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Abstract 

     Let M be a -Ring with center Z(M) and S a non-empty subset of M. A mapping 

F from M to M is called -centralizing on S if [x,F(x)]α= xαF(x)-F(x)αxZ(M) for 

all xS,α . we show that a semi-prime Γ-ring M must have a non-trivial central 

ideal if it admits an endomorphism which is Γ-centralizing on some non-trivial one –

sided ideal. 
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 Γ-لحمقات شبه الاولية من النمطاعمى  Γ-التطبيقات المركزية من النمط 

 مير كاظم مطشرس ,الرحمن حميد مجيدعبد
 العراق -بغداد. بــــغــــدادجـــامـــعــــة ,كــــمــــيــــة الـــعـــمــوم، قــســـم الــريــاضــيــات 

 
 الخلاصة

 إلى Mمن  F.الدالة  Mمن  خالية مجموعة غير Sو  Z(M)ذات مركز  Γ-حمقة من النمط Mلتكن      
M تدعى تمركز من النمط-Γ  اذا كان [x,F(x)]α= xαF(x)-F(x)αxZ(M) لكلxS,α  .  سنبين

تشاكل تقابمي  Fكانت  اذايجب ان تحتوي مثالي مركزي غير صفري  Mشبه الأولية  Γ -أن الحمقة من النمط
 عمى مثالي )ايمن او ايسر( غير صفري. Γ-كز من النمطمتمر 

من  ،حمقات شبه اولية Γ-من النمطاولية  حمقات كاما،المشتقات، تمركزات كاما،حمقاتالكممات المفتاحية: 
 .Γ-النمط

 
1.Introduction 
     The purpose of introducing the concept of a 

Γ-ring is to generalize that of a classical ring. In 

the last few decades, a number of modern 

algebraists have determined a lot of fundamental 

properties of Γ-rings and extended numerous 

significant results in classical ring theory to 

gamma ring theory. Note that the notion of a Γ-

ring was first introduced by N. Nobusawa[1] 

and then generalized by W. E. Barnes[2]. They 

obtained many important fundamental properties 

of Γ-rings, and also S.Kyuno[3], J.Luh[4],  

G.L.Booth[5] and some other prominent 

mathematicians characterized much more 

significant results in the theory. let R denote a 

ring with center Z, and let S be a nonempty   

 

subset of R. A mapping F from R to R is called 

centralizing on S if [x,F(x)] Z for all xS ;in 

the special case where [x,F(x)]=0 for all xS, 

the mapping F is described as commuting on S. 

in [6] Mayne prove that if a prime ring R admits 

either  a nonidentity automorphism or a nonzero 

derivation which is centralizing on  some 

nonzero ideal U of  R , then R is commutative in 

this paper we will extend the results of H.E.Bell 

and W.S. Martindale[7]. 

2.Some basic definitines  and  exmpel                                                  
Definition 2.1[2] 
    Let M and Г be two additive abelian groups. 

If there exists a mapping(a,α ,b)→aαb of  M × Γ 

×M →M which satisfies the conditions: 
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(a) (a + b)αc = aαc + bαc , a(α + β )b = aαb + 

aβb , aα (b + c) = aαb + aαc and 

(b) (aαb)βc = aα (bβc) for all a,b, c∈M and α ,β 
∈Γ , then M is called a Г-ring in the sense of 
Barnes[2], or simply, a Γ-ring.       

Example 2.2 

     suppose that R is a ring with identity 1 and 

Mm,n (R) is the set of all m× n matrices over R. 

Then M is a Γ-ring with respect to the usual 

addition and multiplication  of  matrices if we 

choose M = Mm,n (R) and Г = Mn,m (R) . In 

particular, if we let M = M1,2 (R) and Г={(
n.1

0));n 

is an integer} , then M is a Γ-ring. 

Definition 2.3[3] 
     An additive subgroup U of M is said to be a 
left (or right ) ideal of M if MГU U(or ,UГM 

U) ,whereas U is called a two – sided ideal  , 
or simply , an ideal of M if U is a left  as well as 
a right ideal of  M.    

Definition 2.4[3]:If M is a Г-ring then M is 

called prime if aГMГb=0 (with a,b M) Implies 

either a=0 or b=o Note that this concept of 

prime Г-ring were introduced by J. Luh[4], and 

some analogous results corresponding to the 

prime rings were obtained by him as well as by      

S. Kyuno[3].For a,b M and α Г, then 

[a,b]α=aαb-bαa is called the commutator of a 

and b with respect to α. The set   

Z(M)={a M;aαm=mαa for all α  Г and m M} 

is called the center of Г-ring M. 

