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Abstract 

     In this work, we study two species of predator with two species of prey model, 

where the two species of prey live in two diverse habitats and have the ability to 

group-defense. Only one of the two predators tends to switch between the habitats. 

The mathematical model has at most 13 possible equilibrium points, one of which is 

the point of origin, two are axial, tow are interior points and the others are boundary 

points. The model with    , where n  is the switching index, is discussed 

regarding the boundedness of its solutions and the local stability of its equilibrium 

points. In addition, a basin of attraction was created for the interior point. Finally, 

three numerical examples were given to support the theoretical results. 

 

Keywords: Prey-Predator; Switching; Group defense; Equilibrium point; Local 

stability; Basin of attraction.  
 

الفرائس ونوعين من المفترساتحول النموذج الرياضي لنوعين من   
 

عبدالخضر غالي فرحان   
.العخاق ،قدم الخياضيات ، كمية التخبية الأساسية, الجامعة المدتنرخية ، بغجاد    

 الخلاصه
في هحا العمل ، نجرس نمهذج لنهعين من الفخائس مع نهعين من المفتخسات ، حيث يعيش النهعان من      

الفخائس في مهئمين مختمفين ولجيهما القجرة عمى الجفاع الجماعي. نهع واحج فقط من الحيهانات المفتخسة يميل 
نة عمى الأكثخ ، إحجاها هي نقطة إلى التبجيل بين المهئمين. لمنمهذج الخياضي ثلاثة عذخ نقطة تهازن ممك

الأصل ، اثنتين محهريتين ، نقطتين داخميتين والأخخيات نقاط حجودية. تمت مناقذة النمهذج من حيث 
هه مؤشخ التبجيل. بالإضافة  n، حيث أن  n = 2 محجودية حمهله والاستقخار المحمي لنقاط التهازن في حالة 

 .جاخمية. وأخيخًا ، أعطيت ثلاثة أمثمة عجدية لجعم النتائج النظخيةإلى ذلك ، تم إنذاء حهض جحب لمنقطة ال
 

1. INTRODUCTION 

     Predators feed themselves for some time in a habitat that contains adequate food, that is, there 

exists a large number (large size) of prey or the prey has no ability to defend itself. When the food is 

reduced, in other words, there is a small number (small size) of prey, the predators move to another 

habitat, which is the so-called the switching phenomenon [1, 2]. While, the Group-defense means that 

a prey can defend itself by attacking the predator collectively instead of waiting and giving the 
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predator a chance to kill it. In 1920,Volera proposed a mathematical model for one predator and its 

prey. Later, other mathematical models have been proposed by many researchers, which deal with the 

relationship between prey and predators. Some of these models provided two prey with one predator 

[3, 4, 5], one prey with two predators [6], two prey with two predators [4, 7, 8, 9, 10], and the insect 

predation [11].  

     In one study [4], Bhattacharyya and Mukhopadhyay proposed and studied two models of prey–

predator . The first model was considered with a prey group defense, while the second was considered 

without a prey group defense. The two prey species are supposed to live in two diverse habitats, while 

the two predator species tend to switch between habitats. In another investigation [12], the first model 

(with a prey group defense) was expanded by the following mathematical model: 
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     where   represents the density of the prey in their two divers' habitats;    represents the density of 

the predators. The two species of prey are supposed to grow logistically with a certain growth rate    
and carrying environmental capacity   to   ;    represents the rate of predation by the predator     on 

prey        represents the rate of predation by the predator    on   ;    represents the mortality rate of 

predators    such that      , and       and   are the corresponding conversion rates. The two 

functions     
   (  

    
 )  and     

   (  
    

 )  explain the behavior of predator switching    . 

This Model includes two prey and two predators. The phenomenon of switching occurs only with one 

of the two predators, while the two prey species live in two diverse habitats and have the ability of 

group-defense against one of the two predators. 

     The model (   ) was discussed for      as the switching index in the last mentioned work [12]. 

