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Abstract
Let M be a I'-Ring with center Z(M) and S a non-empty subset of M. A mapping

F from M to M is called T'-centralizing on S if [X,F(X)],= xaF(x)-F(x)axeZ(M) for
all xeS,ael" . we show that a semi-prime T"-ring M must have a non-trivial central
ideal if it admits an endomorphism which is I"-centralizing on some non-trivial one —
sided ideal.
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1.Introduction

The purpose of introducing the concept of a
I'-ring is to generalize that of a classical ring. In
the last few decades, a number of modern
algebraists have determined a lot of fundamental
properties of I'-rings and extended numerous
significant results in classical ring theory to
gamma ring theory. Note that the notion of a I'-
ring was first introduced by N. Nobusawa[1]
and then generalized by W. E. Barnes[2]. They
obtained many important fundamental properties
of T'-rings, and also S.Kyuno[3], J.Luh[4],
G.L.Booth[5] and some other prominent
mathematicians characterized much more
significant results in the theory. let R denote a
ring with center Z, and let S be a nonempty
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subset of R. A mapping F from R to R is called
centralizing on S if [X,F(x)] €Z for all xeS ;in
the special case where [x,F(x)]=0 for all xeS,
the mapping F is described as commuting on S.
in [6] Mayne prove that if a prime ring R admits
either a nonidentity automorphism or a nonzero
derivation which is centralizing on  some
nonzero ideal U of R, then R is commutative in
this paper we will extend the results of H.E.Bell
and W.S. Martindale[7].
2.Some basic definitines
Definition 2.1[2]

Let M and I be two additive abelian groups.
If there exists a mapping(a,a ,b)—aab of M x T’
xM —M which satisfies the conditions:

and exmpel
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(@) (a + b)ac = aac + bac , a(a + B )b = acb +
apb, aa (b +¢) =aab + aac and

(b) (aab)pc = aa (bpc) for all a,b, ceM and oi
€l , then M is called a I'-ring in the sense of
Barnes|[2], or simply, a I'-ring.

Example 2.2

suppose that R is a ring with identity 1 and
Mmnn (R) is the set of all mx n matrices over R.
Then M is a T'-ring with respect to the usual
addition and multiplication of matrices if we
choose M = My, (R) and T' = My, (R) . In
particular, if we let M = My, (R) and T={("'o)(;n
is an integer} , then M is a I'-ring.

Definition 2.3[3]

An additive subgroup U of M is said to be a
left (or right ) ideal of M if MI'U =U(or ,UI'M
cU) ,whereas U is called a two — sided ideal |,
or simply , an ideal of M if U is a left as well as
aright ideal of M.

Definition 2.4[3]:If M is a T'-ring then M is
called prime if alMI'b=0 (with a,bEM) Implies
either a=0 or b=o0 Note that this concept of
prime I'-ring were introduced by J. Luh[4], and
some analogous results corresponding to the
prime rings were obtained by him as well as by
S. Kyuno[3].For abeEM and a€l, then
[a,b]=aob-boa is called the commutator of a
and b with respect to a. The set
Z(M)={aEM;aom=moa for all o€ I" and m EM}
is called the center of I'-ring M.

Definition2.5[3]

A subset S of a I'-ring M is called strongly
nilpotent if there exists a positive integer n
such that (ST")"S=(0).

Definition 2.6[3]

An ideal P of a I'-ring M is prime if for any
ideals A,.BcM,AI'BcP implies AcP or BcP.
and an ideal Q of M is semi-prime if for any
ideal U,UT'UcQ implies UcQ Also a I'-ring M
is semi-prime if the zero ideal is semi-prime
ideal. And we can prove that a semi-prime TI'-
ring contains no strongly nilpotent one sided —
ideal. (a,a ,b)—aab of M x I' xM —M which
satisfies the conditions
(a) (a + b)ac = aac + bac , a(a + B )b = aab +
apb, an (b + c) = aob + aoc (b)
(aab)Bc = aa (bpc) for all a,b, ceM and o , €’
then M is called a I'-ring in the sense of
Barnes|[2], or simply, a I'-ring.

Remark2.7[8]:T.K. Mukherjee and M.K.Sen
give equivalent definition of prime ideal ,if P is
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an ideal of T-ring M ,then the following are
equivalent

P is prime ideal of M.

if a,pEM and al'MI'bcP implies a€P or beP

Definition 2.8[9]: An additive subgroup S of a
I'-ring M is called subring if SI'ScS.

