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Abstract 

     Let U  be a Lie ideal of a 2-torsion free prime ring R and φθ ,  be commuting 
endomorphisms of R . In this paper we generalize the main result of M. Ashraf, A. 
Khan and C. Heatinger on ),( φθ -higher derivation of prime ring R  to generalized 

),( φθ -higher derivation of Lie ideal by introducing the concept of generalized ),( φθ   
-higher derivation. Under some conditions we prove that a Jordan generalized ),( φθ   -
higher derivation of U  is either a generalized ),( φθ -higher derivation of U  or 

)(RZU ⊆  and every  Jordan generalized ),( θθ -higher derivation of R  is a 
generalized ),( θθ -higher derivation of R . Also, we generalize this result to 
generalized ),(),( θθ−RU -higher derivation by introducing the concepts of 

),(),( φθ−RU -higher derivation and generalized ),(),( φθ−RU -higher derivation. 

Under some conditions we prove that if NiifF ∈= )(  is a generalized ),(),( θθ−RU -

higher derivation of R , then 
 ))(())(()( rdufurf jn

j
nji

in
in

−

=+

−∑= θθ , for all ,Uu∈ ., NnRr ∈∈     

Key words: ),( φθ -derivation, generalized ),( φθ -derivation, higher derivation, 
),( RU -derivation, Lie ideal, prime ring. 
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  الخلاصه

  

φθو  ٢اء من النمط طلقية الالتو Rمثالي لي للحلقه  Uليكن       في هذا . Rتشاكلات تجميعيه للحلقه  ,

),( - لمشتقات  A. Ashraf, A. Khan, C. Heatingerالبحث عممنا النتيجه الاساسيه لكل من φθ  العاليـه

),( - للحلقات الاوليه الى تعميم مشتقات φθ       العاليه لمثـالي لـي  وذلـك بتقـديم مفهـوم تعمـيم مشـتقة- 

),( φθتحت بعض الشروط برهنا ان تعميم مشتقة جوردان . العاليه-),( φθ العاليه لمثالي لي تكون اما تعميم

),( -مشتقة  φθالعاليه علىU وا)(RZU ),(-و ان تعميم مشتقة جوردان  ⊇ θθ   العاليـه علـىR 

ــتقة  ــون مش ),(-يك θθ ــى ــه عل ــذلك . Rالعالي ــتقة ، ك ــيم مش ــى تعم ــذه النتيجــه ال ــا ه -عممن

),(),( θθ−RUــ ــه بتق ــتقة العالي ــاهيم مش ),(),(ديم المف φθ−RU  ــتقة ــيم مش ــه و تعم العالي

),(),( φθ−RUتحت بعـض الشـروط برهنـا اذا كانـت     . العاليهNiifF ∈= -تعمـيم مشـتقة   )(

),(),( θθ−RU ــه ــه للحلق ــان  Rالعالي ∑ف
=+

−−=
nji

jn
j

in
in rdufurf ))(())(()( θθ  ــل لك

NnRrUu ∈∈∈ ,,. 

 

1. Introduction: 
Throughout this paper, R      will denote an 
associative ring with center )(RZ , not necessarily 
with an identity element and φθ , be 
endomorphisms of R . Endomorphisms φθ ,  are 
said to be commuting endomorphisms if 

φθθφ = , [1]. The set of natural numbers 
including 0 is denoeted by N . A ring R is said to 
be prime (resp. semiprime) if 0=xRy (resp. 

