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Abstract
In this paper , we introduce some results in a prime I'-ring M with centralizer
which is related to the quotient I'-ring Q of M, and prove our main result; Let M
be a prime I"-ring with char M # 2, U a non-zero right ideal of M and T, and T, two
non-zero centralizers of M. If T, T,(U) = (0), then there exists two elements p, q of Q
such that qI'U = (0) and pI'U = (0).
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1.Introduction

Nobusawa [1] introduced the notion of a I'-
ring, an object more general than a ring.
Barnes [2] slightly weakened the conditions in
the definition of I-ring in the sense of
Nobusawa. Oztiirk et al. [3,4] studied extended
centroid of prime I'-rings. In this paper, we
consider the main results as follows.1) Let M
be a prime I'-ring of characteristic 2, U a non-
zero ideal of M, and T; and T, two non-zero
centralizers of M. If T,T,(U) = (0), there exists
A € Cr such that T, = AaT; for all o € T
where Cr is the extended centroid of M. (2) Let
M be a prime I'-ring, U a non-zero right ideal
of M and T a non-zero centralizer of M. If
T(U)['a = (0) where a is a fixed element of M,
then there exists an element q of Q such that
qoua=0and qfu=0forallu e Uand a,p € I
(3) Let M be a prime ['-ring with char M # 2,
U a non-zero right ideal of M and T, and T,
two non-zero centralizers of M. If T, T,(U) =
(0), then there exists two elements p, q of Q
such that q['U = (0) and pI"'U = (0).

1. Preliminaries

Let M and I" be (additive) abelian groups. If
foralla,b,c € M and a, B € I the conditions:
(1) aobeM,
(2) (a+b)oc=aab+aac,
a(a + )b = aab + afb,
ao(b + ¢) =aab + aac
3) (aab)Bc = aou(bfc).
are satisfied, then we call M a I'-ring. Let M be
a ['-ring. The subset
Z={x € M | xym = myx for all meM andye I’}
is called the center of M. By a right (resp. left)
ideal of a I'-ring M we mean an additive
subgroup U of M such that U'M < U (resp.
MI'U c U). If U is both a right and a left ideal,
then we say that U is an ideal of M. For each a
of a I'-ring M the smallest right ideal
containing a is called the principal right ideal
generated by a and is denoted by <(a),.
Similarly we define (a), (resp. (a)),the principal
left (resp. two sided) ideal generated by a. An
ideal P of a ['-ring M is said to be prime if for
any ideals U and V of M, UI'V < P implies U
c PorVcP. AT-ring M is said to be prime if
the zero ideal is prime.

Theorem 2.1 ([5, Theorem 4]). If M is a T'-
ring, the following conditions are equivalent:
(i) M is a prime ['-ring.
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(i1) Ifa, b € M and al'MI'b = (0), then a =0 or
b=0.

(ii1) If (a) and (b) are principal ideals of M such
that (a)I'(b) = (0), then
a=0o0orb=0.

(iv) If U and V are right ideals of M such that
UTI'V = (0), then U = (0) or V =(0).

(v) If U and V are left ideals of M such that
UI'V = (0), then U = (0) or V =(0).

Let M be a prime [-ring such that MT'M # M.

Denote

M = {(U, ) | U(# 0) is an ideal of M and

f :U—>M is a right M-module homomorphism}.

Define a relation ~ on M by

U, H)~(V,g) < IW(=0) c UV such that f

=gon W.

Since M is a prime I'-ring, it is possible to find

a non-zero W and so “~” is an equivalence

relation. This gives a chance for us to get a

partition of M. We then denote the equivalence

~

class by CI(U, f) = , where

f=fg:voM|U D~V 9,

and denote by Q the set of all equivalence
classes. Then Q is a ['-ring, which is called the
quotient I'-ring of M (see [4]). The set
Cr={geQ|gyf=fygforallf e Qandy €
I'}

is called the extended centroid of M (See [4]).

Lemma 2.2. Let M be a prime I-ring, U a
non-zero ideal of M, and T a centralizer of M.
If aI'T(U) = (0) (T(U)"'a = (0)) for all a € M,
thena=0o0r T=0.

Proof: clear by the primness condition on M.

Theorem 2.3 ([6, Theorem 3.5]). The I'-ring Q

satisfies the following properties:

(i) For any element q € Q, there exists an
ideal U, € F such that q(Ug) = M (or qyU,
cMforally e I).