Definition 2.9[3]: let M and N be two I"-rings
let T be a map from M to N then T is called T-
ring homomorphism iff T(xay)=T(x)aT(y)
and T(x+y)=T(X)+T(y) , for all X,y EM.

In the following we will define I'-centralizing
mapping on I'-rings.

Definition 2.10: Let M be a I'-ring with center
Z(M) and S be a non-empty subset of M. A
mapping F:M—M is called I'-centralizing on S
if [X,F(X)].€Z(M) for all XES and o€l ;in the

special case where [x,F(x)],=0 ,for all xS and

a€l,the mapping F is described as I-
commuting on S.
Example2.11:Let M; be Ty-ring ,put

M=M@PM; and I'= TP I'; then M is a I"-ring.
Define a mapping dM—M by
d((x,y)=(y,x) for all xye M;, and let
S={(x,0)|x€ M }be a subset of M .

Then

[(x,0),d((x,0)]s=(x,0)a(0,x)(0,x)a(x,0)
=(xa0,00x)-(0ax,x00)=(0,0).

That is mean d is I"-centralizing on S.

3.I'-Centralizing mappings of semiprime
I'-rings:

For proving our main result, we have need
some important results which we have proved
here as lemmas. So, we start as follows:

Lemma3.1

The center of a semi-prime I'-ring M
contains no non-zero strongly nilpotent
elements.

Proof: Let aeZ(M) be a strongly nilpotent

element then there exits smallest positive integer
n such that

(al")"a=(0). Q)
Then from (1) we have

(al)™ala=(0). (2)
Since M is a I'-ring ,we get
(al)"al'al M=(0). (3)

Now from (3) and since (al')"a€M , therefore

(0)=(al)™*aI'MTI'al'(al')""%a
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=(al)"™'al MI'(al)"™a. ButMisa
semi-prime I'-ring we have from above relation ,
(0)=(al)™a

But n is smallest positive integer such that
(alI"a=(0) , then a=0.

Lemma3.2

Let M be a I'-ring then for all a,b,cEM, o,
er
(V[a,b+c]=[a,b].+[a,c].
(2)[at+b,c].=[a,b].+[a,c].
(3)[aBb,c]l=ap[b,cl.+[a,cl.+ap(cab)-an(cPb).
Proof: Obvious.

Throughout this paper ,the condition
afcab=aacpb.for all a,b,cEM and o,BEI" will

represent by (*).
Lemma3.3

Let M be a semi-prime I'-ring satisfying (*)
and let aEM such that ap[a,m],=0 (or
[a,m],Ba=0) , for all me M and a,f3 € I'. Then
ae Z(M).
Proof

For all m;EM and 8€T" , then
0=ap[a,mdém;],=ap(md[a,m,], +[a,m],dm,)

ap(md[a,my], 1)
By assumption and (*) ,we get
0=mdap[a,m;],=mPad[a,m,], . ...(2)
Now from (1) and (2), we have
[a,m]BS[a,ml][;O. .. (3)

In (3) replace m; by m;ym ,for all yEI',we have

0=[a,m]gd[a,m;ym],=[a,m]sd(msy[a,m],
+[a,my]sym) =[a,m]dmyy[a,m], .

Now forall B € I'take B =a and since Misa

semi-prime I"-ring therefore

[a,m],=0, for all me M and o€ I, thus acZ(M).

Similarly we can prove the lemma ,when

[a,m],Ba=0.

Lemma3.4

let M be a semi-prime TI'-ring ,U be a left
ideal of M and AB:MxM—M ,be two bi-
additive maps ,if A(x,y)['UI'B(x,y)=0, then
A(x,y)I'UI'B(u,v)=0, for all x,y,u,veU.