0=xRx ) implies either 0=x  or 0=y  (resp. 
0=x ), [2]. A ring R  is 2-torsion free if 02 =x , 

for all Rx∈  implies 0=x , [2]. A Lie ideal of 
R  is any additive subgroup U  of R  with 

ruurru −=],[ , for all RrUu ∈∈ , , [2]. A Lie 

ideal U  of R  with Uu ∈2 , for all Uu∈  is 
called square closed Lie ideal, [2]. A square 
closed Lie ideal which is not contained in )(RZ  
is called admissible Lie ideal, [2]. A derivation 
(resp. Jordan derivation) of R  is an additive 
mapping RRd →:  such that 

)()()( badbadabd += (resp. aadad )()( 2 =  
)(aad+ ), for all Rba ∈, , [1]. For a fixed 

Ra∈ , define RRd →:  by ],[)( xaxda = , for 
all Rx∈ , is called an inner derivation, [3]. Every 
derivation is a Jordan derivation but the converse 
is not true in general. In 1957, Herstein proved 
that if R  is a prime ring of characteristic different 
of 2, then every Jordan derivation of R  is a 

derivation, ([4], Theorem 3.1). This result was 
extended by several authors([5],[6]). R. Awater 
extended Hersetine's result to Lie ideals, ([7], 
Theorem). An additive mapping  RRF →:  is 
called generalized derivation (resp. Jordan 
generalized derivation) if there  exists a derivation 
(resp. Jordan derivation) RRd →:  such that 

)()()( badbaFabF +=  

 (resp. )()()( 2 aadaaFad += , for all Rba ∈, , 
[8]. Clearly, every  generalized derivation is 
Jordan generalized derivation, but the converse is 
not true in general. It is shown in [8] that if U is a 
square closed Lie ideal of a 2    -torsion free prime 
ring R then every Jordan generalized derivation on 
U  is a generalized derivation on U . An additive 
mapping RRd →:  is called ),( φθ -derivation 
(resp.Jordan ),( φθ -derivation)if 

)()()( badabd θ=  
)()( bdaφ+ (resp 

)()()( 2 aadad θ=  )()( adaφ+ ),for all , [3]. M. 
Bresar and J. Vukman [9] extended Hersetine's 
result to ),( φθ -derivation. Inspired by definition 
of ),( φθ -derivation the notation of generalized 

),( φθ -derivation was extended as follows:  An 
additive mapping RRF →:  is called 
generalized ),( φθ -derivation (resp. Jordan 
generalized ),( φθ -derivation) on R  if there exist 
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a ),( φθ -derivation (resp. Jordan ),( φθ       -
derivation) RRd →: such that 

)()()()()( bdabaFabF θφ += (resp. 

)()()()()( 2 adaaaFaF θφ += ), for all 
Rba ∈, , [1]. In [3], S. Ali and C. Haetinger 

proved that every Jordan generalized ),( φθ        -
derivation on a 2-torsion free semiprime ring is a 
generalized ),( φθ -derivation. Let NiidD ∈= )(  be 
a family of additive mappings of R such that 

Ridd =0 . D is said to be a higher derivation 
(resp. Jordan higher derivation) 
If ∑

=+

=
nji

jin bdadabd )()()( (resp. 

∑
=+

=
nji

jin adadad )()()( 2 ), for all Rba ∈, , 

Nn∈ , [2]. M, Ferrero and C. Haetinger in [2], 
extended Hersetine's result to higher derivations, 
they proved that every Jordan higher derivation of 
2-torsion free semiprime ring is a higher 
derivation. A. K. Faraj, C. Haetinger and A. H. 
Majeed in [11], extended this result to generalized 

),( RU -higher derivation.   
In 2010, M. Ashraf, A. Khan and C. Haetinger 
introduced the concept of ),( φθ -higher derivation 
and they extended the above result to ),( φθ -
higher derivation, [1]. In this paper we extend this 
result to generalized ),( φθ -higher derivations and 
generalized ),(),( φθ−RU -higher derivations by 
introducing the concepts of generalized ),( φθ -
higher derivation, ),(),( φθ−RU -higher 
derivation,  generalized ),(),( φθ−RU -higher 
derivation. Throughout this paper, consider φθ ,  
are commuting endomorphisms of R . 

2. Prelimineries 
     Now we will introduce the definition of 
generalized ),( φθ -higher derivations and some 
basic results which extensively to prove our main 
results. 