Definition2.5[3]  
     A subset S of a Г-ring M is called strongly 

nilpotent if there exists a positive integer  n  

such that (SГ)
n
S=(0). 

Definition 2.6[3] 

     An ideal P of a Г-ring M is prime if for any 

ideals A,B M,AГB P implies A P or B P. 

and an ideal Q of M is semi-prime if for any 

ideal U,UГU Q implies U Q Also a Г-ring M 

is semi-prime if the zero ideal is semi-prime 

ideal. And we can prove that a semi-prime  Г-

ring contains no strongly nilpotent one sided –

ideal. (a,α ,b)→aαb of  M × Γ ×M →M which 

satisfies the conditions 
(a) (a + b)αc = aαc + bαc , a(α + β )b = aαb + 
aβb , aα (b + c) = aαb + aαc                    (b) 
(aαb)βc = aα (bβc) for all a,b, c∈M and α ,β ∈Γ 
then M is called a Г-ring in the sense of 
Barnes[2], or simply, a Γ-ring.       

Remark2.7[8]:T.K. Mukherjee and M.K.Sen 

give  equivalent definition of prime ideal ,if P is 

an ideal of  Г-ring M ,then the following are 

equivalent 

(i) P is prime ideal of M.  

if a,b M and aГMГb P implies a P or b P  

Definition 2.8[9]: An additive subgroup S of a 

Г-ring  M is called subring if SГS S. 

Definition 2.9[3]: let M and N be two Г-rings 

let T be a map from M to N then T is called Г-

ring homomorphism  iff  T(xαy)=T(x)αT(y)   

and T(x+y)=T(x)+T(y) , for all x,y M. 

In the following we will  define Γ-centralizing 

mapping on Γ-rings. 

Definition 2.10: Let M be a Г-ring with center 

Z(M) and S be a non-empty subset of M.  A 

mapping F:M→M is called Г-centralizing on S 

if [x,F(x)]α Z(M) for all x S and α Г ;in the 

special case where [x,F(x)]α=0 ,for all x S and 

α Г,the mapping F is described as    Γ-

commuting on S. 

Example2.11:Let M1 be Γ1-ring ,put 

M=M1 M1 and Γ= Γ1  Γ1 then M is a Γ-ring. 

Define   a  mapping    d:M M   by 

d((x,y))=(y,x) for all x,y  M1, and let   

S={(x,0)|x  M1}be a subset of M . 

Then                  

[(x,0),d((x,0)]α=(x,0)α(0,x)(0,x)α(x,0)           

=(xα0,0αx)-(0αx,xα0)=(0,0). 

That is mean d is Γ-centralizing on S. 

3.-Centralizing mappings of semiprime 

-rings: 
     For proving our main result, we have need 

some important results which we have proved 

here as lemmas. So,  we start as follows: 

Lemma3.1 

     The center of a semi-prime       Г-ring M 

contains no non-zero strongly nilpotent 

elements. 

Proof: Let a Z(M) be a strongly nilpotent 

element then there exits smallest positive integer  

n  such that     

(aΓ)
n
a=(0).                                   …              (1)      

Then from (1) we have  

  (aΓ)
n-1

aΓa=(0).                           …              (2)  

Since M is a Γ-ring ,we get   

(aΓ)
n-1

aΓaΓM=(0).                       …              (3) 

Now from (3) and since (aΓ)
n-2

a M , therefore  

 (0)=(aΓ)
n-1

aΓMΓaΓ(aΓ)
n-2

a                                                                                                   
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 =(aΓ)
n-1

aΓMΓ(aΓ)
n-1

a.                        But M is a 

semi-prime Γ-ring we have from above relation , 

(0)= (aΓ)
n-1

a 

But n is smallest positive integer such that  

(aΓ)
n
a=(0) ,  then  a=0. 

Lemma3.2 

     Let  M be a Г-ring then for all a,b,c M, α,β 

 Г        

(1)[a,b+c]α=[a,b]α+[a,c]α 

(2)[a+b,c]α=[a,b]α+[a,c]α 

(3)[aβb,c]α=aβ[b,c]α+[a,c]α+aβ(cαb)-aα(cβb). 

Proof: Obvious. 

 

Throughout this paper ,the condition 

aβcαb=aαcβb,for all a,b,c M and α,β Г will 

represent by (*). 

