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Abstract 

     The single orbit 1f7/2 has been adopted as a model space. The use of modern 

realistic M3Y effective nucleon- nucleon interaction with two sets of fitting 

parameters (Ried fitting (M3Y-P1), and Paris fitting (M3Y-P0)) beside the use of 

MSDI has been done as a residual interactions within the calculation of core 

polarization effects  in Inelastic longitudinal electron scattering C6 form factor in Ti-

50 within the framework of first order perturbation theory (microscopic theory) with 

2ћω excitation energy coupling the core orbits to the higher configurations one 

across the model space at normal transition. Harmonic oscillator wave functions 

(H.O) has been adopted as a single particle wave functions in 1f7/2 and with the aid 

of F7MBZ model space 1f7/2 effective interaction to generate the model space wave 

functions. The present results have been compared with the experimental data.  

PACS:-21.60 Cs; 23.20-g;24.10 Cu;25.30 Dh;27.40-Z. 

Keywords:Ti-50, Inelastic electron scattering  C6 form factor calculated with core 

polarization , M3Y as a residual interaction. 

 

 Ti-50لنواة C6ستطاره الالكترونيو الطوليو غير المرنو متعدده الاقطاب للاعوامل التشكل 
 ) أعتبارات تفاعل البقيو( 

 

 ألاء عبد الصاحب قاسم ,فراس زىير مجيد, ناديو محمد أديب 
 العراق-قسم الفيزياء، كمية العموم، جامعة بغداد. بغداد

 
 الخلاصو

أسممتادام التفاعممو الممواقعث المممالر بمميو ال يوكميممو يو مممو كأأموذج ف اءأأ     2/7F1 أعتممماد المممدار الم فممردتممم      
 daiRو ا امممرن ممممو  مممو    siraPو بواقمممج مجمممموعتيو ممممو عواممممو ال مممب  ا ولممم  ممممو  مممو   Y3Mالفصممميم  

، كتفماعت  بييم  ممو امتو اسمابا  تم ليرا  أسمتي ا  اليمم   MDSMبا  اف  ال  أسمتادام التفاعمو الم مب  
فمث  Ti-50   فمث  موا   6Cمميم  الاسما  الكممث لتسمت ارل ا لكترو يم  ليمر المر م  و المتعمددل ا ق ما  فمث ع

و التمث تمرب  ألمفم  اليمم   2ћω     را  ذي المرتب  ا ول  و ب اقم  تيميم ميمدار ا  ا  ار العام ل ظري  ا 
اد دواو المتذبمذ  التموافيث كدالم  لمجسميم الاامو مج التشكيت  العميما عبمر الف ماء ا  مموذجث . كمما و تمم أعتمم

و ذلم  لتوليمد المدواو  1f7/2كتفاعو مالر لأ موذج الف ماء    F7MBZالم فرد و أعتماد التفاعو المالر مو  و  
 مج المع يا  العممي . الااليةالموجي  الااص  ب  موذج الف اء. تم  ميار   ال تائم 
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Introduction 
     With electron scattering, one can 

immediately relate the cross section to the 

transition matrix elements of the local charge 

and current density operators and thus directly to 

the structure of the target itself. Of course, the 

same considerations apply to processes 

involving real photons, but electrons have the 

second great advantage that for a fixed energy 

loss  of the electron, one can vary the three-

momentum transferred q to the nucleus, the only 

restriction being that the four momentum 

transfer be space-like[1] 

Theoretical solutions to the nuclear many-body 

problem are partly phenomenological, and thus 

theory and experiment are closely tied together. 

Theory takes its inspiration from experiment in 

guiding the structure of  the  models and their 

parameters; the nuclear shell model is the 

primary example [2]. Nuclear experiment takes 

its inspiration from theory in helping to choose 

which experiments are most important to prove 

or disprove model assumptions. 

Through microscopic theory, the discarded 

space has been included as a first order 

correction through the first order perturbation 

theory that is particle hole state (p-h), and using 

mixing interaction in order to calculate these 

effects as a residual interaction, some of the 

most widely used mixing interaction to calculate 

this effect are modifed-surface delta function 

interaction (MSDI)[3], Michigan sum of three-

range Yukawa potential (M3Y)[4], Skyrme-type 

hamiltonian (SKX)[5], Skyrme-type hamiltonian 

(MSK7)[6], Dirac-Hartree hamiltonian 

(NL3)[7], Gogny  interactions D1S[8],.etc and 

the process is called Core polarization (CP). 