Proof: By assumption

A(x,y)I'UI'B(x,y)=(0) , for all x,yEU...(1)

In (1) replace x by x+u forall ueU we get
(0)=A(x+u,y)l'UI'B(x+u,y)

=(A(x,y)I' UT'A(u,y)I UT'(B(x,y)+ B(u,y))
Ax,y)I'UTB(wy)+A(u,y) I UT'B(x,y)=(0). (2)
Now from (2) and semi-primness of M we can
prove

o9

Iraqi Journal of Science, 2012, vol.53, No.3, pp 657-662

(AXY)I'UTB(uw,y) ) I'MI'(A(x,y)I'UT'B(u,y)
=-A(uw,y)['UI'B(x,y)TMI'A(x,y)I UI'B(u,y)

but UI'B(x,y)I'MI" A(x,y)[TUSU , (U be a left
ideal), therefore
(A(X,y)I'UT'B(u,y))I'MI'(A(x,y)'UT'B(u,y)=0.
Then
A(x,y)I'UI'B(u,y)=(0). e 3
In (3) replace y with y+v , for all veU we get
(0)=A(x,y+v)I'UI'B(u,y+v)
=(AXY)+AXV)IUT(B(u, y)+ B(u,v))
Ax,y)I'UI'B(u,v)+A(x,v)I'UT'B(u,v)=0. ...
Also we can prove that
(A(X,y)T'UT'B(u,v))I'MI'(A(x,y)I'UT'B(u,v)
AX,V)I'UIB(u,v)IMI'A(x,y) T UT'B(u,v).
From the above relation ,since U be a left ideal,
then UI'B(u,v)IMI'A(x,y)['UcU , therefore
Axy)I'UIb(u,v)IMIA(x,y)[UI'B(u,v)=0, but
M be a semi-prime T-ring then
A, y)I'UI'B(u,v)=0  ,forall x,y,u,veU.

(4)

Lemma3.5
Let M be semiprime T'-ring satisfying (*)
and let U be left ideal of M then Z(U)cZ(M).

Proof

Let aeZ(U) then for all ael’ and xEM
x0a€EU and [a,xaa]g=0 for all BEI’, then by
lemma 3.3, acZ(M).

Lemma3.6

Let U be a nonzero left ideal of the semi-
prime TI-ring M satisfying (*) if T is an
endomorphism of M which is r-
centralizing on U .Then T is '-commuting on U

Proof: By assumption [X,T(X)].€ Z(M),for all
xEU and o€I'. Polarizing the above relation we
have

X, TW1HY. T(X)].£2(M) , for all x,yeU and
a€l. ...(1)

In (1) replacing y by xPx , then we get
[x, T(xPx)]o HxBx, T) =[x, TE)BT(X)]a
XBIx, T Lo+ [X, T()]ufx
=2T(X)B[x,T(x)]+2xB[X,T(X)]E Z(M).
Now since [X,T(x)].€ Z(M) , then

[2xB[x,T(x)]0X]=0 ,for all xEU.

Therefore  2xB[x,T(x)],€ Z(U)c Z(M) (by
Lemma 3.5) ,s0 2xP[x,T(x)].E Z(M) , by
additive  subgroup of Z(M) we have
2T(x)B[x,T(x)], Therefore
0=2[T(x)B[x, T(X)]oX]a
=2[x, T)]uB[x,T(X)]a
Which means that

, for all xEU and o€l
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(2[3><,T(X)]QB)3(2[X,T(X)]U.)

=2%(2[x, T()TuB[x, T()]IBX. T)]BX. T(X)]e
=0.

Since the center of a semi-prime I'-ring contains
no nonzero strongly nilpotent elements we
conclude that

2[X,T(x)],=0 ...(2)
and hence

2, TW]a*Y, T(x)])=0 for all x,yeU and
o€l ...(3)

Now by use (1) and (2) we can proved that
[(xBy+yPx,xT(x)]oH+[xPx, T(y)Je=2yP[x, T(x)]+2X
B(x,T(¥)]oHY, T(X)])=0, for all x,yeU and
a,BET.
Therefore [xBy+yPpx,xT(x)],+H[xPx,T(Y)], =0 ,
for all x,y€U and a,BET. ...(4)
Now in (4) let T(x)=z and take y=zdxpx , for
all o,u€l ,then
[xBzdxpx+zoxuxPx,z] [ xPx, T(z0xux)],
=[ xPzoxux,z]+[ zoxuxpx,z], +[xpx,T(z)dzuz],
= xPzd[xpx,z] o H[xPZ,z] OXUX+ZOXUXP[X,Z] o
+[zOx X, Z] . fx +[xpx,T(z)dzpz],
= XBZO(Xp[X, 2] X, Z1utx) +( xBlz2l+[X,Z]B2)
Oxpux + zOXUXP[X,z]H(ZOxXU[X,Z] 20X, Z] X)X
+[xBx,T(z)dzpz],
=xPzd(2 xu[x,z],) +2[X,z](fzOXpux+z0xU[X,Z] X
+z8[x,Z] uxPx+[xPx,T(z)dzpz],
=2[X,z]fzdxpux+[xpx,T(z)dzpz],
=[xpx,T(z)dzpz],.