Lemma3.3 

     Let M be a semi-prime Γ-ring satisfying (*) 

and let a M such that aβ[a,m]α=0 (or 

[a,m]αβa=0) , for all m  M and  Γ. Then 

a  Z(M). 

Proof 

     For all m1 M and δ Γ , then  

0=aβ[a,mδm1]α=aβ(mδ[a,m1]α  +[a,m]αδm1)                                                                                                                                         

aβ(mδ[a,m1]α                                            (1) 

By assumption and (*) ,we get               

0=mδaβ[a,m1]α=mβaδ[a,m1]α .                  …(2) 

Now  from (1) and (2), we have  

[a,m]βδ[a,m1]α=0.                                      …(3) 

In (3)  replace  m1  by m1γm ,for all γ Γ,we have  

0=[a,m]βδ[a,m1γm]α=[a,m]βδ(m1γ[a,m]α 

     +[a,m1]αγm) =[a,m]βδm1γ[a,m]α .                 

Now for all  take   α   and  since M is a 

semi-prime Γ-ring therefore 

[a,m]α=0 , for all m  M and α  Γ, thus  a Z(M). 

Similarly we can prove the lemma ,when  

[a,m]αβa=0. 

Lemma3.4  
     let M be a semi-prime  Г-ring ,U be a left 

ideal of M  and A,B:M M→M ,be two bi-

additive maps ,if A(x,y)ГUГB(x,y)=0, then 

A(x,y)ГUГB(u,v)=0 , for all x,y,u,v U. 

Proof: By assumption 

 A(x,y)ГUГB(x,y)=(0) ,  for all x,y U…(1) 

In (1)  replace  x  by  x+u   for all  u U  we get 

 (0)=A(x+u,y)ГUГB(x+u,y) 

 =(A(x,y)ГUГA(u,y))ΓUΓ(B(x,y)+ B(u,y)) 

A(x,y)ГUГB(u,y)+A(u,y)ГUГB(x,y)=(0).     (2) 

Now from (2) and semi-primness  of  M  we can 

prove 

(A(x,y)ГUГB(u,y))ΓMΓ(A(x,y)ГUГB(u,y) 

=-A(u,y)ГUГB(x,y)ΓMΓA(x,y)ГUГB(u,y) 

but  UГB(x,y)ΓMΓ A(x,y)ГU U , (U be a left 

ideal), therefore 

(A(x,y)ГUГB(u,y))ΓMΓ(A(x,y)ГUГB(u,y)=0.  

Then  

A(x,y)ГUГB(u,y)=(0).                        …         (3) 

In (3) replace  y  with  y+v , for all v U we get 

(0)=A(x,y+v)ГUГB(u,y+v)  

=(A(x,y)+A(x,v))ΓUΓ(B(u, y)+ B(u,v)) 

A(x,y)ГUГB(u,v)+A(x,v)ГUГB(u,v)=0. …    (4) 

Also we can prove that 

(A(x,y)ГUГB(u,v))ГMГ(A(x,y)ГUГB(u,v) =-

A(x,v)ГUГB(u,v)ГMГA(x,y)ГUГB(u,v). 

From the above relation ,since U be a left ideal, 

then UГB(u,v)ГMГA(x,y)ГU U , therefore 

A(x,y)ГUГb(u,v)ГMГA(x,y)ГUГB(u,v)=0, but 

M be a semi-prime Γ-ring  then  

A(x,y)ГUГB(u,v)=0 ,for all   x,y,u,v U. 

Lemma3.5 
     Let M be semiprime  Г-ring satisfying (*)  

and let U be left ideal of M then Z(U) Z(M).  

Proof 

     Let  a Z(U)  then for all α Г  and x M 

,xαa U and [a,xαa]β=0 for all β Γ, then by 

lemma 3.3 ,  a Z(M). 

Lemma3.6 

     Let U be a nonzero left  ideal of the  semi-

prime  Г-ring  M  satisfying (*)  if T is an 

endomorphism of  M  which is        Г- 

centralizing on U .Then T is Γ-commuting on U  

Proof: By assumption [x,T(x)]α  Z(M),for all 

x U and α Γ. Polarizing the above relation we 

have 

[x,T(y)]α+[y,T(x)]α Z(M) , for all x,y U and 

α Γ. …(1) 

In (1) replacing   y  by  xβx  , then we get 

[x,T(xβx)]α+[xβx,T(x)]α=[x,T(x)βT(x)]α 

+xβ[x,T(x)]α+[x,T(x)]αβx 

=2T(x)β[x,T(x)]α+2xβ[x,T(x)]α  Z(M). 