(i1) If g € Q and q(U) = (0) for some U € F (or
qyUq = (0) for some UeF and for all yel),
then q = 0.

(1)IfU € Fand ¥ : U > M is a right M-
module homomorphism, then there exists
an element q € Q such that ¥(u) = q(u) for
allu € U (or Y(u) = qyu for allu € U and
ye ).

(iv)Let W be a submodule (an(M,M)-

subbimodule[7]) in Q and ¥ : W — Q a right

M-module homomorphism. If W contains the

ideal U of the I'-ring M such that ¥(U) ¢ M
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and AnnU = Ann,W, then there is an element q
€ Q such that ¥(b) = q(b) for any b € W (or
Y(b) = qyb forany b € W and y € I') and q(a)
=0 for any a € Ann,W (or qya =0 for any a €
Ann,W and y € I).

Let Mbe al-ring. Amap T : M — M is called
a centralizer if

T(x+y)=T(x)+T(y) and T(xyy)=T(x)yy =xyT(y)
forallx,y e Mandy eT.

Lemma 2.4 :A) Let M be a 2-torsion free
prime [-ring, T, and T, the symmetric
centralizers of M. If

Ti(x)yTay) = To(x)yTi(y) (2.1
forall x,y eM and y €I" and T, # 0, then there
exists AeCr such that To(x)= AaT;(x) for ael’,
where Cr is the extended centroid of M.

B) Let M be a 2-torsion free prime I'-ring, T},
T,, T3 and T, the symmetric centralizers of M.
If

Ty To(y)=T3(x)yTa(y) (2.2)
for all x, yeM and yel' and T;#0#T4,then
there exists AeCr such that Ty(x)= AaTs(x)
and T;3(x) = AaT(x) for a € I" where Cr is the
extended centroid of M

Proof (A):- Let X, y, z € M and B, y € T.
Substituting y + z for y in (2.1), we have

Ti(x)yDTay, 2) =To(x)YTi(y, 2). (23)
Replacing z by zPy in (2.3), we have
T1(x)yzBTa(y) = To(x)yzBTu(y). (2.4)
Now if we replace y by x in (2.4), then
Ti(x)yzPTa(x) = To(x)yzPT1(x). (2.5)

If Ty(x) # 0 then Ty(x) = Mx)aT(x) for all
ol and for some A(x)eCr. Thus if T;(x) # 0
# T1(y), then it follows from (2.4) that

(M(y) = AT (X)¥zBT (y) = 0.

(2.6)

Since M is a prime I'-ring, by using Lemma
2.2 we conclude that A(x) = A(y). Hence we
have proved that there exists A € Cr such that
T»(x) = AT (x) for all @ € I" and x € M with
Ti(x) # 0. On the other hand, if T;(x) = 0 then
T»(x) = 0 as well. Therefore Ty(x) = AaT,Z

Proof (B): Letx,y,z,w eMand a, B,y € T.
Replacing y by y + z in (2.2), we get

Ti(x)yTa(y+ 2) = Ta(x)y Ta(y+ 2). (2.7)
If we substitute zfx for z in (2.7), then
Ti(x)yzBTa(y) = Ta(x)yzBT4(y). (2.8)

Substituting zaT4(w) for z in (2.8), we have

T1(x)yza Ta(W)BTo(y)=Ts(x)yzoT4(W)BTu(y).
(2.9)

By (2.8), we know that

T1(xX)yzaTy(w) = T5(X)yzaT4(w) and so
T1(x)yza(Ta(W)BTa(y) — To(W)BT4(y)) =0
which implies that T4(W)BTa(y) = To(W)BTa(y)
since T # 0 and M is a prime ['-ring. It follows
from T4#0 and Lemma 3.6 that Tx(y)= AaT4(y)
for some A € Cr. Hence, by (2.8), we conclude
that

(AaTi(x) - Ts(x)yzBT4(y) = 0,

and so T3(x) = AaTi(x). This completes the
proof. mi

Lemma 2.5 :([8, Lemma 1]). Let M be a prime

I'-ring and Z the center of M.

1. Ifa,b,ce Mandp,y T, then

[ayb, c]g = ay[b, c]s + [a, c]gyb + ay(cpb) —

aP(cyb)

where [a, b], is ayb — bya for all a, b € M and y

erl.

