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Abstract

Weibull distribution is one of the most widely used distributions of
lifetime in reliability engineering. It has the ability to provide reasonably
accurate failure analysis and failure forecasts especially with extremely
small samples. Bayesian approach has received a lot of attention along
with the traditional methods of estimation such as maximum likelihood
and moment estimation methods. The object of the present paper is to
compare some Bayes' estimators for the scale Parameter 4 of the Weibull
reliability function using different loss functions, based on Jeffrey prior
information for estimating the scale parameter of Weibull distribution.
The comparison was based on a Monte Carlo study. Through the
simulation study comparison was made on the performance of these
estimators with respect to the mean square error (MSE) and the mean
percentage error (MPE). The results of comparison by MSE showed
that the Weibull reliability function based upon squared error loss
function was the best followed by the modified EI- Sayyad's loss
function. While comparison by MPE showed the reverse.
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Introduction Weibull reliability function is the mean of the
In Bayesian analysis the unknown parameter A posterior distribution of R (t) under some loss
is regarded as being the value of a random  functions[5].
variable from a given probability distribution, | gss Functions

with the knowledge of some information about e consider four different loss functions [3]:
the value of 4 prior to observing the data t;, to... (i)Squared-Error Loss Function:

t.[6].Many literatures have dealt with the aspect 1,(1,1) = (i )2

of the Bayesian inference of the Weibull ;y pogified Squared-Error Loss Function:
distribution [1,2]. The object of the present paper - - 2

: : R 12(3,2) = [a(A-2)]

is to obtain Bayesian estimates of the parameter

4 of the weibull reliability function, using where ris an integer constant.

Jeffrey prior under four loss functions .The (iii) El-Sayyad's Loss Function:
comparison was based on a Monte Carlo study. Lg{iﬁ} _ [,1:1',1’"—;1’"]‘]

The efficiency of the four estimators was ) )
compared according to the mean square error
(MSE) and the mean percentage error (MPE).

The Bayesian Approach Ls(42) = (I) —rin (] J -1

Suppose that n items have an independent and
identically distributed Weibull lifetimes each
having parameters (p, 4), Where 4 is assumed to
be unknown. The probability density function f
(t,p, A) of the lifetime is given by[7]:

where | is a positive integer.
(iv) Modified EI-Sayyad's Loss Function:
i =

Bayes Estimators

According to the above mentioned loss
functions, we found the corresponding Bayes'
estimators forA:
7 (i) With squared error loss function, the
f(t,p,ﬂ.}l:%fp_l e 1 Q) corresponding Bayes estimator for A with

Then with Jeffrey prior information given by: ~ Posterior  distribution  (3) ~ comes out as:

1 . - -
g(d) = = with ¢ a constant, 2 E‘[Lll[i, A}lt] _ J‘(‘:L — 12 h(A]e) dA
The posterior distribution for the parameter o
Agiven the data (t;, to... ty) is: Let:
fle/2) g(A) 9Ly (4,2)
(Al = =
W= reDsma o

Substituting the density function given in (1) and
the Jeffrey prior given in (2), the simplification Then,

leads us to the following foLrP: ) A=Elt = J"J',lh(,ut} dl
. mo T+ C—2 _"':'—rI-F noePy
3 _|__EE"=._r[-*:I'1+E PR | . o _(El:_._rl
h(a]f) = AnN+eTin+e—1] (3) j, _ J‘ A_(E?:ltr}n ) e de
- n+n _
The Weibull Reliability Function J AT+ e —1)
The complementary cumulative distribution Let
function (CCDF) is called reliability function. = Z&L,:f
The two parameter Weibull reliability function is Y="3
given by [4]: Then after substitution we find that:
(& —(yn P ;mte—1
Ri;pA)=e t_;.), (4) = [E:=1tf ) _ j o=V 2 __
and p are the scale and shape parameters where A Cinte—1) h '[Ef:li-ﬁ

respectively. We will assume that the shape _5n ,r
o % B |

parameter p is known a priori from the —‘—:Irijs
pastexperience. The advantage of doing this is

that data sets with few or no failures can be HeNCE
analyzed. The Bayesian point estimator of the
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n .
Litat

‘il - ntc—2 (5)
(ii) With modified squared error loss function, the
corresponding Bayes estimator for A with

posterior distribution (3) comes out as:

E[Ly(4,4)]t] = j A(i— )2 At da
o

By letting

M%"";‘:;l}-h—” = 0, we find that:

E[ﬂr+1|t]

~ E[ame]
where, E[A7|t] = [, A"h{(1|t) dA

By acting in a similar manner as in (i) and after
few steps we get:

|:EEI:._rF:|; Tn+e—r—1]

Evie) = S ©
Similarly L

E[A™+1|¢] = I:EP::tFE:;n;l;Enl;c_ r—2) )

From (6) and (7), we find that:

- L ¥

hp= i (8)

(iii) With EIl- Sayyad loss function, the

corresponding Bayes estimators for A with
posterior distribution (3) come out as:
E[L;(A,2)18] = [ 2 (27— 272 h(A]t) d2
ALs(A.4)
f4

Assuming | = 1 and by letting =10,

we find that:

. E[.-l?ﬂ-'-llt] Lir
’1:( ELAI1] )

from (5) and (7) we find:
- 1/
i |:EEI=._E'F:|' IMntc—r-2) "
3 Tim+c—2) -

(utu——2 1/
(B, o) [ ™

Tin+c—2)

9)
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(iv) With modified EI- Sayyad loss function, the
corresponding Bayes estimator for A4 with

posterior distribution (3) comes out as:
ElL (A = [G—) ~rin(%)-
1] 1 d2

By letting:

dLa(AA)

