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Abstract

In this work, we propose the notion of I' — permutation BCK —algebras as an
extension of BCK —algebras and investigate them. We also present I' —
permutation BCK —subalgebra, I' — permutation BCK —ideal, I' — permutation
BCK —closed ideal, I' — permutation normal BCK —subalgebra, I' — permutation
normal BCK —ideal, and quotient I' — permutation BCK —algebra. We show that if
h: X = Y is a normal homomorphism of I —permutation BCK —algebras X and Y,
the quotient I' —permutation BCK —algebra Y /V is isomorphic to Im(h), where
V = ker(h).

Keywords: Symmetric group, BCK —algebra, Permutation, Quotient, Equivalences,
Normal Ideal.
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1. Introduction

The collection of all negative integers Z is not a semiring in terms of normal addition and
multiplication, but it does form a I' —semiring, where I' = Z. The primary reason for the
evolution of I' —semiring consists of the development of outcomes of rings, I' —rings, ternary
semirings, semigroups, and semirings. In 1966, Y. Imai and K. Iseki [1] established two
classes of abstract algebras, namely BCK and BCI —algebras, to broaden the concept of
set—theoretic difference and non-classical propositional calculus. Every BCI —algebra M
satisfies O #r = 0 for every r € X is a BCK —algebra. Every abelian group is a
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BCK —algebra, with # representing group subtraction and O representing group identity. As a
result, various researchers have investigated generalizations of BCK/BCI/RHO —algebras
(see [2-10]). Moreover, there are other classes are studied by many researchers, [11-16]. The

2
2 2 c(B) bg(ﬂ) ..... b;(/?)

P . 1 1 1
product of disjoint cycles g =(b,.b,... bal)(bl,bz ..... b%)‘..(b1 , c(ﬂ)) can be

decomposed virtually uniquely for each permutation £ in the symmetric group S,, [17]. As a
result, 8 can be written as 4,4,...4, 5. The division is referred to as the cycle type of 8, [18].

The particular laws for union, intersection, and other laws of permutation sets (for short,
p —sets) are described, [19]. Following that, this concept and its applications are investigated
and discussed in a variety of domains such as topology and algebra, and others [20], [21].

The research structure in this paper as following, in the second section the basic notions are
recalled which are needed in our work. After that, in the third section, the concept of I' —
permutation BCK —algebras [(I" — (PBCK — A)] have been considered. Also, the notions of
I' — (PBCK — SA), T’ — (PNBCK — SA), I’ — (PCBCK — A), and quotient I' — (PBCK — A)
are given and we discussed their properties and equivalence classes. Next, in the fourth
section some notions like I' — permutation BCK —ideal, I' — permutation BCK —closed ideal,
and I' — permutation normal BCK —ideal, are given and we discussed their properties.
Finally, in the last section, the conclusions for our results and future work are shown.

2. Basic fundamentals
In this section, we recall the following definitions which are necessary for completeness.

Definition 2.1: [19]
Let S,, be a symmetric group on the set 2 = {1,2, ...,n} with B € §,, and the cycle type of
permutation B is & (B) = (X, Xy,..., X)), then B composite of pairwise disjoint cycles

(e} where py = (b, 1, .. 16,), 1 S t < c(B). If p= (g, oy, 1y is b —ycle in S,

We say u®={u .., n} is a B-—set of cycle p, where ()3 = {uf =

(i 13 we I <t < c(B)}).

Definition 2.2: [2]
A BCK —algebra is an algebra (X,*,0) of type (2,0) satisfies the following axioms for every
x,y,Z€X

L. (exy)* (x*2)) * (zxy) = 0;
2. (xx(xxy))*xy=0;

3. x*xx=0;

4. 0xx=0;

5.

x*y=0 and y*x =0impliesx = y.

3. On I' — permutation BCK —algebras
This section introduces and investigates the concept of I' — permutation BCK —algebras
[((I' = (PBCK — A)]. Also, the notions of I' — (PBCK — SA),I' — (PNBCK — SA), and I —

(PCBCK — A) are given and we discussed their properties and equivalence classes.

c(B)
Definition 3.1: Let V € X = {A‘lg } , where § € S,,, and let I' be non-empty sets. Assume

i=1

T is a constant element in V and u:V X I' X V — V is a map, where u(lf,a, Aﬁ) = /1?(1 Af,
for all /1? , /1][.; € V and a € I', if u have the following identities:
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) ue(w( Hoa ) pu( A, 2)) B, 2 =T,
ity (A0, 20y = w(A, 0,2y =17 = 2 = X,
iii) w(27,0,2)) =T,

i) u(T,a, A7) =Tforalla, g € I, 7, 2, 25, €v.