Differential cross sections for inelastic electron 

scattering from Ti50
 had been measured and 

fitted using two representations for the transition 

charge, (i) the hydrodynamic liquid drop, and 

(ii) a phenomenological model. [9]. The cross 

sections for the strongly excited, 2
+
, 3

-
, 4

+
  and 

5
-
 levels had been measured over a range of 

momentum transfer q of  0.4−2.6 fm
-1

. This 

Experimental data are listed in ref. [10].   

The inelastic Coulomb form factor for 

electroexcitation of the yrast 6
+
 state in Ti50

 had 

been measured [11]. The value for the root mean 

square (r.m.s) charge radius of the 1f7/2 proton 

orbit deduced from these data is appreciably 

larger than the one extracted from the M7 form 

factor for elastic magnetic scattering from V51
.  

Inelastic Electron Scattering from fp Shell 

Nuclei had been studied [12]. The calculated 

form factors for Ti50
 had been performed by the 

use of Hartree Fock theory, results are in a good 

agreement with the experimental data.  

Shell-model and core-polarization calculations 

for the yrast  J
π
 = 2

+
, 4

+
, 6

+
 levels in Ti50

,  

(Charge form factors) had been deduced and 

compared with experimental data [13], 

emphasizing the radial shape of the model wave 

function in comparison with the q-dependence 

of the data. The radial effect is explained in 

detail by configuration mixing and core-

polarization effects. 

In Ti50

, 1f7/2 neutron orbit radius had been 

measured by the use of elastic electron 

scattering experiment and the result was 

(r=3.96±0.05) [14]. 

In the framework of the Hartree-Fock model 

the form factors for the inelastic electron 

scattering to 2
+
, 4

+
,  and 6

+
  states in 

Ti50,48,46
, Cr54,52,50

 and Fe56,54
 were studied 

[15, 16]. The calculations are performed in 

the 1f7/2, 2p3/2, 1f5/2, 2p1/2 model space using 

a modified Kuo-Brown effective interaction. 

Inelastic longitudinal C6 electron scattering 

form factors had been studied for 
50

Ti [17], 

by the use of shell model wave functions in 

1f7/2 and 1f7/21d3/2 model spaces with the 

inclusion of core polarization in the 

calculation of the form factor with M3Y- E 

fitting [19] as a residual interaction, the core 

polarization contributions are in positive 

sign with respect to model space parts for all 

the three cases. 

Theory 

For a selected operator 

JTT  the reduced matrix 

elements are written as the sum of the product of 

the one-body transition density matrix elements 

(OBDM) times the single-particle transition 

matrix elements [3]: 

 
      

 













   TOBDMT fiif

ˆ,,,ˆ

,

           

……………………………………..……..(1) 

 

where JT  is the multipolarity and the states  

iii TJ   and  
fff TJ  are initial and final 

states of the nucleus respectively. While α and β 

denote the final and initial single-particle states, 
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respectively (isospin is included). The OBDM  

in the present work are  calculated by generating 

the wave functions of a given transition in the 

known nuclei from the modified version of the 

shell model code (OXBASH  V.2005) [18] 

which contains a complete library of shell model 

effective interaction. All the informations about 

transitions of given multipolarities are contained 

in the OBDM which represents the combination 

of the model space wave functions. 

The reduced matrix elements of the electron 

scattering operator 
T


 consist of two parts, one 

is for the "Model space" matrix elements, and 

the other is for the "Core-polarization" matrix 

elements [3]. 

 .
ˆˆˆ

CP
if

MS
ifif TTT  

 
           

…………………………………………….(2) 

 

  Where, 

MS
if T  

ˆ    are the model-space 

matrix elements, and, 

CP

if T  


  are the 

core-polarization matrix elements.   

 
i

 and 
f

  are described by the model-space 

wave functions.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      

The core-polarization matrix elements in 

equation (2) can be written as [21]: 

     

cpcp
if TOBDMT  




  ˆ),(ˆ

,

 

………………………………………..…..(3) 

 

The first order perturbation theory says that the 

single-particle matrix element for the higher-

energy configurations can be expressed as [3]: 

  

 
resJJresJ

V
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Q
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Q
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ˆˆˆ







 

………………………………………….…(4)          

 

where 
resV  represents a residual nucleon-nucleon 

interaction, and might be simplified as fallows 

[3, 21]: 
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,
)0(
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 the summation includes all possible particle-

hole states and  ke   is the single-particle energy 

(k ≡ α, β, p, h). 

In equations 5 and 6, the energy denominators 

are the excitation energies of the intermediate 

states with respect to the unperturbed valance 

states   and  . 

In order to reduce the single-particle matrix 

elements, Wigner-Eckart theorem [22] is used 

with taking care of the proper normalization of 

the angular momentum coupled two-particle 

states one can obtain from equation 5 the 

expression[3]:- 
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The summation over the three Clebsch-Gorden 

coefficients can be performed to yield a 3j-

symbol and 6j-symbol, which is given as [3]:  
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where 












...