2.1 Definition:[1] 
     Let NiidD ∈= )(  be a family of additive 
mappings of R such that Ridd =0 . D is said to 
be a ),( φθ -higher derivation (resp. Jordan 

),( φθ -higher derivation) if 

2.2 Definition: 
     NiifF ∈= )( be a family of additive mappings 

of R such that Ridf =0 . F is said to be a 
generalized ),( φθ -higher derivation (resp. Jordan 
generalized Jordan ),( φθ -higher derivation) if 
there exists a ),( φθ -higher derivation 

NiidD ∈= )( (resp. Jordan ),( φθ         -higher 
derivation) of R such that 

∑
=+

−−=
nji

jn
j

in
in bdafabf ))(())(()( φθ (resp. 

∑
=+

−−=
nji

jn
j

in
in adafaf ))(())(()( 2 φθ ), for all 

.,, NnRba ∈∈  
    If U is a Lie ideal of R , then D is said to be a 

),( φθ -higher derivation (resp. Jordan ),( φθ -
higher derivation) of U  into R and F  is said to 
be a generalized       ),( φθ -higher derivation         

(resp. Jordan generalized ),( φθ -higher              
derivation) of U  into R in case that the above 
corresponding conditions are satisfied for all 

Uba ∈, . 

2.3 Example: 
 ∑

=+

−−=
nji

jn
j

in
in bdadabd ))(())(()( φθ (resp. 

∑
=+

−−=
nji

jn
j

in
in adadad ))(())(()( 2 φθ  ), for all 

.,, NnRba ∈∈  
Now, we introduce the generalization of definition 
(2.1). 

Consider the ring 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎥
⎦

⎤
⎢
⎣

⎡
= Zba

b
a

R ,:
0

0
, 

where Z denotes the set of integer numbers. Let 
NiifF ∈= )(  be a family of mappings of R  into 

R defined by 

 
⎪⎩

⎪
⎨
⎧

≥⎥
⎦

⎤
⎢
⎣

⎡−
=

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
1

00
0

0

0
0

n
na

nid

b
a

f
R

n , for all 

R
bo
oa
∈⎥
⎦

⎤
⎢
⎣

⎡
. Then there exists a ),( φθ -higher 

derivation NiidD ∈= )(  of R  which is defined by 
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⎪⎩

⎪
⎨
⎧

≥⎥
⎦

⎤
⎢
⎣

⎡
=

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
1

00
0

0

0
0

n
na

nid

b
a

d
R

n  , where 

⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
bb

a
0

00
0

0
θ  and ⎥

⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
b

a
b

a
0

0
0

0
φ , 

for all R
bo
oa
∈⎥
⎦

⎤
⎢
⎣

⎡
. Hence by definition (2.2), 

F is generalized ),( φθ -higher derivation. 
Using similar techniques as used to prove 
Lemma (2.6) and Lemma (2.7) in [1], one can 
prove the following lemmas which are 
generalization of these lemmas to generalized 

),( φθ -higher derivation on Lie ideals.  

2.4 Lemma: 
     Let U  be a Lie ideal of R  and 

NiifF ∈= )( be generalized Jordan ),( φθ -
higher derivation of  U  into R . Then for all 

NnUba ∈∈ ,, we have 
(i) ∑

=+

−−=+
nji

jn
j

in
in bdafbaabf ))(())(()( φθ  

                          ))(())(( adbf jn
j

in
i

−−+ φθ .   
 If R  is a 2- torsion free ring and U  is a square 
closed Lie ideal, then 
(ii) 

∑
=++

−−=
nkji

kn
k

ik
j

in
in adbdafabaf ))(())(())(()( θφθθ  

(iii)

∑
=++

−=+
nkji

ik
j

in
in bdafcbaabcf ))(())(()( φθθ          

))(())(())(())((( adbdcfcd kn
k

ik
j

in
i

kn
k

−−− + φφθθφ
 

2.5 Remark: 
     Let NiifF ∈= )(  be a generalized ),( φθ -
higher derivation of U  into R . For all 

UbaNn ∈∈ ,,  we denote by ),( banψ  (resp. 
),( banϕ )  the element of R defined by 

∑
=+

−−−=
nji

jn
j

in
inn bdafabfba ))(())(()(),( φθψ

(resp. 

