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Abstract

Let ® be a commutative ring with unity and let M be a non-zero unitary & —module. In
this work we present a &-small projective module concept as a generalization of small
projective. Also we generalize some properties of small epimorphism to &-small
epimorphism. We also introduce the notation of d-small hereditary modules and 3-small
projective covers.
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1.Introduction

Let R be a commutative ring with identity and
M is a non zero unite left R-module. M is called
singular module if Z(M)=M where

Z(M) = {xeM:ann(x)Z_R}, submodule X of an

R- module M is called c-singuler (X =, M) if is

M /X singular module [1]. A submodule IV of an R-
module M is called a small submodule of M, denoted
by N <= M ,if N + L=M for any proper
submodule L of M [2].

In [3] Zhou introuced the definition of the
concept of 3-small submodule that A
submodule N of an R- module M is called a 5-small

submodule of M (briefly N <= .M ) |if
N+ X =M forany proper submodule X of
M with M/X singular, we have X = M .

An ideal Iof aringR is 6-small ideal if we
consider R as R —-module.
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In [4] A.K. Tiwary and K.N. Chauby introduse
the concept of small projective modules that an R-
modules M is called small projective if for any
epimorphism g: 5 =4 whose kernel is small
submodule of B. g e Hom(M,B) = Hom(M, 4).

In this paper we introduce the concept of & -small
projective modules as follows: An R-modules M is
called & -small projective if for any epimorphism
g : B = Awhose kernel is - small submodule of B
geoHom{M,B) = Hom(M,A)

In the following we give the properties of the
c-singuler submodules and the 5-small submodules.

Remarks1.1[3]
1- Let 4 be submodule of

AC M, then AC. ..M.

2- Let M and N be R-modules andf: M — N be
an epimorphism if A C. .M, then f(A) .5 N.
3- Let Mand IV be R-modules and f : M = N be
BC..N,

E-module M if

a homomorphism,if

thenf~1(B) . M.
4- Let A and B be submodules of an R-module M,
ifAC.;,MandBC, M, then ANBC.. M.

5- Every submodule of a singuler module is
c-singuler .

Lemma 1.2 [3]: Let M be a module,
1) For submodules NV, K, L of M with K =N, then

a) N <=M if and only if K <={; M and
N/K <<;M/K

b) N+L <<;M ifandonlyif N<<;M
and L =<5 M.

2) If K=<zM
thenf(K) <=sN.
3) f KieMy=M, K, oM, oM and
M =M, &M, then K{FE; <<z M;& M, if and
only if £y <==;Mand K5 <<; M.

NHet A=B <M, If A<=<;M and E is a
direct summand, then A <<I;zE .

and f: M—= N ahomo

2. 6-Small epimorphism.

An epimorphism g: M = N is said to be small,
if Ker(g) issmall in M, where M and N are any
R- modules [5].

In this section we give the defintion of 3-small
epimorphism and some related concept.
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Definetion 2.1

Let M and N be modules. An epimorphism
g: M —= N is said to be 3-small, if Ker{g) is 3-
small in M.

Example 2.2
Consider Z, and Z, as Z-modules. Define
g:Zy —LZzby

g(1) = g(3) = 1,g(0) = g(2) =0, clearly
Ker(g) = {0,2} <<; Z4 .Thus g is 5-small
epimorphism .

The following proposition is needed later.

Proposition 2.3

Let M,V and L be modules.If f:M —= N and g:
N—L are two epimorphisms. Then g = f is 8-
small if and only if fand g are 5-small.

Proof: Let g = f is 6-small epimorphism and
suppose that Ker ({f}+ K =M ,where K is c-
singular submodules of M . We claim that
Ker(gef)+ K=MEer(gef)+ K< M, we
have to showonly M = Ker (ge f) + K, let

m € M, f(m) € Nand g(f{m)) € L, but

Ker (f) + K = M, then

m=a+w;ac Ker(f),wekK,

then f{m) = f{w), hence g{f(m)) = g( f{w)) and
M= Ker{gef)+K.

But Ker(gef) << ; M. therefore, M = K. Thus
f is 6-small epimorphisim.To show that g is -
small epimorphisim.