. = 0, we find that
g4

f{"E.‘[l t}—‘l
,1?"' B

where
|5 le]

and by making similar substitution as above we
get:

o[

Hence

= [y = hAlt) di

B Iln+c+r—1)
C(Zn,tF) Tl+e-1)

Tint+c—1)

1/r
1":.'—:+c+r—1}:| (10)

L= (Sat)) |

Using the Bayes' estimators iy, A,, 13, A4; quasi-
Bayes estimators of Weibull reliability function
are as follows

Simulation Results -
After the Weibull reliability function, R;(t) (i =

1,2,3,4) had been estimated; Mean Square Errors
(MSE) and Mean Percentage Error (MPE) were
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calculated as an index for precision to compare the
efficiency of the four estimators, where:

E{:l{;ﬁi(:} —Ri(t})z
I

MSE[R ()] =

and

$I [R:(0) — R (2)]

- =1~ R{t)

MPE[R.(1)] = -

where | is the number of replications. We
generated | = 2000 samples of sizes n = 10, 30, 50
from the Weibull distribution with A= 0.5. The
mean square error and the mean percentage error
were calculated. The results of the simulation
study are reported in the following tables:

Table 1: MSE of estimated Weibull reliability
function with A=0.5,p=3,c=1

nlr| R | R | R0 | E,@®

2 10.011775] 0.021651 | 0.017860 |0.012507

-210.011775]0.013933 | 0.011388 | 0.012952

2 |0.004205 | 0.005140 | 0.004791 |0.004273

-2 |0.004205 | 0.004430 | 0.004160 |0.004325

10

30
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Table 3: MSE of estimated Weibull reliability
function with A=0.5,p=3,¢c=3

B, (1)

R, ()

R0

R,it)

0.178805

0.258187

0.231828

0.166910

0.178805

0.170623

0.191769

0.191769

0.095901

0.109257

0.104696

0.093933

30

0.095901

0.094807

0.094489

0.098068

50

0.072239

0.078804

0.076787

0.070804

0.072239

0.070977

0.071417

0.073442

Table 4: MSE of estimated Weibull reliability
function with: 4=0.5,p=10,c=3

R0

R,

R ()

R,

10

0.012578

0.010743

0.010360

0.018737

0.012578

0.021543

0.014225

0.011306

0.003970

0.003795

0.003747

0.004704

30

0.003970

0.005058

0.004159

0.003835

50

0.002302

0.002252

0.002231

0.002561

0.002302

0.002689

0.002367

0.002256

2 | 0.002499| 0.002838 | 0.002714 | 0.002513
-210.002499 0.002566 | 0.002479 | 0.002544

50

Table 2: MSE of estimated Weibull reliability
function with A= 0.5, p=10,c=1

n| r| A R,(t) | R.(e) | B,(®)

0.01130
0.0107430.019617 | 0.016250 6
0.01183
0.010743 0.012578 | 0.010360 3
0.00383
0.003795 | 0.004655 | 0.004338 5
0.00390
0.003795 | 0.003970 | 0.003747 9
0.00225
0.002252 | 0.002566 | 0.002453 6
0.00229
0.002252 | 0.002302 | 0.002231 6

10

30

50

Table 5: MPE of estimated Weibull reliability
functionwith A=05,p=3,c=1

ro| &,

R, ()

Ra(e)

Rt

10

2 1

0.20709|0.30307

9

0.27148
2

0.190741

1

0.20709|0.19415

5

0.19696
5

0.223055

30

0

0.11219|0.12847

0

0.12296
5

0.109398

0

0.11219]0.11025

0

0.11038
6

0.114882

50

0

0.084510.09251

8

0.09007
3

0.082603

0

0.08451(0.08272

7

0.08347
2

0.085995

Table 6: MPE of estimated Weibull reliability
function with A=0.5,p=10,c=1

R, ()

Rt

R,

R,

10

0.013932

0.011775

0.011388

0.020672

0.013932

0.023694

0.015755

0.012506

30

0.004430

0.004205

0.004159

0.005260
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-2 0.004430] 0.005656 | 0.004646 |0.004273
2 10.002566 | 0.002499 | 0.002479 |0.002862
°0 -2 0.002566 | 0.003006 | 0.002642 |0.002513

Table 7: MPE of estimated Weibull reliability
function with A=0.5,p=3,c=3

n| r | K. | B0 | Ra.(0) | F.(p)

2 10.194155]0.207091 | 0.196965]0.225703
-2 ]0.194155]0.241425]0.201756|0.190741
2 ]0.110250]0.1121900.110386]0.116881
-2 ]0.110250]0.120376]0.1117970.109398
2 10.082727]0.0845100.083472]0.085332
-2 ]0.082727]0.086932|0.083224 | 0.082603

10

30

50

Table 8: MPE of estimated Weibull reliability
function with A =0.5,p=10,c=3
n| r| &0 H,Q) R.) A,
2 10.170623 | 0.178805 | 0.170807 |0.200231
-2 1 0.170623 | 0.214696 | 0.177950 | 0.166910
2 10.094807 | 0.095901 | 0.094489 |0.100945
-2 ] 0.094807 | 0.104107 | 0.096277 | 0.093933
2 10.070970 | 0.072239 | 0.071417 |0.073409
-2 ] 0.070970 | 0.074847 | 0.071468 | 0.070804

10

30

50

Discussion

It appears from tables 1, 2, 3 and 4 that in
general comparison by MSE and MPE shows that
when ¢, p are small and r = 2, the Weibull
reliability function based upon squared error loss
function was the best followed by the modified El-
Sayyad's loss function. While comparison by MPE
shows the reverse. As ¢ and p become large R(t)
based upon the modified El- Sayyad loss function
was the best only when r = -2 while El- Sayyad
loss function was better for positive r.
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