Then V is called a I' — permutation BCK —algebra [for short, I' — (PBCK — A)].

Remark 3.2: If Visal' — (PBCK—A) and @ €. Let : V x V — V be a map, where T

(A5, 25y =200l v AP, 28 € V. Then (R,7,T) is symbolized by Ra, if it is a (PBCK —
A).

Example 3.3: Let § = (1 234567 891011 12 )be a permutation in S;,. So, f =

4621931085 7 12 11 X
18263 (597 10)(1112)(8). Therefore, we haveX = {1/} =

i=1
{{1,4},{2,3,6},{5, 9},{7,10},{8},{11,12}} and T = {1,4}. Let I' = {uy, Uy, U3, U4, Us} be a
set of operations that are defined on X by Tables [(1)-(5)].

Table 1: u: X XX - X

™ {1,4} {2,3,6} {5,9} {7,10} {8} {11,12}
{1,4} {1,4} {1,4} {1,4} {1,4} {1,4} {1,4}
{2,3,6} {2,3,6} {1,4} {2,3,6} {2,3,6} {2,3,6} {2,3,6}
{5,9} {5,9} {5,9} {1,4} {5,9} {5,9} {5,9}
{7,10} {7,10} {7,10} {7,10} {1,4} {7,10} {7,10}
{8 {8 18} 18} 8 (1,4} 8}

{11,123 {11,12} {11,12} {11,12} {11,12} {11,12} {1,4}

Table2: yu,: X XX - X

1y {1,4} {2,3,6} {5,9} {7,10} {8} {11,12}
{1,4} {1,4} {1,4} {1,4} {1,4} {1,4} {1,4}
{2,3,6} {2,3,6} {1,4} {5,9} {5,9} {5,9} {5,9}
{5,9} {5,9} {7,10} {1,4} {7,10} {7,10} {7,10}
{7,10} {7,103 18} 18} {1,4} 18} 85
{8} {8} {11,12} {11,12} {11,12} {1,4} {11,12}
{11,12} {11,12} {2,3,6} {2,3,6} {2,3,6} {2,3,6} {1,4}

Table3: u3: X XX - X

Us {1,4} {2,3,6} {5,9} {7,10} {8} {11,12}
{1,4} {1,4} {1,4} {1,4} {1,4} {1,4} {1,4}
{2,3,6} {2,3,6} {1,4} {7,10} {7,10} {7,10} {7,10}

5,9} 5,9} 8} (1,4} 18 185 18
{7,10} {7,10} {11,12} {11,12} {1,4} {11,12} (11,12}
{8} {8} {2,3,6} {2,3,6} {2,3,6} {1,4} {2,3,6}
{11,12} {11,12} {5,9} {5,9} {5,9} {5,9} {1,4}
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Tabled: uy: X XX - X
s (1,4} {2,3,6} (5,9} (7,10} (81 (11,12}
{1,4} {1,4} {1,4} {1,4} {1,4} {1,4} {1,4}
{2,3,6} {2,3,6} {14} {8} {8} {8} {8}
(5,9} (5,9} (11,12} (1,4} (11,12} (11,12} (11,12}
{7,10} {7,10} {2,3,6} {2,3,6} {1,4} {2,3,6} {2,3,6}
{8} {8} {59} {59} {59} {1,4} {5,9}
(11,12} (11,12} (7,10} (7,10} (7,10} (7,10} (1,4}
TableS: us: X XX - X
Us (1,4} {2,3,6} (5,9} (7,10} (81 11,12}
{1,4} {1,4} {1,4} {1,4} {1,4} {1,4} {1,4}
{2,3,6} {2,3,6} (1,4} (11,12} {11,12} (11,12} (11,12}
{5,9} {5,9} {2,3,6} {1,4} {2,3,6} {2,3,6} {2,3,6}
{7,10} {7,10} {5,9} {5,9} {1,4} {5,9} {5,9}
(8} (8 (7,10} (7,10} (7,10} (1,4} (7,10}
(11,12} (11,12} (8} (8} (8} (8} (14}

Hence, X is I' — (PBCK — A).