...
is the 6j-symbol.                                                          

In space and isospace coordinates, equation (8) 

becomes [3]: 
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The Greek-symbols is used to denote quantum 

numbers in space and isospace coordinates, 

equation 9 becomes [3]: 
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   …………………………………………(10)  

where the index 
pptj1  runs over particle 

states and  
hhtj2  runs over hole states, 


 tj  and 


 tj  are the final and 

initial single-particle states respectively, 

''TJ  correspond to the total spin in both 

spaces, , 
T̂ denotes the single-particle transition 

operator of rank J in space coordinate and rank 

T in isospace )( JT  , T 0 or 1 are denoting 

the isoscalar or isovector contribution. 

Similarly one can find the contribution of the 

second term of equation 6 as [3]: 
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The core-polarization form factor can be 

evaluated by replacing the single-particle matrix 

elements in equation 3 with the two matrix- 

elements which are given in equations 10 and 

11. 

 

   The total form factors are given by: 
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The single-particle energies enlj are calculated 

according to [3]: 
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……………………………………………(14) 

For the two-body matrix elements of the residual 

interaction 
12  resV , which appear in 

equations 10 and 11, the Michigan sum of  three 

range Yukawa potential (M3Y) 

interaction of  Berstch et. al [4] is adopted. This 

interaction containing terms like those were 

given in LS-coupling and tensor effects. A 

transformation of the wave function from jj to 

LS coupling must be done to get the relation 

between the two-body shell model matrix 

elements and the relative and centre of mass 

coordinates, using   the harmonic oscillator 

radial wave functions with Talmi-Moshinsky 

transformation. 

The realistic M3Y effective NN interaction, 

which is used in electron scattering  (Vres =v12) 

is expressed as a sum of the central potential 

part  )(
12

Cv , spin-orbit potential part )(
12

LSv , and 

long range tensor part )(
12
TNv , as follows [4, 23]:  

vvvv
TNLSc

PYM
)(

12

)(

12

)(

12
)03(

12
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vvvvv
DDTNLSc
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The four potentials are expressed as [23]:- 
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The values of the best fit to the potential 

parameters 
)(SE

n
t , )(SO

n
t , )(TO

n
t , )(TE

n
t , )(LSE

n
t , )(LSO

n
t , )(TNE

n
t ,

)(TNO
n

t , )(SE
dd

t  , )(TE
dd

t    are shown in table 1 for 

M3Y-P1and 

( )(SE
n

t , )(SO
n

t , )(TO
n

t , )(TE
n

t , )(LSE
n

t , )(LSO
n

t , )(TNE
n

t , 

)(TNO
n

t  for M3Y-P0 in table 2 [23]. 

Table 1: The values of the best fit to the potential parameters belongs to Ried fitting (M3Y-P1) [23], for 

TN,  R2 = 0.7 fm. 

 R1=0.25 fm R2=0.40 fm R3=1.414 fm 

Oscillator matrix elements (Channel) t1 t2 t3 

Centeral Singlet-Even (SE) 8599.5 -3556 -10.463 

Central Triplet-Even (TE) 10475.25 -4594 -10.463 

Central Singlet-Odd (SO) -1418 950 31.389 

Central Triplet-Odd (TO) 11345 -1900 3.488 

Tensor-Even (TNE) -131.52 -3.708 0.0 

Tensor-Odd (TNO) 29.28 1.872 0.0 

Spin-Orbit Even (LSE) -9181.8 -606.6 0.0 

Spin-Orbit Odd (LSO) -3414.6 -1137.6 0.0 

Density dependent Singlet-Even (SE) 
)(SE

dd
t

  =1090
    

Density dependent triplet-Even (TE) 
)(TE

dd
t

=1332
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Table 2:The values of the best fit to the potential parameters belong to Paris [23]. 

 R1=0.25 fm R2=0.40 fm R3=1.414 fm 

Oscillator matrix elements (Channel) t1 t2 t3 

Centeral Singlet-Even (SE) 11466 -3556 -10.463 

Central Triplet-Even (TE) 13967 -4594 -10.463 

Central Singlet-Odd (SO) -1418 950 31.389 

Central Triplet-Odd (TO) 11345 -1900 3.488 

Tensor-Even (TNE) 0.0 -171.7 -78.03 

Tensor-Odd (TNO) 0.0 283.0 13.62 

Spin-Orbit Even (LSE) 0.0 -813.0 0.0 

Spin-Orbit Odd (LSO) -2672 -620.0 0.0 

with the exception of TN, where R2 = 0.7 fm. 