2. If a € Z, then [ayb, c]g = ay[b, c]g where
[a,b], is ayb — bya foralla,b e M and y
T.

Lemma 2.6 ([9, Lemma 2]). Let M be a prime
I'-ring, U a non-zero right (resp. left) ideal of
M and a € M. If Ul'a = (0) (resp. al’'U = (0)),
thena=0.

2. Main results

In what follows, let M denote a prime I'-
ring such that MI'M # M, Z is the center of M,
Cr is the extended centroid of M and [a, b], =
ayb—byaforalla,be Mandy e T.

Lemma 3.1. Let M be a prime [-ring of
characteristic 2. Let T, and T, two non-zero
centralizers of M and right M-module
homeomorphisms. If

T\ To(x) =0 forall x € M, 3.1
then there exists A € Cr such that Ty(x) =
AT (x) foralla € I'and x € M.

Proof. Let x, y € M and a € I'. Replacing x
by xyy in (3.1), it follows from charM=2 that
forallx,ye Mandy e Il

Ti(x)yTa(y) = 0. (3.2)
Replacing y by Ti(y) in (3.2), we get
Ti(xTATi(y)) = 0. (3.3)

for all x, y € M and y € T'. Now, if we replace
y by zyy in (3.3), then we obtain

Ti(x)yTa(y) v Ti(z) = 0. (34
for all x € M and y € I".Now replace y by zPy
in (3.4),then we obtain

Ti(x)yzBT2(y)Ti(z) =0

Then
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To(ywTi(2)=0 (3.5)
forall y,z € M and y € I'.since M is a prime I'-
ring, then from(3.2)and(3.5)we obtain
Ti(x)yTay) = To(y)yTi(x) (3.6)

If Ti(x) # 0, then there exists A(x) € Cr such
that Tr(x) = A(x)aT(x) for all x € M and o €
I' by Lemma 2.4. Thus, if T{(x) # 0 = Ti(y),
then (3.3) implies that

(My) = Mx))aTi(x)BzyTx(x) = 0. (3.7
Since M is a prime [-ring, we conclude by
using Lemma 2.2 that A(y) = M(x) forall x,y €
M. Hence we proved that there exists A € Cr
such that T,(x) = AaT;(x) for all x € M and a
e I with Ty(x) # 0. On the other hand, if T;(x)
=0, then T,(x) = 0 as well. Therefore, T,(x) =
raT(x) for all x € M and a € I'. This
completes the proof. o

Proposition 3.2. Let M be a prime I'-ring of
characteristic 2 and T a non-zero centralizer of
M.If T(x) € Zforallx e M, (3.9)
then there exists A(m) € Cr such that T(m) =
Am)aT(z) forallm,ze Mand o € I"' or M is
commutative.

Proof. From (3.8), we have
[T(x),ylp=0forallx,y e Mand B € I'. (3.9)
Replacing x by xyz in (3.9), it follows from
Lemma 2.5 that

Tz yls =0 (3.10)
forallx,y,z € Mandy, B € I'. Replacing x by
T(x) in (3.10), we obtain

T (x)y[z, y]p =0
forallx,y,ze Mandvy,feT.
Now, substituting zam for z in (3.11) it
follows from char M = 2 that

T*(x)amy[z, yls = 0. (3.12)
forallx,y,zzm e Mandyvy, 3, a € I'. Since M
is a prime ['-ring, we obtain

T (x)=0 Vx € Mor [z, ylp=0
Vz,y € Mand VB € T.

From (3.13), if TX(x) = 0 for all x € M, then
replacing x by xym in this last relation, it
follows from T(x) € Z that
TRy T(m)=T(m)yT(x).

for all x,meM andye T.
Replacing x by xan in (3.14), it follows from
(3.8) that for all x, m, n € M andy,ae T’
T(x)anyT(m) = T(m)anyT(x). (3.15)
If T(x) # 0, then there exists A(m) € Cr such
that T(m) = AM(m)aT(x) for all z, m € M and o
€ I by Lemma 2.4. On the other hand, it
follows from (3.13) that if [z, y]s = O for all z,

(3.11)

(3.13)

(3.14)
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y € M and 3 € T, then M is commutative. This
completes the proof. i

Theorem 3.3. Let M be a prime I'-ring of
characteristic 2, T; and T, two non-zero
centralizers of M and U a non-zero ideal of M.
If

T Ty(u)=0 forallu e U (3.16)
then there exists AeCr such that
T(x)=AaT((x) foralla € I'and x € M.