Now since [x,T(x)]α  Z(M) , then 

 [2xβ[x,T(x)]α,x]α=0 ,for all x U.    

  Therefore   2xβ[x,T(x)]α  Z(U)  Z(M)  (by 

Lemma 3.5) ,so 2xβ[x,T(x)]α  Z(M) , by 

additive subgroup of  Z(M) we have 

2T(x)β[x,T(x)]α Therefore  

0=2[T(x)β[x,T(x)]α,x]α                                                                      

=2[x,T(x)]αβ[x,T(x)]α  , for all x U and α Γ. 

Which means that 
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(2[x,T(x)]αβ)
3
(2[x,T(x)]α) 

=2
3
(2[x,T(x)]αβ[x,T(x)]α)β[x,T(x)]αβ[x,T(x)]α 

=0. 

Since the center of a semi-prime Γ-ring contains 

no nonzero strongly nilpotent elements we 

conclude that 

2[x,T(x)]α=0                                            …(2) 

and hence  

2([x,T(y)]α+[y,T(x)]α)=0     for all x,y U  and 

α Г.                                                         …(3) 

Now by use (1) and (2) we can proved that 

[xβy+yβx,xT(x)]α+[xβx,T(y)]α=2yβ[x,T(x)]α+2x

β([x,T(y)]α+[y,T(x)]α)=0, for all x,y U  and 

α,β Г. 

Therefore [xβy+yβx,xT(x)]α+[xβx,T(y)]α =0 ,                                                      

for all x,y U  and α,β Г.                        …(4) 

Now in (4) let T(x)=z  and  take  y=zδxμx , for 

all δ,μ Г ,then 

[xβzδxμx+zδxμxβx,z]α+[xβx,T(zδxμx)]α                                                                                                     

=[ xβzδxμx,z]α+[ zδxμxβx,z]α +[xβx,T(z)δzμz]α                                                                                  

= xβzδ[xμx,z]α+[xβz,z]αδxμx+zδxμxβ[x,z]α                                                                                                 

+[zδxμx,z]αβx +[xβx,T(z)δzμz]α                                                                                                                                      

= xβzδ(xμ[x,z]α+[x,z]αμx) +( xβ[z,z]α+[x,z]αβz) 

δxμx + zδxμxβ[x,z]α+(zδxμ[x,z]α+[zδx,z]αμx)βx                                                                   

+[xβx,T(z)δzμz]α                                                                                                                                                  

= xβzδ(2 xμ[x,z]α) +2[x,z]αβzδxμx+zδxμ[x,z]αβx                                                                  

+zδ[x,z]αμxβx+[xβx,T(z)δzμz]α  

=2[x,z]αβzδxμx+[xβx,T(z)δzμz]α 

=[xβx,T(z)δzμz]α. 

  Therefore  

0=[xβx,T(z)δzμz]α                                                                                                                              

=T(z)δ[xβx, zμz]α+[xβx,T(z)]αδzμz                                                                                                  

= T(z)δ(xβ(2[x,z]αμz))+ [xβx,T(z)]αδzμz 

 [xβx,T(z)]αδzμz=0                                …(5)  

On the other hand taking  y=zδx  in (4)                                                                                                                      

for all δ Г, we have  

[xβzδx+zδxβx,x,z]α+[xβx,T(zδx)]α                                  

=[xβzδx+zδxβx,x,z]α+[xβx,T(z)δz]α                                                                                                            

=[xδzβx+zδxβx,x,z]α+[xβx,T(z)δz]α                                                                  

=[(xδz+zδx)βx,x,z]α+T(z)δ[xβx,z)]α 

+[xβx,T(z)]αδz                                                                                                               

=[([x,z]δ+2zδx)βx,z]α+[xβx,T(z)]αδz                                       

=[[x,z]δβx,z]α+2[zδxβx,z]α+[xβx,T(z)]αδz                                                                                          

=[x,z]δβ[x,z]α+[[x,z]δ,z]αβx+[xβx,T(z)]αδz.  

0=[x,z]δβ[x,z]α +[xβx,T(z)]αδz  Z(M). …(6) 

But  [x,z]δβ[x,z]α  Z(M) , therefore from (6)                                                                       

[xβx,T(z)]αδz  Z(M).                                    