In this work, we discuss this model (   ) for      At most, thirteen possible equilibrium points are 

found for the system (   )  One of these equilibrium points is the origin point, which means the 

absence of all species, whereas two equilibrium points are axial (the absence of three species), two are 

interior points (coexistent state or normal steady state), and the last equilibrium points are boundary. 

Therefore, there are three states; one is the absence of two predators, another is the absence of one 

prey and one predator, while the others are the absence of one predator for each state. 

2. THE MATHEMATICAL MODEL 

Consider the model (   )  that was proposed in the aforementioned study [12], when     , the 

model (   ) takes the form: 
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3. BOUNDEDNESS OF THE SOLUTIONS 

     In this section, we prove that all the positive solutions of system (2.1) that start with   are bounded 

Let  

  *(           )   
                    +                                      (3.1) 
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Lemma1: If                  then all the positive solutions of the system (   )  that start in   

are bounded. 

Proof: Let the real function:  

 ( )    ( )    ( )    ( )    ( )  be a positive definitive on  .  

From (   )  we have: 
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This leads to    ( )  
 

 
  ( )    , and for t→∞, 
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where       (    )    (    )  
So that, we obtain that the positive solutions of the system(   ), with initial conditions that belong to 

   and satisfy            , are bounded. 

4. LOCAL STABILITY OF EQUILIBRIUM POINTS 

     It is well known that the model (2.1) has at most thirteen equilibrium points, four of them always 

exist, but the existence of the other depends on the values of the parameters that defined the model and 

that will be shown throughout this section. In this section, we will discuss the local stability of the so-

called equilibrium points.   

I. The equilibrium point     (       ) of the model (2.1) always exists. The following lemma shows 

that the    (       ) is not stable: 

Lemma 2: If   ( )     or   ( )     then there is no trajectory of the system (   )can converge to  

(       )  which means that    (       ) is unstable. 
Proof: Let   ( )    (           )  (       )  as     then 
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It is clear that 
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  If(           )  (       ) as      

then there exists       such that; 

  (  )     ( )    (  )   .
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/     as      So       

In the same way , if   ( )        , then there is no a trajectory to the system (2.1) that converges 

to  (       ) 
Hence, the equilibrium point    (       ) is unstable. 

II. The equilibrium points    (        ) and     (        ) of the system (2.1) always exist. The 

Jacobian matrix of the system (   ) at the equilibrium points    is 

                                                        (  )  [

        
    

              
             

         
          

        
           

]  

And the Jacobian matrix of the system (   )at  is 
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                                       (  )  [

       
     

        
        

         
        

        
       

]  

It is clear that the sets of eigenvalues of the two matrices  (  ) and  (  ) are: 

 ( (  ))  *                  + and 

 ( (  ))  *               +  respectively. 

Note that  ( (  ))        has at least one positive eigenvalue and at least two negative eigenvalues, 

which means that the two equilibrium points are saddle points (unstable).  

III. The equilibrium point     (         )  always exists. The Jacobian matrix of the system 

(   ) at    is: 
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And the set of the eigenvalues of the characteristic equations of the matrix  (  ) is: 
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Due to the stability criteria given in the above mentined study [12] by Routh-Hurwitz, the equilibrium 

point   (         ) should be locally asymptotically stable, if it satisfies the following two 

conditions: 

{
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   The fifth equilibrium point is    ( ̌       ̌ )  which exists under the condition          
where: 
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The characteristic equation of the Jacobian matrix of (   ) near the point    ( ̌       ̌ ) is: 

(    )(    ),   
  (   ̌      )     ̌         ̌  ̌ -     

So that, the eigenvalues are as follows: 

                   and       are the solutions of the second degree equation: 

   
  (   ̌      )     ̌         ̌  ̌     

Now, we have that       and       which means that the equilibrium   ( ̌       ̌ ) is a saddle 

point. 

  The equilibrium point    ( ̌   ̌     ̌ )  exists if the condition        is satisfied. 

where: 
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So that, the eigenvalues are: 

      (   ̌     ̌ ) ̌               
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It is clear that       and    are negatives. 

Now, we have that     ,    and    are negatives. 