Let Ker(g)+A=N; 4 is c-singular
submodules of N, then f*(A) is c-singular
submodules of M, f*(A) =B, then A4 = f(E),
,9(A) =1L, g(f(B)) =L = (geD(M).

Similarly we get M= Ker (gof)+B, then M = E
and hence A4 =f(M)=N. Thus gis &-small
epimorphisim. So that both f and g are &-small
epimorphisims.

For the converse, if f and g are d&-small
epimorphisims, suppose that

Ker (g o f)+ K = M; K is c-singular submodules
of M ,  g(f(K)=g(f(M)  then
f(M) = f(K) + Ker(g), but
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Ker (g) <<;f(M) = N and f(K) is c-singular
submodules of N, hence f{K)= f{M) = N, then
M = Ker(f) + K, since Ker(f) <<;M and K is
c-singular submodules of N, then
M = K.Thus g o f is -small epimorphism.

Proposition 2.4
Consider the following commutative diagram of
modules A;,B4,C; and A;, B,, G5

£y Bz
0—)A1 - Bl - Cl—‘O

l
ol FEB LY
U—>A2_’Bz—?C2—>O

With both rows are exact and @ is an epimorphism,
if gy is a -small epimorphism, thenso is g-

proof :Let Ker(g,)+ K= B,, where K is c-
singular submodules of B, , since the sequence is
exact, then f (A)+K=FE, but @ is an
epimorphism and f;a (A)+ K= B, then B
fi(A)+K= B,, but  Im(f;) = Ker(g, ),
so B(Ker(g,))+K = B, since

Ker (gl} {{J Bj_ , then

B(Ker(g1)) << By , but
f(Ker(g.)) + K = Ba, then K = B,. Thus gis
&-small epimorphism.

3. 0-Small projective modules
In this section, we give the defintion of a 0-

small projective modules as a generalization to a
small projective modules.

Definetion 3.1

An R-mdule M is called &- small projective if for
each d-small epimorphism g: A — B, where A4,B
are any R-mdules and for each homomorphisim
M = B, there exist a
homomorphisimh: M — A such that g=h =1,
i.e the following diagram is commute.

M
’fl
h
A/E B -0
If 4 is the module in obave definition, then the
following remarks are clear.
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Remarks 3.2
1. Every small projective is 6-small
projective.
2. if Aisan indecomposable and M is 6-

small projective R- module, then M is
small projective.

If A is torsion and M is 6-small projective
over commutative integral domain R, then
M is small projective.

4. If Aisuniformand M is 8-small
projective R- module, then M is small
projective.

5. If Aissingular and M is &-small

projective R- module, then M is small
projective.

Proposition 3.3

The following are equivalent for an R-module M.

1. Mis &-small projective R- module.

2. For each &-small epimorphisg: N — K, the
homomorphisim
Hom(l,g): Hom(M,N) = Hom(M,K)
is an epimorphism

3. Forany &-small epimorphismg: B — A
geHom(M,B) = Hom(M, A).

Proof:

1-2

Let g: N — K be a d&-small epimorphism and
f € Hom(M,K). Since M is 8- small

projective, then there exist a homomorphisim
h:M — Nsuchthatgeh =1{,

M
/
h /g
N—= K-O0

Thus Hom(l,g)eh = f,then h € Hom(M,N),
therefore, Hom(I, g) is an epimorphism.

23

Let g: B — A be a d-small epimorphism. By (2)
Hom(l,g): Hom(M,N) - Hom(M,K) isan
epimorphism. Now, to show that
geHom (M,B) = Hom(M,A).
Let f € Hom(M,A4), so there exist
fi € Hom (M, E) such that
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Hom(l,g)efy =f, iegefy = f. Thus
f € ge Hom(M,E), so

Hom(M,A) € ge= Hom(M,E), clearly
geHom(M,E) < Hom (M,A). Thus
geHom(M,B) = Hom(M, A).

31
Consider the following diagram

M
h /fl
BVA0;Ker(g) <55

Where A,EB are any R-modules, and f is any
homomorphism, since

geHom (M,B) = Hom(M,4) and
f € Hom(M,A4), so there existh € Hom (M,E)
such that ge h = f. Thus M is 6-small projective.

Remark 3.4
Every d-small epimorphism N — M — 0,
where M is &-small projective,  splits and

consequently an isomorphisim.

