s)] 1la;(I;(w))|dv|ds
to

=1 s-1y(s)

t M N
t
+5UPgam(ey ¥ (@ = T(@)] f eI HE (5] |y f by ()] a; (1;(@))\dv | ds
ty =1 s-7y(s)
ty M s

t
< supameoly(@ = 7@ | e L1 @S [ b @leeDldv|ds
to i=1 s—1;(s)
t M N
t
v [ekma )N [ b @laeDld|ds
t1 =1 s-7y(s)
By (3), there exists t, > t; suchthat t = t, implies

ty M s

supamely(@ = 1@ [ e E1Ow )Y [ b @lie)ldv|ds < ¢
to i=1 s—1;(s)
Apply (2) toobtain |44 < € + €0 <2¢,A4, - 0 as t — oo. Similarly, we can show that the rest
of the terms in (3.2) approach zero as t — oo.
This yields T, (t) » 0as t — oo, and hence T, € S. Also, by (2) , T is a contraction mapping with a
contraction constant ¢. By the contraction mapping principle (Smart [2, p . 2]) T has a unique fixed
pointy in S.
Which is a solution of (1.1) with y(s) = ®(s) on [m(t.), t-] and
y)=y(t,te,®) > 0as t - oo.
To obtain the asymptotic stability, we need to show that the zero solution of (1.1) is stable.
Lete > 0 be given and choose § > 0 (§ < &) satisfying

28keh HWA 4 50 o o
If y(t) = y(t,t.,®) is asolution of (1.1) with||®|| < &, then y(t) = T, (t)
defined in (3.2).
We claim that |y(t)| < e forall t > t..
Notice that |y(s)| < e on [m(t.), t-]. If there exists t* > t. such that |y(t*)| = ¢
and |y(s)| < & for m(t-) < 6 < t*, then it follows from (3.2) that
M te

- v u)au
@l < o1+ [ lai)|ds|e s "

i=1 to—T;(to)
M t*

rey [ latie)lds

=1 g7t

t* M
+£_[ e‘fst*H(u)duZlai(s)llii(s)lds
to i=1
t* . M s
s [ el mwapE) N [ b @laEe)ld|ds
to i=1 s—1;(s)
< 26keh HO@U | 5o < ¢ ..(33)
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Which contradicts the definition of t*. Thus |y(t)| < ¢ forall t > t., and the zero solution of (1.1)
is stable. This shows that the zero solution of (1.1) is asymptotically stable if (3) holds.
Conversely, suppose that (3) fails. Then by (1) there exists a sequence {t,,} ,
t, = oo asn — oo such that
tn

lim [ Huwdu=d ..(3.4)

n—oo
0
forsomed € R.

We may also choose a positive constant | satisfying

tn

—]sfH(s)dssJ

0
for all n > 1. To simplify expressions, we define
S

M
ps)= [|ai(s)|m(s)| FHE! | Ja(liw)]dv
i=1 5-14(s)
forall § = 0. By (2), we have

tn

f e‘fsth(“)d“ﬁ(s)ds <o

0
This yields

tn
f efOSH(u)duﬁ(S) < O_efoth(u)du < e]
s 0
The sequence {fot” elo H(u)duﬂ(s)ds} is bounded, so there exists a convergent subsequence.

By equation (3.4), we may assume
tn

lim efosH(“)d“B(s)ds =6

n—oo

0
for some 6 € R* and choose a positive integer w so large that
tn
f efosH(u)duB(S)dS < ﬁ
~ 4k
tw

for all n > w, where &. > 0 satisfies
48.ke’ + o0 < 1
By (1), k in (3.1) is well defined. We now consider the solution
y(t) = y(t,t, ,®) of (1.1) with ®(t,,) =38 and |H(s)| <8 for s <t,.
An argument similar to that in (3.3) shows |y(t)| < 1for t > ¢, .
We may choose & so that
tw
< 1
o(ty,) — Z f ai(ll-(s))CD(s)dS > 5 0o

=1 t,,—7;(ty)

It follows from (1.3) with y(t) = (Ty) () thatforn =t,
M tn

-y [ al@yeds

=1 ty-1y(ty)
tn

2 5 bR O _ gm0 [ oLuiag sy

tw
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tn
_ %&e— ttv’VlH(u)du s Oan(u)du f efosH(u)duﬁ(S)ds

tw
tn

—e :\::H(u)du %50 _e—f(fWH(u)du f efOSH(u)duﬁ(S)dS
tW

t?’l
tn s
S o~ H(WAu %& Ck f el HODdu g o) ¢
tw

1 tn 1
> Z&,efrw Hdu 787 >0 (3.5

On the other hand, if the zero solution of (1.1) is asymptotically stable ,then
y(@) =y(t,t,,P) > 0 as t - oo. Since t, —1;(t,) = © as n - oo and (2) holds, we have

M tn
y(ty) — Z f al-(Ii(s))y(s — T(s))ds -0 as t - o

=1ty —7;(tn)

Which contradicts (3, 5). Hence condition (3) is necessary for the asymptotic stability of the zero
solution if (1.1).
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