If (   ̌     ̌ )
 ̌  ̌ 

 ̌ 
   ̌ 

      then     . 

Based on the criteria for the stability of Routh-Hurwitz [13], the equilibrium point    
( ̌   ̌     ̌ )should be locally asymptotically stable, if it satisfies the following condition: 
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   The existence of the equilibrium point    ( ̃   ̃   ̃   ) is guaranteed under the condition:  
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and  ̃ is a real positive root of thee equations: 
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such that: 
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     It is clear that        and           According to the criteria of Routh-Hurwitz [2], not all the 

roots of  equation  (    ) are negatives. So that it is possible to obtain some positive real roots. 

However, the numerical study for three examples presented in section 6 shows that, in the first 

example, equation (4.4b) has only one real positive root, while in the second example, equation (4.4b) 

does not have any real positive root, and, in the third  example, equation (4.4b) has three real positive 

roots. 

Therefore,    ( ̃   ̃   ̃   ) exists under the two conditions: 
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     According to the criteria of Routh-Hurwitz [2] of the system (   )  if    ( ̃   ̃   ̃   ) exists, 

then the necessary and sufficient conditions for    ( ̃   ̃   ̃   ) to be locally asymptotically stable 

are:  

{
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    THE INTERIOR EQUILIBRIUM POINT 

Consider the interior equilibrium point    ( ̅   ̅   ̅   ̅ )  such that: 
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  and if           then           (4.5b)  has only one positive 

root. So that equation(4.5b) has only one positive root, if           
Otherwise, with the condition    

   
      (        )  equation(    ) has exactly two positive 
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     So that, only one interior equilibrium point of the type    ( ̅   ̅   ̅   ̅ ) is obtained if: 
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where 
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     The necessary and sufficient conditions for    ( ̅   ̅   ̅   ̅ )  to be locally asymptotically for 

the system (   ) are:  

{

 ̅                                     
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     Next, we will define an appropriate Lyapunov function to create a basin of attractions for    
( ̅   ̅   ̅   ̅ )  
THEOREM 1: Assume that the equilibrium point     of (    )  is locally asymptotically stable, 

and  ̅    ,    ̅        where   
      *     +             ̅     * ̅   ̅ +, 
Then, a basin of attraction of    can be created by the set: 
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∑,(    ̅ )  (     )  (    ̅ )    (     )-    

 

   

 

 ̇(           )     (           )   ̅  *( ̅   ̅   ̅   ̅ )+  
 And   ̇(           )      
    Therefore, any trajectory with the initial condition  (               )   ̅  converges 

asymptotically to ( ̅   ̅   ̅   ̅ )  which means that  ̅ is a basin of attraction for    ( ̅   ̅   ̅   ̅ )  
Thus, the proof is complete. 

5. NUMERICAL SIMULATIONS 

     In this section, we will analyze three sets of parameter values for the system (2.1), which are 

provided in Tables-(1, 2, and 3), repectively. The system (2.1), that is defined by the parameters of 

table 1, has eight equilibrium points. While the system (2.1), that is defined by the parameters of 

Table- 2, has only four equilibrium points, and the system that is determined by the parameters of 

Table-3 has ten equilibrium points. These results support our argument that the existence of some 

equilibrium points depends on the values of the parameters.  

The main results can be summarized as follows: 

1- The equilibrium points assigned with the parameters of table 1 are: 

   (       )             (         )             (         )         (           )  
   (              )    (                )    (                      ) 
and   (                         ) The first seven points are unstable while the eighth point (the 

interior point) is asymptotically locally stable, as shown in Figures-(1-3). 

Table 1- 

                     

1 2.8 1.5 0.6 0.6 0.2 
0.1 0.1 

2 2.4 2 0.25 0.4 0.5 

2- The equilibrium points assigned with the parameters of table 2 are four points, as follows: 

   (       )     (       ) and     (         ) are unstable, while    (         ) is 

asymptotically locally stable, is shown in Figure- 4. 