Example 3.4:
(1234567
Letf=(3610824 ;
Therefore, we have Y = {/1{;} ={{1,3},{2,6},{5,8},{4,79}} and T = {1,3}. Let ' =
i=1
{w,, w,}. The operations w4, w, are defined on Y by Tables (6) and (7), respectively.

? ;9 ) be a permutation in Sy. So, 8 = (13)(2 6) (5 8)(7 4 9).

Table 6 : w:Y XY Y

w4 {1,3} {2,6} {5,8} {4,7,9}
{1,3} {1,3} {1,3} {1,3} {1,3}
{2,6} {2,6} {1,3} {5,8} {5,8}
{5,8} {5,8} {4,7,9} {1,3} {4,7,9}

{4,7,9} {4,7,9} {2,6} {2,6} {1,3}
Table 7: w,: Y XY oY

W, {1,3} {2,6} {5,8} {4,7,9}
{1,3} {1,3} {1,3} {1,3} {1,3}
{2,6} {2,6} {1,3} {2,6} {2,6}
{5,8} {5,8} {5,8} {1,3} {5,8}

{4,7,9} {4,7,9} {4,7,9} {4,7,9} {1,3}

Hence, we consider Y as I' — (PBCK — A).

Definition 3.5: Let Vbeal’ — (PBCK —A) and @ # A S V. We say A is [’ — permutation

BCK —subalgebra [for short, I'— (PBCK — SA)], if Xfa2f € A,vAl, 2 € A,aeT.
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Definition 3.6: Let Vbeal’ — (PBCK —A) and @ # A € V. We say A is a [' — permutation
normal BCK —subalgebra [for short, ' — (PNBCK — SA)], if

(Harh)a(Wadl)e a, valad, Barleca aer

12345678
71865423

(17 2)(3 8)(4 6)(5). Therefore, we have X = {2f} = {{1,2,7},{3,8},{46}. {5}} and
1
T = {5}. Let= {u}, where u is defined on X by Table (8).

Example 3.7: Let ,Bz( ) be a permutation in Sg. So, f =

4
i=

Table8: : X XX - X

H {5} {1,2,7} {4.6} 3,8
{5} {5} {5} {5} {5}
{1,2,7} {1,2,7} {5} {1,2,7} {1,2,7}
{4.6} {4.6} {4.6} {5} {4.6}
3,8 (3,8} 3,8 3,8 {5}

Hence, M = {{5},{1,2,7}}isI' — (PNBCK — SA).

Definition 3.8:
(i) A I' — (PBCK — A) V iscalled I' — permutation commutative BCK —algebra [for short,

r— (PCBCK - M), if Wa( 2B Af) = Wa(alp i) vl 2l ev, andaper.

(ii) AT’ — (PBCK — A) V can be partially ordered by /1? < lf if and only if /1? a Af =T
for all a € T'. This ordering is called a I' — BCK ordering.

Note: If Visa I' — (PBCK — A), then AaT = 27 is hold.

Example 3.9: Consider X = {{1,2,7},{3,8},{4,6}, {5}} and u in Example 3.7. Let ' =
{u, w}, where w is defined by Table (9).

Table9: w: X XX - X

) {5} {1,2,7} {4,6} {3.8}
{5} 5} 5} 5} 5}
{1,2,7} {1,2,7} {5} {1,2,7} {3,8}
{4,6} {4,6} {1,2,7} {5} {1,2,7}
{3,8} {38} {4,6} {1,2,7} {5}

Hence, X is ' — (PCBCK — A).

Definition 3.10: Let X and Y be I' — (PBCK —As). A map f: X - Y is called a
homomorphism if f( A a A7) = f(AD)af(A), v 2}, 2 € X,a € T.

Definition 3.11: Let X and Y be I' — (PBCK — As) with constant elements Ty and Ty,
respectively, and f : X — Y be a homomorphism. Then the set {ﬂf eEX|f ( /1? ) = TY} is
called the kernel of f and it is denoted by ker(f) and the set {f( Aiﬁ ) /1? € M} is called
the image of f and is denoted by Im(f).
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Theorem 3.12:
IfV is ' = (PBCK — A), then e /g 27 )a 2l = T,v 2!, 2 € v.and a,f € T.