∑
=+

−−−=
nji

jn
j

in
inn bdadabdba ))(())(()(),( φθϕ ) 

2.6 Lemma: 
     Let U be a square closed Lie ideal of a 2        
-torsion free ring R and NiifF ∈= )( be a Jordan 
generalized ),( φθ -higher derivation of U  into 

R  such that ),( bamψ  0),( == bamϕ , for all 
NnmUcba ∈∈ ,,,,  such that m < n , then 

(i) 0],[),( =baba n
n φψ . 

(ii) 
0),()(],[],[)(),( =+ bacbabacba n

nnnn
n ϕθθφφψ

 
2.7 Theorem: 
    Let U be a square closed Lie ideal of a 2        
-torsion free prime ring R  and NiifF ∈= )(  be 
a Jordan generalized ),( φθ -higher derivation of 
U  into R  where φ  is an automorphism of R . 
Then either F  is a generalized ),( φθ -higher 
derivation of U  into R  or )(RZU ⊆ . 

Proof: 
     We'll proceed by induction on N . We know 
that for 0=n , ),(0 baψ  0),(0 == baϕ  
for all Uba ∈, . Hence we may assume that 

),( bamψ 0),( == bamϕ , for all Uba ∈, , 
Nnm ∈,  such that m < n . 

By Lemma (2.6,(ii)), we have 
0),()(],[],[)(),( =+ bacbabacba n

nnnn
n ϕθθφφψ

, for all NnUcba ∈∈ ,,, . 
Now multiplying the above equation by 

],[ banφ  from right and using Lemma 
((2.7,(i)),[1]), we have  

],[],[)(),( babacba nnn
n φφφψ

0],[)(),( 2 == bacba nn
n φφψ , for all cba ,,  

NnU ∈∈ , . Replace c  by ]],,[[ rba , the last 
equation becomes 

)],([)(]),([),(0 2barbaba nnn
n φφφψ=  

      )],([)(),( 3barba nn
n φφψ−  

 )],([)(),( 3barba nn
n φφψ= , for all Uba ∈,  

NnRr ∈∈ ,, . 
 Since R  is prime and φ  is automorphism, 
either 0),( =banψ  or 0],[ 3 =ba , for all 

Uba ∈, . If 0],[ 3 =ba , then 0))(( 3 =bIa , for 
all Ub∈ , where )(bIa is the inner derivation 
such that ],[)( babIa = . Thus by ([12],Theorem 
4), we find that 0],[ =ba , for all Uba ∈,  and 
this implies that U is commutative Lie ideal of 
R . Hence by ([13],Lemma 2) )(RZU ⊆ . 

2.8 Corollary: 
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     Let U be an admissible Lie ideal of a 2     -
torsion free prime ring R . Then every  Jordan 
generalized ),( φθ -higher derivation of U  into 
R  where φ  is an automorphism of  R  is  a 
generalized ),( φθ -higher derivation of U  into 
R . 
If ii df = , for all Ni∈ we get 
2.9 Corollary: 
    Let U be an admissible Lie ideal of a 2-
torsion free prime ring R . Then every  Jordan 

),( φθ -higher derivation of U  into R  where φ  
is an automorphism of  R  is a ),( φθ -higher 
derivation of U  into R . 
If Rid== φθ  , we get 

2.10 Corollary: (Corollary 1.4, [4]) 
     Let U be an admissible Lie ideal of a 2           
-torsion free prime ring R . Then every  Jordan 
higher derivation of U  into R  is a higher 
derivation of U  into R . 
If RU = , we get 

2.11 Corollary: (Theorem 2.3, [1]) 
    Let R be a non commutative 2-torsion free 
prime ring R . Then every  Jordan ),( φθ -higher 
derivation on R  where φ  is an automorphism 
of  R  is a ),( φθ -higher derivation on R . 
    The following theorem is generalization of 
Theorem (2.10, [1]): 

 2.12 Theorem: 
    Let R  be a 2-torsion free prime ring  and θ  
be an automorphism on R . Then every  Jordan 
generalized ),( θθ -higher derivation of R  is a 
generalized ),( θθ -higher derivation of R . 