Therefore
0=[xpx,T(z)dzuz],
=T(z)d[xPx, znz]HxPx,T(2)],0zpz
= T(@)3(XBIX,Zubi2))+ [xBX,T(2)] D20z
[xBx,T(z)],0zuz=0 ...(5)
On the other hand taking in (4)
for all 8€T’, we have
[xPzox+2z0xPx,X,z]+H[XPx,T(20X)],
=[xPzdx+zdxPx,X,z] H[XPx,T(2)0z],
=[x0zPx+zdxPx,X,z] H[XPx,T(2)0z],
=[(x6z+26x)Px,x,z],+T(2)d[xPx,Z) ]«
+[xPx,T(z)].0z
=[([X,2]5+220X)Bx,z]H[xPX,T(2)].02
=[[X,2]sPx,z]o+2[20xPx,z], H[XPx,T(2)]02
:[X’Z]SB[XaZ]a+[[X’Z]SaZ]aBX+[XBXaT(Z)]aSZ-
0=[x,Z]sp[x,z]. T[xPx,T(2)].0z € Z(M). ...(6)
But [x,z]sB[x,z]« € Z(M) , therefore from (6)
[xBx,T(z)],0z € Z(M).

Now from (5)
0=[xBx,T(z)].0zpnz=zn[xPx,T(z)],0z
0=[xPx,T(2)].0zu[xPx,T(2)]0z
but the center of a semi-prime I'-ring contains
no nonzero strongly nilpotent elements we
conclude that. [xBx,T(z)],6z=0 . Therefore from

y=70X

T
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(6)we have [x,2]sB[x,z],=0,for all
o€l thus[x,z],p[x,2],=0,therefore

[x.2]. =[x, T(x)]s=0 .

4.Main result
Theorem_4.1:

Let M be a semi-prime T'-ring satisfying (*)
and U be a non zero left ideal of M, suppose that
M admits an endomorphism T which is one-to-
one on U, T'-centralizing on U and not the
identity on U ,if T(U)SU.Then M contains a

non zero central ideal.

Proof:

Let x' be the image of element x under the
mapping T.
Now, by Lemma 3.6, we have
[x,x'],=0, forall XU , a€r.
Polarizing the above relation we have
X,y 1.=[x".y]. for all x,yeU , a€T.
Substituting
then get
(x-x"HB[x",yl,=0 ,for all x,yeU B,a€l’. ...(2)

Replacing y by uyy in (2) for all u€ U and yED

..(D)
xPy for y and applying (1) , we

yields
(x-x"BUY[X"y],=(0)
therefore  (x-x")I'UI'[x",y].=(0)

now by Lemma3.4 then

(x-xHI'UI[z",y],=(0) , for all x,y,z€U. ... (3)
Let P={ P; | P; is prime ideal with NP;=(0) ;
i€l}, therefore from (3) ,we get
(x-xNIMI'UTI[Z"y].C P;.

Therefore by Remark2.6 either

(@) (x-x")cP; or (b) UT'[z"y]cP;.

Call a prime ideal in P a type —one prime if it
satisfies (a); call all other members of P type-
two primes . Now let P;=nNP; (type —one prime)
and P,=nP; (type-two prime). It is clear that
P;NP,=(0). Now from (a) and (b) and since T(U)
cU then for all x in U we have x'e Uand x-
x'eU. From (a) and (b) we get U'T[(x-x"),y"]c
P,NP,=(0) , therefore (UT[x-x",y],)'=0 , but T
is one to one on U then

UI[x-x",y],=0 (%)
From (4) we have UI[x,y],-UI[x".y],=0 € P;
but UI[x',y],<P; (type-two prime) ,therefore
UT'[x,y], ©P; (type-two prime). ..(5)
Now returning to (1) and replacing x by xfy
forall x,y €U and BEI we get

[xByy 1=[(xBY) " Y1=[x "By Y]

XBLY,Y Tot Xy Tuy=x"BIY" Y1+ X" 1By’