[
Proof.
From Definition 3.8 - (i) of I' — (PBCK — A),

((A{”ﬁ e 2p ;Lfn)) o pH)=T. 1)
VAL A A eV, qper. Put A = T, A% = A, in (1), then

(( 2pr)a( Ap ;Lf)) o pT)=2a( 26 20)adf = T.

Theorem 3.13: Let M be a I’ — (PBCK — A). Then the following are equivalent:

) M is commutative;
@2 < = 2 = 2a(Apal)foral A/,20 eMaper.
Proof.

(i) = (ii) Suppose that M is commutative. Then Afa( Afﬁ/lf) = Afa(/ljﬁﬂ /1{?)
for all /'l’f,)lf €Manda,p €T So, if /1fg < A]-B from Definition 3.8 - (ii), hence /lfa Af =
T.

That implies 2/ = AfaT = a( 2/pA7) = 2 a(APp 27) hence 27 = 22a(2l B 2D).
(i)=> (i) Suppose 2¥ < A7 then2f = 2/ a(lﬁ B 27). On the other hand, A{ < A7, then

Warl =T Then/’l’g = AfaT = Afa(zfﬁaf).Hence, Ha(2fpaly = A].Ba(/lfﬁ 5.

Lemma 3.14: Let M be a I' — (PBCK — A). Then T < 2% forall 2% € M.

<
Proof. We have Ta /1? =T foralla € I',then T < Af . Hence, T is the least element of
the I' — (PBCK — A) M.

Theorem 3.15: If f: M — N is a homomorphism of I' — (PBCK — A) M and N, then
Im(f) is a subalgebra of N.

Proof. Let f : M — N be a homomorphism of I' — (PBCK — A) M and N, /1{3'/1[; € Im(f).
Then there exist uf’) , va € M such that f ( ulﬁ ) = /1? , f ( v]-ﬁ ) = AJ-B . That implies
f( uf)a'f( vjﬁ) = )lfa)lf for all ¢ € I'. That implies f( uiﬁa vjﬁ) = liﬁa/ljﬁ. Then
/lfa/lf € Im(f). Hence, Im(f) is a subalgebra of N.

Lemma 3.16: Let f : M — N be a homomorphism of I' — (PBCK — A) M and N. Then
ker(f) is a subalgebra of M.

Proof. Let f: M — N be a homomorphism of I' — (PBCK —A) M and N, /13 Aﬁ
ker(f). Then f( A7) = f(2) =T and sof(arf) = f(2)af ()= TaT = T.
Hence, Af a)lf € ker(f). Therefore, ker(f) is a subalgebra of M.

Lemma 3.17: Let f : M - N be a homomorphism of I’ — (PBCK — A), M and N. Then

@Of(M =T.
(i) if 2 adf =T, then fF(AD)af (W) =
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Proof. () Now, f(T)= f(TaT) = f(T)af(T)=T.
(i7) Suppose Afalf = T.Then f( Afa/lf) = f(T) implies f( Af)af(/lf) = T.

Theorem 3.18: Let f : M — N be a homomorphism of I' — (PBCK — A),M and N. Then f
is injective if and only if ker(f) = {T}.

Proof. Suppose ker(f) = {T} and f( )lf) = f(lf), for some )f,lf € M. Then f( A?alf)
= f(A)af(A) = T, that implies A/ a2’ € ker(f) = (T}, implies A{ @Al =T,va €T.
Similarly, Wall =T, vaer. Therefore, A{ = 7.
Conversely, suppose f is injective and /'lf € ker(f).Then f( )f ) = T = f(T), that
implies A* = T,implies ker(f) = T.

Lemma 3.19: Let N be a I' — (PNBCK — SA) of a I' — (PBCK — A) M. If X/ ad? € N, for
alllf,)lf € M,then )lfa/lf € N,a € T

Proof. Let /'l’f,/’lf € M and Afalf € N: We have lfa/lf =T € N for all « € I''Then
Harl = (Wadl)am) = (Farfl)a(arf)e Naer. since N is a I'-
(PNBCK — SA) of M. Therefore, Afa /1? € N.

Remark 3.20: Let N be a I' — (PNBCK — SA) of al’ — (PBCK — A) M. Define a relation
" ~N"onMby A ~NA¥ifandonlyif Aarl € Nforany 47,27 € M,a €T.

Theorem 3.21: Let N be al’ — (PNBCK — SA) ofal’ — (PBCK — A) M. Then" ~ N "isa
congruence relation.