Proof: 
    Let F be a Jordan generalized ),( θθ -higher 
derivation of R , then exists a Jordan ),( θθ          
-higher derivation D  of R . By ([1], Theorem 
2.10), D  is ),( θθ -higher derivation of R . 
We'll proceed by induction on N . We know 
that for 0=n , 0),(0 =baψ , then we can 
assume that 0),( =bamψ , for all 

NnmRba ∈∈ ,,,  such that m < n . By 
Theorem (2.7), we get either F is 
generalized ),( θθ -higher derivation of R  or R  
is commutative. 
If R  is commutative. Then by Lemma (2.4, i), 
we get 

))()(()( abccabfcbaabcf nn +=+   

∑
=+

−−=
nji

jn
j

in
i cdabf ))(())(( θθ   

  ))(())(( abdcf jn
j

in
i

−−+ φθ  

)()()()( cdabcabf n
nn

n θθ +=  

   ∑
〈〈

=+

−−+
nji

nji

jn
j

in
i cdabf

,0

))(())(( θθ  

        
   )()()()( abdcabcf n

nn
n θθ ++  

   ∑
〈〈

=+

−−+
nji

nji

jn
j

in
i badcf

,0

))(())(( θθ  

)()()()( cdabcabf n
nn

n θθ +=                                              

∑
〈+〈

=++

−−−+
njtl

njtl

jn
j

tn
t

ln
l cdbdaf

,0

))(())(())(( θθθ

)()()()( abdcabcf n
nn

n θθ ++   
          

∑
〈+〈

=++

−−−+
nqpi

nqpi

qn
q

pn
p

in
i adbdcf

,0

))(())(())(( θθθ  

                                                             (1) 
                                       
On the other hand, 

)( cbaabcfn +     

))(())(())(( cdbdaf kn
k

nkji

ik
j

in
i

−

=++

+−∑= θθθ 

 
))(())(())(( adbdcf kn

k
ik

j
in

i
−+−+ θθθ                      

∑
=+

− +=
nji

n
nni

j
in

i cdabcbdaf )()()())(())(( θθθθ

  ∑
〈+〈

=++

−+−+
nkji

nkji

kn
k

ik
j

in
i cdbdaf

,0

))(())(())(( θθθ  

  )()( bacf n
n θ+  

   ∑
=+

−−+
nkj

kn
k

kn
j

n adbdc ))(())(()( θθθ  

  ∑
〈+〈

=++

−+−+
nkji

nkji

kn
k

ik
j

in
i adbdcf

,0

))(())(())(( θθθ  

                                                                 (2) 
Compare equation (1) and equation (2), we get 

0)(),()(),( =+ cabcba n
n

n
n θϕθψ , for all 

NnRcba ∈∈ ,,, . By ([1], Lemma 2.6,i), 
),(),( abba nn ϕϕ −= . Hence, we get  

0)()),(),(( =− cbaba n
nn θϕψ , for all 

NnRcba ∈∈ ,,, . Since θ  is automorphism 
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and R is prime, then ),(),( baba nn ϕψ = , for all 
NnRcba ∈∈ ,,, . (3) since D  is ),( θθ -higher 

derivation of R , then equation (3) becomes 
0),(),( == baba nn ϕψ  and this means  F is a 

generalized ),( θθ -higher derivation of R .  

2.13 Corollary: (Theorem 2.10, [1]) 
    Let R  be a 2-torsion free prime ring  and θ  
be an automorphism on R . Then every  
Jordan ),( θθ -higher derivation of R  is 
a ),( θθ -higher derivation of R . 

3.Generalized ),(),( φθ−RU -Higher 
Derivations  
     We generalize the previous results by 
introducing the concepts of ),(),( φθ−RU        
-higher derivation and ),(),( φθ−RU -higher 
derivation. 