Proof. Let u, v € U and y € I'. Replacing u by
T,(u)yv in (3.16), we get

T, T; (To(u)yv) =0, (3.17)
forallu,v € Uandy € I'."Then T%(uyyT(v) =
0

Since T; # 0, it follows from Lemma 2.2 that
T2, (u) = 0 for all u € U, so from char M =2
that T = 0. Now, substituting uyT,(x) for u in
(3.16), we get
T1(T2(uyT2(x)))=0,
forallueU,xeMandy e T
Then To(w)y( Ti(T2(x))) =0
Since T, # 0, we get T;(T,(x)) = 0 for all xe M
by Lemma 2.2.Hence there exists AeCr such
that T, = AaT, for all a € I" by Lemma 3.1.

(3.18)

Theorem 3.4. Let M be a prime I'-ring, U a
non-zero right ideal of M and T a non-zero
centralizer of M. If

T(uyya=0forallue Uandy e I (3.19)
Where a is a fixed element of M, then there
exists an element q of Q such that qoa=0 and
qBu=0forallue Uandy e’

Proof. Letu € U,x e Mand 3 € I. Since U is
a right ideal of M, we have ufx € U.
Replacing u by uPx in (3.19), we get

T(upx)ya = 0 for all u € U, xeM and
v,pelthen T(u)Bxya=0,Hence T(u)Bxyacm=0
forr any meM and oael,and so
T(u)B(z xyaoam)=0 .Therefore, for any ueV

= MTI'a'M which is a non-zero ideal of M, we
have

T()B f(v)=0 (3.20)
for all ueU. f(v) is independent of u but it
isdependent on v. Since M is a prime I-
ring,f(v) is well-defined and uni que for all
veV. Note that T(u)Bf(v)ay =0, (3.21)

For any yeM, and ael. Now since vayeV
for any yeM, veV. Replacing v by vay in
(3.20) we get

T(u)pf(vay) =0 for all yeM, (3.22)
and so by using (3.21) and (3.22), we have
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T)B(f(vay)- f(v)ay) =0.which implies from
Lemma 2.6 that

fvay) = f(v)ay , (3.23)

for all yeM,veV and ael.It follows from
(3.23) that f : V — M is a right M-module
homomorphism. In this case, q=CI(V, f)eQ.
Moreover, f(v) =qpfv forallve Vanda € I’
by Theorem 2.3. Letx € M, v € V,u € U and
Y, B € I'. Replacing v by xyv in (3.20), we get
T()p f(xyv) = 0,and

T()B qpxyv=0 (3.24)
Also, replacing u by uyx in (3.20), we get
T(uyx)pf(v) =0, we get T(u)yxpf(v)=0 , and
T(u)yxpgpv = (3.25)
Now, replacing B by y and replacing y by B in
(3.25), we get

T(u) Bxyqyv =0. (3.26)
Thus, from (3.24) and (3.26) we obtain
T(wB(xyq - gpx)yv=0. (3.27)
for all xeM,veV,ueU and vy, € I'.then by
primness of I'-ring we get T(u)B(xyq-qpx)=0
for all x € M, ueU and vy, Bel,thus T(u)pxyq
—T(u)Bqgpx =0,for all x € M and y, Bel, since
T is centralizer then ufT(x)yq — uPpqPT(x)
=0,replace x by uPx in last equation we get
uBT(upx)yq — uBqpT(upx) =0, then we have
uBupT(x)yq — upqPupfT(x) =0,and so since M
is prime [-ring we get upT(x)yq — qPupT(x)
=0, then we have ufT(x)yqoa — qBupT(x) aa
=0,then we get

upT(x)yqoa = qPupT(x)aa by Lemma 2.6.
Now, we shall prove that q can be chosen in Q
such that qoa = 0 and qfu =0 for allu € U
and y € I'. If qoa = 0, then qBupT(x) aa = 0,
then qfu =0 and so since M is prime I'-ring,
we get qI'U = (0). On the other hand, if qoa #
0, then gqPu= 0. In fact, if qpu =0, then qoa=0
since ufT(x)yqoa = qPupT(x)aa. Thus, we
may suppose that qoia # 0 and qfiu # 0 for all u
€ Uand o, € I'. In this case, we get
ufT(x)yqoa = qBupT(x)ca

forallx e M,u e Uandy, B, o € I'. It follows
from Lemma 2.4 that there exists AeCr such
that qoia = Ada and qPu = Adu for allu € U and
Y, 9, o, € I'. Hence, if q'=q—A, then q'Ta =0
and q'T'U = (0). This completes the proof.