Now from (5) 

0=[xβx,T(z)]αδzμz=zμ[xβx,T(z)]αδz                              

0=[xβx,T(z)]αδzμ[xβx,T(z)]αδz                                                                                                    

but the center of a semi-prime Γ-ring contains 

no nonzero strongly nilpotent elements we 

conclude that. [xβx,T(z)]αδz=0 . Therefore  from 

(6)we have [x,z]δβ[x,z]α=0,for all 

δ Г,thus[x,z]αβ[x,z]α=0,therefore                

[x,z]α =[x,T(x)]α=0 .   

4.Main result 
Theorem 4.1: 

     Let M be a semi-prime  Г-ring satisfying (*) 

and U be a non zero left ideal of M, suppose that 

M admits an endomorphism T which is one-to-

one on U, Γ-centralizing on U and not the 

identity on U ,if T(U) U.Then M contains a 

non zero central ideal. 

Proof: 
     Let x

T 
 be the image of element x under the 

mapping T. 

Now, by Lemma 3.6 ,  we have 

[x,x
T
]α=0,    for all x U , α Г. 

Polarizing the above relation we have 

 [x,y
T
]α=[x

T
,y]α for all x,y U , α Г.        …(1) 

Substituting   xβy  for y and applying (1) , we 

then get 

(x-x
T
)β[x

T
,y]α= 0  ,for all x,y U β,α Г.  …(2) 

Replacing y by uγy in (2) for all u  U and γ Г 

yields         

(x-x
T
)βUγ[x

T
,y]α=(0)  

therefore     (x-x
T
)ГUГ[x

T
,y]α=(0) 

now by Lemma3.4  then 

(x-x
T
)ГUГ[z

T
,y]α=(0) , for all x,y,z U. …  (3) 

Let P={ Pi   | Pi  is prime ideal with  ∩Pi=(0) ; 

i I}, therefore from (3) ,we get 

(x-x
T
)ГMГUГ[z

T
,y]α  Pi. 

 Therefore  by Remark2.6 either                

 (a)  (x-x
T
) Pi   or  (b) UГ[z

T
,y] Pi . 

Call  a prime ideal in P a type –one prime if it 

satisfies (a); call all other members of  P type-

two primes . Now let  P1= Pi (type –one prime)  

and  P2= Pi (type-two prime). It is clear that  

P1∩P2=(0). Now from (a) and (b) and since T(U) 

U then for all x in U we have    x
T

 U and   x-

x
T

U. From (a) and (b) we get U
T
Г[(x-x

T
),y

T
]  

P1∩P2=(0) , therefore (UГ[x-x
T
,y]α)

T
=0 , but  T 

is one to one  on  U then 

UГ[x-x
T
,y]α=0                                        …(4) 

From (4) we have UГ[x,y]α-UГ[x
T
,y]α=0  Pi   

but   UГ[x
T
,y]α Pi (type-two prime) ,therefore 

UГ[x,y]α Pi (type-two prime).             …(5) 

Now returning to (1) and replacing  x by xβy  

for all x,y U    and  β Г we get  

[xβy,y
T
]α=[(xβy)

T
,y]α=[x

T
βy

T
,y]α                                                                                                         

xβ[y,y
T
]α+[x,y

T
]αβy=x

T
β[y

T
,y]α+[ x

T
,y]αβy

T
  

[x,y
T
]αβy=[x

T
,y]αβy

T
=[x

T
,y]αβy

T
  (from (1))  
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Therefore 

 [x
T
,y]αβ(y-y

T
)=0 ,                                                 

now since  T(U) U , then in above relation 

replace y by  y
T
 ,we have   [x

T
,y

T
]αβ(y

T
y

TT
)=0 

,but T is one to one on U therefore            

[x,y]αβ(y- y
T
)=0, replace x by xγu , for all  u U 

and γ Г , thus  

0=[xγu,y]αβ(y-y
T
)=(xγ[u,y]α+[x,y]αγu)β(y-y

T
)                                                                                                                                                     

= [x,y]αγuβ(y- y
T
). 

Therefore [x,y]αΓUΓ(y- y
T
)=(0). Now by 

Lemma 3.4, then [x,y]αΓUΓ(z- z
T
)=(0)   , for all 

x,y, z U. By definition of P then     either   

[x,y]α  Pi    or   UГ(z-z
T
) Pi . But T(U)  U  ,  

for all z1  U , then  z1-z1
T

 U, therefore 

[x,y]αГ(z1-z1
T
)Г(z2-z2

T
)=(0), 

for all x,y, z1, z2  U.                                     (6) 