3.1 Definition: 
    Let U be a Lie ideal of a ring R and 

NiidD ∈= )(  be a family of additive mappings 
of R such that Ridd =0 . D is said to be a 

),(),( φθ−RU -higher derivation of R , if for 
every Nn∈  
 ∑

=+

−−=+
nji

jn
j

in
in rdudsuurd ))(())(()( φθ  

                      ))(())(( udsd jn
j

in
i

−−+ φθ  

, for all RsrUu ∈∈ ,, .  

3.2 Definition: 
    Let U be a Lie ideal of a ring R and 

NiifF ∈= )(  be a family of additive mappings 
of R such that Ridf =0 . F is said to be a 
generalized ),(),( φθ−RU -higher derivation of 
R , if there exists a ),(),( φθ−RU -higher 
derivation NiidD ∈= )(  of R  such that for every 

Nn∈  we have 
 ∑

=+

−−=+
nji

jn
j

in
in rdufsuurf ))(())(()( φθ  

                     ))(())(( udsf jn
j

in
i

−−+ φθ , for all 

RsrUu ∈∈ ,, . 
If ii df =  , for all Ni∈  , then F becomes 

),(),( φθ−RU -higher derivation. 
 
 
3.3 Example: 

     Consider the ring 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎥
⎦

⎤
⎢
⎣

⎡
= Zba

b
a

R ,:
0

0
, 

where Z denotes the set of integer numbers. 

Then  
⎭
⎬
⎫

⎩
⎨
⎧

∈⎥
⎦

⎤
⎢
⎣

⎡
= Za

a
U :

00
0

 is a Lie ideal of 

R . 
Then the family NiifF ∈= )(  of additive 
mappings which is defined in Example (2.3) is 
generalized ),(),( φθ−RU -higher derivation of 
U .      

3.4 Lemma: 
     Let U be a Lie ideal of a 2-torsion free ring 
R and NiifF ∈= )(  be a generalized  

),(),( φθ−RU -higher derivation of R . Then 
for every RrUvu ∈∈ ,, Nn∈ the  
following statements hold: 
(i) 

∑
=++

−−=
nkji

kn
k

ik
j

in
in udrdufuruf ))(())(())(()( φφθθ

 
(ii)  )( vruurvfn +  
 
     ∑

=++

−−=
nkji

kn
k

ik
j

in
i vdrduf ))(())(())(( φφθθ  

      ∑
=++

−−+
nkji

kn
k

ik
j

in
i udrdvf ))(())(())(( φφθθ  

Proof: 
(i)   Replace r and s by )2()2( urruw +=  in 
definition (3.8),  

)))2()2(())2()2((()( uurruurruufwf nn +++=
 

 

∑
=+

−− +=
nji

jn
j

in
i ruurduf ))(())((2 φθ  

      ))(())(( udruurd jn
j

in
i

−− ++ φθ  

⎩
⎨
⎧

= ∑ ∑
=+ =+

−−−

nji jtl

jnlj
l

in
i uduf ))(())((2 φθθ  

))(())(())(( udrdrd jntj
t

jnlj
l

jntj
t

−−−−−− + φφφθφφ

∑ ∑
=+ =+

−−−−+
nji iqp

inqi
q

inpi
p rduf ))(())((( θφθθ  

}))(()))(())(( ududrf jn
j

inqi
q

inpi
p

−−−−−+ φθφθθ

⎩
⎨
⎧

= ∑
=++

−−−

ntli

tn
t

jnt
l

in
i rduduf ))(())(())((2 φφθθ  

))(())(())(( udrduf tn
t

jnt
l

in
i

−−−+ φφθθ  
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∑
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−−+
njqp
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j

pj
q

pn
p udrduf ))(())(())(( φφθθ  

}))(()))(())(( ududrf jn
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pj
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p