[y TBy=[x"yl.By"=[x"yl.y" (from (1))
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Therefore
[x".ylB(y-y")=0 ,
now since T(U)EU , then in above relation
replace y by y' ,we have [x"y'l.f(y'y'")=0
Jbut T is one to one on U therefore
[x,y1.B(y- yN=0, replace x by xyu , for all ueU
and yE€I" , thus
0=[xyu,y]uB(y-y D=(xy[U,ylot [X,Ylayw)B(y-y')
= [x,ylayuB(y-y").
Therefore [x,y].LUI'(y- y')=(0). Now by
Lemma 3.4, then [x,y].[UT'(z- z')=(0) , for all
X,y, zeU. By definition of P then either
[xYl.£Pi or UI'(zz')cP;.ButT(U)c U ,
forall z; € U, then z;-z;'€ U, therefore
[X.Y1aI (z1-21) (2222 ")=(0),
for all x,y, z;, z,€ U. (6)
Define V be the left ideal generated by all
elements of form up(v-v') for uv € U and BE
I'. We will show that V is commutative as I'-
ring ,it will suffice to show that
[UsB(va-vi ),z ¥(v2v2")]a=0 for all us,Us,vi,vo€
U and B,yel’ ..(7
We note that
[uTl)[]i(Vl'VlT),UzY(Vz'VzT)]azUlB[(Vl'VlT)auY(Vz'
\'/) [
+ Uz, Uzy(v2-V2 ) ]aB(vi-V1')
=usB[vi-Vi ' Uz Yvala-Us
+Uzy [u1,V2V, 1,
+E)U11UZ]aY(V2'V2T)B(Vl'VlT)
according to (4) and (6), V is commutative ideal
so by Lemma 3.5, V is central left ideal of M .
Now if V =(0) then up(v-v")=0 , for all u,ve
U and BE I, there for
UI'(y-y")=0 forall ye U. ..(8)
Suppose that F={u€ U | u'=u}, then from (1)
and (8) we can prove that xBy+yPx € F for all x,
yeU, BET.
Since UI'(y-y")=0, UI'(x-x")=0 and x,x',y,y'€
U, then

xBy=xBy" ...(a)

yBx=yBx"...(b)
but from (1) , we have  [xy'l=[x"y]s ,
therefore from (a) and (b), we get
xBy+yPx=x" By +y"Bx'=(xBy+ypx)".
Therefore

Blv1 'V1T , UzYVzT] o

B(Vl'VlT)

xBy+ypx € F. ...(9)
Now from (1) if Xe F then
Xy =X Yle= XY for all ye U,€el

therefore [x,y-y'],=0 and (y-y"ox=xa(y-y") ,
but by (8) then

ARy
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(y-yNox=0,for all xEF ,yE U anda€T. ... (10)
Now from (9) then

(y-yHa(xBz+ypz)=0 for all x,y,zE U ...(11)
therefore (y-yHoxpz+(y-y oypz=0.

Then

2(y-y)I'Uru=(0). .(12)

But U be a left ideal then 2(y-y"I'UTMI'U=(0)
and 2(y-y)l'UcU then

(2(y-yHTU)IMI'2(y-y)I'U)=(0) ,but M is a

semi-prime I'-ring then

2(y-y)I'U=(0) for all y€ U. ...(13)

Since TU)cU then y-y'e U forall yeu

,now from (8), we get

(y-yHB(y-y")=0 for all BT, ...(14)

Therefore y "By =(y-(y-yMBy-(y-y"))
y'By" =yBy (according to

(8),(a)and (14)).

then yByeEF forallye U and BET.

In (11) replace x by xyx and z by mdx ,for
all y,0€ I' and me M ,we get

0=(y-y Yau(xyx)Bmdx+(y-y Jamdxpxyx

But if x€ U then xyx € F therefore from (10)
we have

(y-y"a(xyx)Bmdx=0
So that

(y-yI'MI'(xI')*x=0 , for all x,y €U ...(15)
Now from definition of P then either (@)
(y-y) e P, forallyeU or (b)
(xI)’x€ P;  for all xe U.

We say P; is of type three if satisfy (a)

We say P; is of type four if satisfy (b’)

and P,=NP; (P;is type four)

therefore PsN P,=(0)

Since T is not identity on U then there exists ye

U such that y-y'+0

let 0+U=UNP; thatUis leftideal .

For each xe U then xe U there for

(xI)*Xc P4 but P,N P;NU=(0) then

For all x€U' then (xI")*x=0 therefore(U I')*0U=(0)
,but M has no such left ideal by Definition2.5
thenV= 0.
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