Define V be  the left ideal generated by all 

elements of form  uβ(v-v
T
) for u,v  U  and  β  

Г. We will show that V is commutative  as Г-

ring ,it will suffice to show that 

[u1β(v1-v1
T
),u2 γ(v2-v2

T
)]α=0 ,for all u1,u2,v1,v2  

U and β,γ Γ                                              …(7) 

We  note that 

 [u1β(v1-v1
T
),u2γ(v2-v2

T
)]α=u1β[(v1-v1

T
),uγ(v2-

v2
T
)]α                                                                                                                       

+[u1,u2γ(v2-v2
T
)]αβ(v1-v1

T
)                                                                                                                                

=u1β[v1-v1
T
,u2 γv2]α-u1 β[v1-v1

T
,u2γv2

T
]α        

+u2γ [u1,v2-v2
T
]α β(v1-v1

T
)                                                                        

+[u1,u2]αγ(v2-v2
T
)β(v1-v1

T
)                                     

=0 

according to (4) and (6), V is commutative ideal  

so by Lemma 3.5 ,  V is central left ideal of M . 

Now if  V =(0) then     uβ(v-v
T
)=0  , for all u,v  

U and β  Г , there for 

UГ(y-y
T
)=0   ,for all y  U.                       …(8) 

Suppose that   F={u  U | u
T
=u}, then from (1) 

and (8) we can prove that xβy+yβx  F for all x, 

y U, β  Г.  

Since UГ(y-y
T
)=0 , UГ(x-x

T
)=0  and   x,x

T
,y,y

T
 

U , then 

  xβy=xβy
T
 …(a) 

  yβx=yβx
T
…(b) 

but from (1)  , we have   [x,y
T
]β=[x

T
,y]β , 

therefore from (a) and (b), we get 

xβy+yβx=x
T
 βy

T
+y

T
βx

T
=(xβy+yβx)

T
.  

Therefore  

xβy+yβx  F.                                          …(9) 

Now from (1) if  x  F  then 

[x,y
T
]α=[x

T
,y]α=[x,y]α   for all y  U,α Г 

therefore [x,y-y
T
]α=0 and (y-y

T
)αx=xα(y-y

T
)  , 

but by (8) then 

(y-y
T
)αx=0,for all  x F , y  U  and α  Г.    …  (10) 

 Now from (9)  then  

 (y-y
T
)α(xβz+yβz)=0 for all x,y,z  U      …(11)   

 therefore        (y-y
T
)αxβz+(y-y

T
)αyβz=0. 

Then                                 

2(y-y)ГUГU=(0).                                      …(12) 

 But U be a left ideal then 2(y-y
T
)ГUГMГU=(0)   

and  2(y-y)ГU U then 

(2(y-y
T
)ГU)ГMГ(2(y-y

T
)ГU)=(0)   ,but M is a 

semi-prime  Г-ring then 

2(y-y)ГU=(0) for all y  U.                  …(13) 

Since T(U) U      then    y-y
T

 U    for all y U 

,now from (8), we get 

(y-y
T
)β(y-y

T
)=0     for all β Г.             …(14)  

Therefore           y
T
βy

T
=(y-(y-y

T
))β(y-(y-y

T
)) 

                           y
T
βy

T
 =yβy          (according to 

(8),(a)and  (14) ). 

then         yβy F   for all y  U  and β  Г. 

In  (11) replace  x  by  xγx  and  z  by  mδx   ,for 

all γ,δ  Г and  m  M  ,we get                 

0=(y-y
T
)α(xγx)βmδx+(y-y

T
)αmδxβxγx 

But if x  U then xγx  F therefore  from (10) 

we have 

  (y-y
T
)α(xγx)βmδx=0 

So that 

(y-y
T
)ГMГ(xГ)

2
x=0 , for all x,y U          …(15)     

Now from definition of P then either             (a
׳
)  

(y-y
T
)  Pi    for all y U    or                  (b׳)     

(xГ)
2
x  Pi        for all x  U. 

We say Pi is of type three if satisfy (a
׳
)        

We say Pi is of type four if satisfy (b׳)     

and               P4=∩Pi    (Pi is type four ) 

therefore         P3∩ P4=(0) 

Since T is not identity on U then there exists y  

U such that  y-y
T

0 

 let      0 Ữ=U∩ P3    that Ữ is left ideal . 

For each  x  Ữ    then x  U there for  

(xГ)
2
x⊂ P4          but  P4∩ P3∩U=(0)    then  

For all x Ữ,then (xГ)
2
x=0 therefore(Ữ Г)

2
Ữ=(0) 

,but M has no such  left ideal by Definition2.5 

,then V  . 
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