−−+ φφθθ  
Using, 
       

∑
=++

−−−

ntli

tn
t

jnt
l

in
i udrduf ))(())(())((2 φφθθ

∑
=++

−−+
njqp

jn
j

pj
q

pn
p udrduf ))(())(())((2 φφθθ  

∑
=++

−−=
nkji

kn
k

ik
j

in
i udrduf ))(())(())((4 φφθθ  

Then  

⎩
⎨
⎧

= ∑
=++

−−−

ntli

tn
t

jnt
l

in
i

n

rduduf

wf

))(())(())((2

)(

φφθθ
 

 
⎭
⎬
⎫

+ ∑
=++

−−

njqp
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j

pj
q

pn
p ududrf ))(())(())(( φφθθ  

∑
=++

−−+
nkji

kn
k
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j

in
i udrduf ))(())(())((4 φφθθ                                                           

                                                                       (4) 
On the other hand, 

)(4))2()2(()( 22 urufurrufwf nnn ++=  

 ∑
=+

−−=
nji

jn
j

in
i rduf )(())2(( 2 φθ  

))2(())(( 2udrf jn
j

in
i

−−+ φθ )(4 urufn+  

⎩
⎨
⎧

= ∑ ∑
=+ =+

−−−−

nji iqp

inqi
q

inpi
p uduf ))(())((2 θφθθ  

      
))(( rd jn

j
−φ

⎭
⎬
⎫

+ ∑ ∑
=+ =+

−−−−−

nji jtl

jntj
t

jnlj
l

in
i ududrf ))(()(())(( φφφθθ

)(4 urufn+  
 

⎩
⎨
⎧

= ∑
=++

−−

njqp
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j

pj
q
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p rduduf ))(())(())((2 φφθθ

⎭
⎬
⎫

+ ∑
=++

−−

ntli
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t

it
l

in
i ududrf ))(())(())(( φφθθ  

   )(4 urufn+                                                                                                                                      
 
                                                                         (5) 
Compare equation (4) and equation (5) and since 
R  is  2-torsion free, we get   

∑
=++

−−=
nkji

kn
k

ik
j

in
in udrdufuruf ))(())(())(()( φφθθ

. 
(ii) Replace u  by vu +  in (i), we get the 
required result. 
 
Let NiifF ∈= )(  be a generalized 

),(),( φθ−RU -higher derivation of R . For all 
RrUuNn ∈∈∈ ,,  we denote by ),( runΓ  

(resp. ),( runΘ )  the element of R defined by 

∑
=+

−−−=Γ
nji

jn
j

in
inn rdufurfru ))(())(()(),( φθ

(resp. 

∑
=+

−−−=Θ
nji

jn
j

in
inn rdudurdru ))(())(()(),( φθ

) 

3.5 Lemma: 
    Let U  be an admissible Lie ideal of  a 2         
-torsion free prime ring R  and F be a 
generalized ),(),( φθ−RU -higher derivation of 
R  such that where φ is an automorphism on R .  
 Then 0),( 2 =Γ run ,for all NnRrUu ∈∈∈ ,, . 

Proof: 
     Replace r  and s  by u  in definition (3.2), 
then we get F  is Jordan generalized ),( φθ        
-higher derivation of U  into R . By Corollary 
(2.8), F  is generalized ),( φθ -higher derivation 
of U  into R  and this means 0),( =Γ vun , for 
all Uvu ∈, .  
                                                                        (6) 
Replace v  by ruur −  in equation (6), we get 

),(0 ruurun −Γ= )()( 2 urufruf nn −=  

∑
=+

−− −−
nji

jn
j

in
i ruurduf ))(())(( φθ 

 
Since D  is ),(),( φθ−RU -higher derivation, 
the last equation becomes 

∑ ∑
=+ =+

−−−−

−=

nji jtl

jnlj
l

in
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nn

uduf

urufruf

))(())((

)()(0 2

φθθ  

    )))(( rd jntj
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−− φφ  

∑ ∑
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−−−+
nji jtl
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in
i rduf ))(())(( φθθ    

     )))(( ud jntj
t

−− φφ  

 )()( 2 urufruf nn −=  
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−∑− φφθθ  

 
 ))(())(())(( udrduf tn

t
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l
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in udruf ))(()( 2 θθ    

                  ))(())(( rdud tn
t

snls
l

−−− φθφ  
 

),( 2 runΓ= , for all NnRrUu ∈∈∈ ,, .                                                                      

3.6 Theorem: 
    Let U  be an admissible Lie ideal of a 2          
-torsion free prime ring R  and NiifF ∈= )(  be 
a generalized ),(),( θθ−RU -higher derivation 
of R  such that θ  is an automorphism on R . 
Then 0),( =Γ run , for all NnRrUu ∈∈∈ ,, . 