Theorem 3.5. Let M be a prime I'-ring with
char M # 2, U a non-zero right ideal of M and
T a non-zero centralizer of M. Then the
subring of M generated by T(U) contains no
non-zero right ideals of M if and only if
T(U)I'U = (0).
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Proof. Let A be the subring generated by T(U).
Let S=A N U, ue U, seS and yel'. Then
T(syu) = T(s) yu € A, and so we have T(s) yu
€ S. Thus T(S)I'U is a right ideal of M. In this
case, T(S)I'U = (0) by hypothesis. T(uya)
=uyT(a) € S. Therefore, T(uyT(a))pu = 0, then
T(u)T(a)u=0. Since M is a prime ['-ring then
T(u)T(a) =0 (3.28)
Replacing u by upv where v.e U, B € I' in
(3.28),we get, forallu, v €U, B, yel"and ae A
T(w)PvyT(a) = 0. (3.29)
Since M is a prime ['-ring, we get T(U)I'U =
(0) or T(A)I'U = (0). If T(A)L'U = (0), then
T*(U)I'U = (0), so TX(U)=0. Let u, v € U and B
€ I'. Then
0 = T*(upv)) =T(T(upv))=T(u)BT(v).for all u,
v € Uand B € I' by char M # 2. Replacing u
by uyw where w € U, v € I in last relation, we
have T(u)ywBT(v) = 0 which yields T(u)yv =0
forallu,ve Uandy e T.
Conversely assume that T(U)I'U = (0). Then
AI'U = (0). Since M is a prime I'-ring, A
contains no non-zero right ideals.

Theorem 3.6. Let M be a prime I'-ring with
char M # 2, U a non-zero right ideal of M and
T, and T, two non-zero centralizers of M. If
T,T,(U) = (0), then there exists two elements
p, q of Q such that qI'U = (0) and pI'U = (0).

Proof. If T, T,(U) = (0), then T,(A) = (0) where
A is a subring generated by T,(U). Since T;# 0,
A contains no non-zero right ideals of M.
Thus, from Theorem 3.5, we have T,(u)yv =0
forallu, v e Uandy € I'. Also, there exists q
€ Q such that qI'U = (0) by Theorem 3.4.
Therefore T,(uyv) = uyTy(v) for all u, v e U
and y € I'. In this case, 0 = T Ty(uyv) =
Ti(uyTa(v)) = Ti(u)yTa(v), and since M is a
prime I'-ring, we get T,(u)yv =0 for all u, v €
U and y € I'. Again, by Theorem 3.4, there
exists p € Q such that pI'U = (0). This
completes the proof.

Remark 3.7. Consider the following example.
Let R be a ring. A centralizer T : R > R is
called an inner centralizer if there exists a € R
such that T(x) =ax for all x € R. Let S be thé
2 x 2 matrix ring over Galois field {0, 1, w,

wz}, with inner centralizer T; and T, defined
by

T (x) = 0 x () 0 wx
I(X)_ 0 0 5 Z(X)_ O O
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for all x € S. Then the characteristic of S is 2

and we have T, # 0, T, # 0, T\T, = 0 and
2,=0. Also, if we take

M = Mo(S) = {(a, b) | a, b € S} and

n . .
= [O] | n is an integer ;, then M is a

prime I-ring of characteristic 2. Define an
additive map H;:M — M by H\(x, y) = (T((x),

T(y).Sine (x, y)(gj(a,b) — (nxa, nxb),

therefore T is a centralizer on M. Similarly

H, : M — M given by Hy(x, y) = (T2(x), Ta(y))
is a centralizer. In this case, we have H; = 0,
H, # 0, H{H, = 0 and H?,=0 (see [9]). Thus we
know that there exist two centralizers H;, H, of
M such that HiH,(M) = (0) but H;(M)I'M = (0)
and Hy(M)I'M % (0). Therefore the condition
of char M # 2 in Theorem 3.5 and 3.6 is
necessary.
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