 

MSDI as a residual interaction is the touchstone 

in this paper because this type of interactions 

(adjustable) will give us the general behavior of 

the core polarization part with respect to the 

model space one and expose the reasons behind 

the negative sign in the addition process (core 

polarization + model space) as we had seen and 

without a prolonged analysis the matrix element 

of this type of interaction might be expressed as 

follows [24] 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                                                                           

                    (17) 

Where, 

A0= A1= B =25/A, C≈ 0. 

Results, Discussion and Conclusions 
     The core-polarization effects has been 

included in order to account  the contribution of 

configurations from outside of the model space 

in the transition. The 1f7/2 subshell orbit adopted 

in this work as a model space for Ti50 . Core-

polarization effects are taken into account 

through first order perturbation theory, which 

allows particle-hole excitation from shell core 

orbits 1s1/2, 1p3/2, 1p1/2,  1d5/2, 1d3/2 and 2s1/2 

(shell model space having Ca40
as an inert core 

). Mc Cullen-Bayman-Zamick(F7MBZ) [25] 

effective interaction has been adopted for the 

model space 1f7/2 to generate the 1f7/2  shell 

model wave functions for Ti50 . 
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The cp effects are calculated with the realistic 

effective interactions M3Y-P1 and M3Y-P0 [18] 

and MSDI [3] as a residual interaction. In this 

interaction, the Ried and Paris fitting have been 

used to calculate the radial integral.  

Inelastic longitudinal C6 Electron scattering  

Form Factor in  Ti50
 (1f 7/2   Model Space) 

     The nucleus Ti50  is really Ca48  +two protons 

distributed in subshell 1f7/2 the space that be 

chosen to study the behavior of this system 

under excitatioin by the use of electron 

scattering and calculating multipole form factor. 

Ca40  as an inert core and  the model space 

effective interaction F7MBZ [25] has been 

adopted to generate the model space wave 

functions. Table 3 shows the values of OBDM 

for the C6 form factors for the model space(1f7/2 

) and  F7MBZ as a model space effective 

interaction calculation in Ti50 . 

 

Table 3: The values of (OBDM) for the C6 

form factors in Ti50
. 

Ji Jf OBDM 

(∆T=0)) 

OBDM 

(∆T=1)) 

7/2 7/2 -1.32288 0.88192 

 

Figure 1 shows the C6 form factor calculated 

with the use of M3Y-P0 as a residual interaction 

and this results are consistent with the 

experimental one and it is clear that the model 

space form factor is in a good agreement with 

the experimental one and the results show that 

the core contribution  has a minor effect  and in 

opposite sign with respect to model space so that 

the total C6 form factors are quenched. Protons 

in model space will be dominantly responsible 

to this coulomb form factor (ep=1e). 

Return to the figure 1, it is clear that the core 

contribution, model space  and total form factors 

are in phase. The experimental data are taken 

from ref. [9].  
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Fig. 1: Inelastic longitudinal C6 form factors in 

Ti50
 nucleus, using M3Y-P0 residual interaction. 

The data are taken from ref. [9]. 

Figure 2 shows the C6 form factor calculated 

with the use of  MSDI as a residual interaction 

and this results are consistent with the 

experimental data and it is clear that the model 

space form factor is in a good agreement with 

the experimental data and the results show that 

the core contribution is weak in some extent but 

has the property of constructive interference so 

that the total C6 form factors are enlarged and  

overestimated and are in phase. 
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2
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-1
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Fig. 2: Inelastic longitudinal C6 form factors in 

Ti50

 nucleus. using MSDI residual interaction. 

The data are taken from ref. [9].    
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 figure. 3 shows Inelastic longitudinal C6 form 

factors in Ti50
 nucleus, for the 1f7/2 model 

space calculation, and F7MBZ effective 

interaction, (M3Y-P1) as a residual interaction, 

where the core polarization effect has a 

constructive and enhancement properties, a good 

agreement have been obtained, with the 

experimental data. 
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Fig. 3: Inelastic longitudinal C6 form factors in 

Ti50

 nucleus. using M3Y-P1 residual interaction. 

The data are taken from ref. [9].    

Conclusions 
1. In fp shell model space with many body 

problem, the model space contribution is 

found dominant with respect to the core one 

for the three cases. 

2. Core polarization effect has a constructive 

contribution when we use (MSDI) and 

(M3Y-P1) as a residual interactions in 

comparison with M3Y-P0 because of the 

density dependent term.  

3. Use of two versions of M3Y with two 

different sets of fitting parameters do change 

the behavior of the core polarization 

contribution especially in amplitudes and 

phases where the density dependence has 

the dominant contribution. 
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