Proof: 
     We prove the theorem by induction on 

Nn∈ . For any RrUu ∈∈ , , 0),(0 =Γ ru . 
Hence we can assume that 0),( =Γ rum , for all 

NnmRrUu ∈∈∈ ,,, such thatt m < n .   Since 
F  is generalized ),(),( θθ−RU -higher 
derivation, then 

)( uruuurfn +  

 ∑
=+

−−=
nji

jn
j

in
i urduf ))(())(( θθ                   

   ))(())(( udurf jn
j
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n θθ ++  

∑
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nji
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j

in
i udurf

,0

))(())(( θθ  

Since D  is ),(),( θθ−RU -higher derivation  
and 0),( =rumψ , for all nmRrUu ,,, ∈∈   

N∈  such that m < n , the last equation 
becomes 

=+ )( uruuurfn )()()()( urduuruf n
nn

n θθ +

∑ ∑
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in
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)()()()( uduruurf n
nn

n θθ ++    

∑
〈+〈
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,0

))(())(())(( θθθθ  

                                                                      (7) 
On the other hand, by Lemma (3.5) and Lemma 
(3.4,i) we get 

)()()( 2 urufrufuruuurf nnn +=+  
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))(())(())(( θθθ 

Compare equation (7) and equation (8) to get 
0)(),(),()( =Γ+Γ ururuu n

nn
n θθ , for all 

NnRrUu ∈∈∈ ,, .                                    (9) 
Linearize equation (9) on u  and use equation 
(9), we get 

)(),(),()(),()( urvruvrvu n
nn

n
n

n θθθ Γ+Γ+Γ   
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0)(),( =Γ+ vru n
n θ , for all RrUvu ∈∈ ,, , 

Nn∈ . Replace v  by 2v  in the last equation 

and by Lemma (3.5), we get 

0)(),(),()( 22 =Γ+Γ vruruv n
nn

n θθ , for all 

RrUvu ∈∈ ,,  Nn∈, .                                                                                                                        

Since θ  is automorphism, then 
 0)),(()),(( 22 =Γ+Γ −− vruruv n

n
n

n θθ , for all 
RrUvu ∈∈ ,,  Nn∈, . since U  is an 

admissible Lie ideal, then by using Lemma (2.7) 
in [11], we get  0),( =Γ run , for all 

NnRrUu ∈∈∈ ,, . 

3.8 Corollary: 
    Let U  be an admissible Lie ideal of a 2-
torsion free prime ring R  and F be a Jordan 
generalized ),( θθ -higher derivation of U  into 
R  such that θ  is  an automorphism on R . 
Then F  is generalized ),( θθ -higher derivation 
of U into R . 

3.9 Corollary: 
    Let R  be a non commutative 2-torsion free 
prime ring  and F be a Jordan 
generalized ),( θθ -higher derivation of R  such 
that θ  is an automorphism on R . Then F be a 
generalized ),( θθ -higher derivation of R  . 
    If Rid=θ , we have 

3.10 Corollary:(Theorem 5.1,[11]) 
     Let U  be an admissible Lie ideal of a 2-
torsion free prime ring R  and NiifF ∈= )(  be a 
generalized ),( RU -higher derivation of R . 
Then 0),( =Γ run , for all NnRrUu ∈∈∈ ,, . 

3.11 Corollary:(Corollary 1.4,[2]) 
     Let U  be an admissible Lie ideal of a 2-
torsion free prime ring R  and D be a Jordan 
higher derivation of U into R . Then D is a 
higher derivation of U  into R . 
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