Proof. Let /15 € M,a € I'. Then the relation ~y is reflexive, since liﬁ a /1? =T € N.
The relation ~j is symmetric, follows from Lemma 3.19. Suppose )lf ~N AP ,Af ~N Afn €
N. Then Afa%f € N and Ajﬁalrﬁn € N. By Lemma 3.19 A,Bnalf € N, thus
(Aarf)a(Aarl) = (Harlyar = (Farl) € N, thus is I'— (PNBCK - SA).
Hence /’lf ~N /’lﬁ.Then "~y "1is an equivalence relation. Let )lf ~N )lf and Af ~N Afn
for all Af,lf,/lf and A,Bn € M. Then Afa/ljﬁ S N,/lfa/lfn € N, we have
()lfa)lf)a(/lfalfn) € N. Therefore, Afa/lf ~N A]-Ba/lfn, since Nisal' — (PNBCK — SA).
Hence, ~ is a congruence relation.

Definition 3.22: Let N be a congruence relation on a I' — (PBCK — A) M. Denote M/N =
B B Bl _ B B B B Bl _—
(4] 728 emy where 27| =af em/af ~y i} Define [2f] al2f] =
[Af’azf] ,a € I'. The M/Nisal — (PBCK —A). Then I' —(PBCK—A) M /N is
N
called the quotient I' — (PBCK — A) and denoted by I' — (PQBCK — A).

Example 3.23:
Consider Y = {{1,3},{2,6},{5,8},{4,7,9}} and I = {w;, w,} in Example 3.4. Hence Y is
I' = (PBCK — A). Let V={{1,3},{2,6}} €Y. Then Vis I' — (PNBCK — SA). Denote

Z = {[ ],/ 4] € Y} and define [ A7],w[ A]], = [} w A71,, where w € I'. Then Y/V is a
quotient I' — (PBCK — A).
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Theorem 3.24: Let N be a ' — (PNBCK — SA) of al' — (PBCK — A) M. Then the mapping

f+ M- M/N defined by f( Af ) = [/’lfg ] is a surjective homomorphism and ker(f) =
N

N.

Proof. Since f(alf) = [Afa/lf]N = [A’j]Na[Af]N = f(X)af(2), we have
fFM) ={f(A¥y/2f e My = {[Af]N/ A2 € M} = M/N. Therefore, f is surjective. The
set ker(f) ={A% € M/f(2%) = N} = (A € M/[A{”]N =Ny ={Fe M/[Af]N =
[(TIn} = (A} €M/ 2] € N} = N.

4. I' — permutation BCK —ideals of the I' — (PBCK — A)

Here, some notions like I' — permutation BCK —ideal, I' — permutation BCK —closed ideal,
I' — permutation normal BCK —ideal, and quotient I' — permutation BCK —algebra are given
and we discussed their properties.

Definition 4.1: Let M be a I' — (PBCK — A) and I be a non-empty subset of M. Then[ is
called an ' — permutation BCK — ideal [for short, I'— (PBCK —1)] of M if
)T E€E I,

ii) 'arf € ,a € Iand 27 € I,then 2/ €1.

Where, M and {T'} are trivial ideals. An ideal I is proper if I # M.

Example 4.2:
4
i=

Consider = {27} = {(1,27},(38}, {46}, {5}} in Example 4.7. Let I = {1}, where
u and w are defined by Tables (11) and (12), respectively.

Table 11: : X XX > X

L {5} {1.2,7} {4,6} {3,8}
{5} {5} {5} {5} {5}
{1,2,7} {1,2,7} {5} {1,2,7} {4,6}
{4,6} {4,6} {4,6} {5} {4,6}
{3,8} {3,8} {4,6} {3,8} {5}

Table 12: w: X X X - X
13) {5} {1,2,7} {4,6} {3,8}
{5} {5} {5} {5} {5}
{1,2,7} {1,2,7} {5} {1,2,7} {4,6}
{4,6} {4,6} {4,6} {5} {4,6}
{3,8} {3,8} {3,8} {3,8} {5}

Then A = {{5}.{1,2,7},{3,8}} and B = {{5}.,{1,2,7},{4,6}} are ' — (PBCK — SAs). Also, A
is ' — (PBCK —1), but B is not I' — (PBCK — 1) since 3u € I' with {3,8}u{1,2,7} =
{4,6} € B and {1,2,7} € B, but {3,8} ¢ B.