Table 2- 

                     

1 1 0.5 1 0.3 0.2 
0.1 0.5 

2 1.4 2 0.6 0.4 0.8 

3- The system (2.1) that is defined by the parameters of table 3 has ten equilibrium points, as follow: 

   (       )     (         ),    (         ), while     (           ) and 

    (              )    (                  ) and  

   (                          )  
Equation (4.4b) has 5 roots, three of them are positive, that is  ̃                or        . 

Therefore, from each root, we obtain  one equilibrium point, as follows: 

 ̃           
  (                      ) 

 ̃            
   (                      ) 

 ̃            
    (                      ) 

  All the equilibrium points of the system (2.1) that are defined by the parameters of table 3 are 

unstable, except   
   that is   

  is locally asymptotically stable. see Figures- (5-9). 

Table 3- 

                     

1 2.5 1.5 0.25 0.6 0.2 
0.8 0.4 

2 2.5 1.5 0.25 0.4 0.5 

The next Figures-(1-8) show the numerical simulation to the trajectories of the system (2.1) with the  

different parameterS: 
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Figure 1-The trajectory of the  system (2.1) with the parameters given in Table-1.We see that the 

initial point . (                     ) is located close to    and it is moving away from    and 

approaching     

 
Figure 2-The trajectory of the  system (2.1) with the parameters given in Table (1).We see that the 

initial point (                    ) is located close to   and it is moving away from    and 

approaching     

 
Figure 3-The trajectory of the  system (2.1) with the parameters given in Table-1. We see that the 

initial point (                )is located close to  and it is approaching     



Farhan                                                  Iraqi Journal of Science, 2020, Vol. 61, No. 3, pp: 608-619 

 

617 

 
Figure 4-The trajectory of the  system (2.1) with the parameters given in Table-2. We see that the 

initial point (                )  is approaching     

 
Figure 5-The trajectory of the  system (2.1) with the parameters given in Table-3.We see that the 

initial point (                       ), is located close to    and it goes away from      and is 

approachingP7*  

 
Figure 6-The trajectory of the  system (2.1) with the parameters given in Table-4.We see that the 

initial point (                ), is located close to    
    and is approaching   
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Figure 7-The trajectory of the  system (2.1) with the parameters given in Table-4. We see that the 

initial point (                        ) , located close   
   and it goes away from   

    and is 

approaching   
   

 
Figure 8-The trajectory of the  system (2.1) with the parameters given in Table-4.We see that the 

initial point (                  ), is located close   
   and it goes away from   

     and is approaching 

  
   

 
Figure 9-The trajectory of the  system (2.1) with the parameters given in Table-4. We see that the 

initial point (                      ) , is located close to  and it goes away from     and is 

approaching   
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6. CONCLOSIONS 

     In this paper, we study a model of two species of predators and two species of prey, where the two 

species of prey live in two different habitats and have the ability to group-defense. Only one of the two 

predators tends to switch between the habitats. We have found that the system has, at most, thirteen 

possible equilibrium points, one of them is the origin, two are axial, two are interior points, and the 

rest of the equilibrium points are boundaries. Four of equilibrium points always exist, regardless of the 

values of the parameters, whereas the existence of the remaining equilibrium points depends on the 

values of the parameters, that implies that some sufficient conditions were given to ensure their 

existence. Moreover, we have studied the boundedness of the solutions and the local stability of the 

equilibrium points, and we have found that four points are unstable and the rest are locally 

asymptotically stable under certain conditions. Furthermore, We explained the general stability of the 

interior equilibrium point by means of the Lyapunov function to create a basin of attraction for the 

studied point. 

     Finally, we have given three examples; each of them is a set of parameter values. One of them 

shows that the system has eight points, seven of them are unstable and one (the interior point) is 

locally asymptotically stable. In the second example, the system has only four equilibrium points, 

three are unstable and one is locally asymptotically stable. The third example shows that the system 

has ten equilibrium points, nine of them are unstable and one is locally asymptotically stable. Our next 

work will be on studying the same model that we have discussed in this paper with     as the 

switching index. 
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