Theorem 4.3: Let [ be I' — (PBCK — 1) of a I' = (PBCK — A) M, if ¥ € M, 2 €1 and
/'lf < /'lf, then Af € I.
Proof. Suppose Af < 47,27 € 1,4 € M, then Aadf = T forall @ € I'. So ek} €
I, thus Af € I, since /15 el
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Definition 4.4: A non-empty subset [ of a ' — (PBCK — A). Then [ is called an implicative
ideal of M if it satisfies

T €1,

i)If (,1? (2 paf )) y2, € Iand A}, € Iimplies A} €1 forallA},27 € M,anda, B,y €
.

Theorem 4.5: Every implicative ideal of a I' — (BCK —A)M is I' — (PBCK — 1) of M.

Proof. Suppose [ is an implicative ideal of M. Let /1? y/lfn € I, /1& € I, /1? € M,a,y €
I.Then Afy2, = (APaT)yal, = (a@lpAP))yAL, € I. Therefore, A7 € I. Hence, I is
I — (PBCK —1I).

Definition 4.6: Let I be a non-empty subset of a I' — (PBCK — A) M. Then I is called a
I' —permutation BCK —closed ideal if [ is both I' — (PBCK —I) and a I’ — (PBCK — SA) of
M and denoted by I' — (PBCK — CI).

Example 4.7:

/1234567 o _
Letf = (6 472315 )beapermutatlon inS;.So, B =(1 6)(2 4)(3 7 5). Therefore,

3

we have X = {/’l{’)} ={{1,6},{2,4},{3,5,7}} and T = {2,4}. Let = {u, w}, where y and w
=1

are defined by Tables (12) and (13), respectively.

Table (12): pi: X X X - X Table (13): w: X X X - X
{24} | {24} | {24} | {24} (2,4} | {24} | {24} | {2.4)
{16} | {16} | {24} | {16} (1,6} | {16} | {24} | {357}
{357} [ {3,5,7} | {357} | {24} 3,57} | {357} | {1,6} | {2,4}

Hence, A = {{1,6},{2,4}}isal’ — (PBCK — CI) of the I' — (PBCK — A) X.

Lemma 4.8: Let N be a I’ — (PNBCK — SA) ofal’' — (PBCK — A) M. Then [T]y isal —
(PBCK — CI) of M.

Proof. We consider that [T]y ={A* € M/A¥ ~yT} =% € M/ PaT € N}
={/1f € M//llﬁ € N}= N. Suppose that Aiﬁa/ljﬁ, AJ-B € [T]n- Thenliﬁa/ljﬁ ~y T and
# ~yT. Then (2 2¥)aT, 2aT € N. That implies 2/a 2/, AaT € N. This means
/'lfa /'lf,Ta Af € N. Which gives (AiBaT)a( Ajﬁa l]ﬁ) € N.That implies AiBaT € N.
Therefore, /1? € [T]ny. Hence, [T]y is I' — (PBCK — 1) of M. Let Aiﬁ, Af € [T]n. Then
AP ~n T and /'lf ~n T, thus Aiﬁ a Ajﬁ ~y T, and hence /1fg a Af € [T]y. Therefore, [T]y is a

L

I' — (PBCK — CI) of M.

Theorem 4.9: Let f : M — N be a homomorphism of I' — (PBCK — A) M and N. Then
ker(f)isal — (PBCK — CI) of M.

Proof. Let f : M — N be a homomorphism and T € M. Then f(TaT) = f(T)af(T) =
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f(T) = T, that implies T € ker(f). Let Afa AY € ker(f),a € I A{, 2 € Mand A} €
ker(f). Then T = f(Madl) = fADaf(A) = fFAD)aT = f(A))s0 2] € ker(f).
Hence, ker(f) is I' — (PBCK —1) of M: Supposexlf, Af € ker(f)and a € I'. Then
f(a2l)= F(a)af(AF), then f(fa2f)= TaT =T, implies a2l € ker(f).
Hence, ker(f)isal’ — (PBCK — CI) of M.

Definition 4.10: Let ] be ' — (PBCK —1) of a I' — (PBCK — A) M. Then [ is called

I' —permutation normal BCK —ideal of M ifitisa I’ — (PNBCK — SA) and denoted by I' —
(PNBCK —I).

Example 4.11: Consider Y = {{1,3},{2,6},{5,8},{4,7,9}} and I = {w;, w,} in Example
3.4.Hence Y is I' — (PBCK — A). LetG = {{1,3},{2,6}} € Y. Hence, G = {{1,3},{2,6}} is
al' — (PNBCK —I) of the I' — (PBCK — A) X.

Theorem 4.12: Let [ be a I' — (PNBCK —1) of aI' — (PBCK —A) M. Thenl is a I' —
(PBCK — SA) of M.

Proof. Let/ be a I' = (PNBCK — 1) of M and AY, ¥ €1,a,p € I'Then A{a 2! =T €1
and AfaT = 2/ € I Therefore, (1 27 )p(2ar) = (A a2f)paf € I, since I is a
I' = (PNBCK — I). Therefore, A a ¥ € I.Hence, I isal — (PBCK — SA) of M.

Theorem 4.13: If ] is a I' — (PNBCK — SA) of a I' — (PBCK — A) M, then [l is a I' —
(PNBC —I) of M.

Proof. Let I be a I' — (PNBCK — SA) of M. Suppose Ay a 27 €1, 27 €landa,f € I', we
have Ta /’lf =T € I.Then (AiBaT)ﬁ( Afa Ajﬁ) € I, that implies AiBﬁT € I, means liﬁ €l

Hence, Afg el
Definition 4.14: A homomorphism f : M - N, where M, N are I' — (PBCK — A), is said to
be a normal homomorphism, if ker fisa I’ — (PNBCK —I) of M.

4
i:

Example 4.15: Consider = {Af}} = {{1,2,7},{3,8},{4,6},{5}} in Example 4.7. Let I' =
1
{u, w}, where p and w are defined by Tables (14) and (15), respectively.

Table (14): i X XX - X Table (15): w: X X X - X
M (5} |{1,27}| {46} |{38} W {5y {127} {46} | {3,8}
{5} {5} {5} {5} | {5} {5} {5} {5} {5} | {5}
(1,27} | {1,273 | 5} | {127} ] {5) {1,273 | {1,2,7} | {5} | {4.6} | {46}
{46} | {46} | {46} | {53 | {5} {46} | {46} | {38} | {5} | {38}
{38} | {38} | {46} |{1,27}| {5} {38} | {38} | {38} | {38} | {5}

Therefore, X is I' — (PBCK — A). Define g: X —» X by g({5}) = g({1,2,7)) = g({4,6}) =
{5}and g({3,8}) = {3,8}. Hence, g is a normal homomorphism.
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Theorem 4.16: Let f : M — L be a normal homomorphism of I' — (PBCK — A) M and N.
Then I'—(PBCK—A) M =N is isomorphic to Im(f) where N = ker(f):

Proof. Let f : M — L be a normal homomorphism of I' — (PBCK — A) of M and N. Then
by definition Ker(f) isa I' — (PNBCK —I) of M. Let N = ker(f). Therefore, ker(f) is a

I' = (PNBCK —SA) of M. Define a mapping ¢ :M/N = Im(f) by <p([/1€]N) =
F(A) v € M. Let [Af]N = [;Lf]N. Then 2 ~y 2%, [i.e, a2 € Nand 2aif €
NY, that implies (A7 )af (27) = [11, = F( 27 )af(47), implies () = £(27), therefore
(p([/lf]N) = (p([/lf]N ). Hence, ¢ is well defined. ¢ ([Af]Na[AﬂN ) =@ ([Afga Af]N) =
fAfad?y = FADaf () = p(lxly )a<p([/1f]N). Then ¢ is a homomorphism from
M/ ker(f) - Im(f). Thus;

® ([Alﬁ]N) = Tim(r), that implies f(/lf) = Tim(s)»

= /1? € ker(f),implies /1{g € N.

Therefore, [Af]N = [T]y:

Therefore, ¢ is one-one. Hence,¢ is an isomorphism from M/ ker(f) onto Im(f).

5. Conclusions

In this paper, we extended the concepts of (PBCK — A) to I' — (PBCK — A), and quotient
I' — (PBCK — A). We studied I' — (PBCK — CI), I' — (PNBCK — I) and some of properties
were investigated. We proved that a I' — (PNBCK —1) of a ' — (PBCK —A) is a I' —
(PBCK — SA), if f: M — N is a homomorphism of I' — (PBCK — A), then ker(f) is a
I' — (PBCK — CI). We further study fuzzy implicative ideals of I' — (PBCK — A).
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