Proof:

Let g: N — M be a 3-small epimorphism, where
Ker(g) <<z N, since M is &-small projective,
then there exist h: M — N such that g=h =1,
hence h is one to one and g is onto and
N= Ker(g) &K ,(for each co-singular
submodules K of M.

Proposition 3.5

= e Mg 1S 0-small projective if and only if M,
is o-small projective for each & € I.
Proof:
Suppose that & ,<; M is 5-small projective and let
ael.
Consider the following diagram

Fy

— M

xﬁ’ f\l/

—
g

ﬂ:EIJ‘F"'f
h \:’4
A -0
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Where Kerg<z;4 and g-A—=B is any
epimorphism, f: M, — B is any homomorphism,

B:®& M, =M, is the  projection
homomorphism and

Jo: Mg = oM, is the injection
homomorphism, since B M, is 3d-small
projective, there exist a homomorphism

h: &M, — Asuch that g=h = f= B,. Define
ho:My—=Abyh,=ho],

Now,

gehg= gohohy=foF,cJ,=fcl=fHe
nce M, is 8-small projective.

Conversly, Suppose that M
for each @ eI,

is 5-small projective
and Consider the following

diagram
Ja
MII EE— EI|'.1:E.!' Mﬂ:
1 -}.r _ P
| -
Tﬂ:\l/ A,’ f\l/
—_>
A B
4
Where g:A—=E is &-small epimorphism,
@M, —=E is any homomorphism, and
Jor My = &M, is the injection

homomorphism. Since M, is 8-small projective
for each @ €1, 3 a homomorphim y,:M — P
such that g ey, = feJ, for each & € I. Define
ViBge Mg 2 Aby yoJ, =y, foreacha el It

remain to show that g= ¥y =F. Now,
fel.=gey.and since y, =7 @[, It follows
thatfej.,=g=y¥eJ.. Thus by[2, p.82]

fF=ge=vie, 2, M, is d-small projective.

Proposition 3.6

Let M be an R-module and A4 = M, then for
each summand E of M, such that
AnB=z;M and A+ E d&-small
module, we have A N B = {0}.
Proof:
Consider the following natural epimorphisms

A A+E
mpd 24— ; T A+ B - —
AnE B

projective
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. . A+E
By the second isomorphism theorem e
since B is a summand of M, so
M = E®2K; K = M, by modular law
Mn{A+EB)=(B2K)n (A +B), then

(A+B)=B2[Kn(A+B)],so B isa summand
of A+B and Kn(4+BE) is a summand of
A+EB, by 85 ) Kn{(4+B) is &small

. . A+E | . .
projective and hence 5 18 d-small projective and
so Is ., since AnNEB<«z; M, then
ANE <z As0 the epimorphism

A . . .
mi A = =5 0 is 5-small epimorphism, since

;ﬁ is &-small projective, then by Rem(3.4) my
splits and consequently isomorphism, so
Kerm; = ANE is a direct summand of 4, but
ANEB <z A hence AnE = {0].

Definetion 3.7[3]

A pair (P,f) is called a projective 5- cover of
M, if P is projective and an epimorphism
f:P—=M; Kerf <<z P.

Now, we have the following propotion

Proposition 3.8

A 3-small projective which has a projective 6 -
cover is projective.
Proof:

Let M be a 6-small projective R-module, let
(P,f) be a projective 3- cover for M. Consider
the following diagram

M
l

4
4

4

Py

4
| rd

hov, B2

Where g: A — E is an epimorphism, f: P — M is
d-small epimorphism,
fi: M — B isany homomorphimand I: M — M is
the identity. Since M is &-small projective, then 3
a homomorphim ky: M — P such that f e hy = 1.
But P is projective, so 3 a homomorphim
hs:P = Asuchthat g = hy = fi = f. Define

h:M — A by h = hy e hyq, then

we =

-0
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geh=gehyehy=fiefehy=fiel=f.
Thus M is projective.
Proposition 3.9

If My is projective and M, is d-small
projective R-modules, then M; &M, is d-small
projective R-module.
Proof:
Let f: A = B is -small epimorphism. Then:
Hom(l, f): Hom(M,,A) = Hom(M,,B) isan
epimorphism by (3.3).
Now, since IM; is projective we have:
Hom(I,Hom(1,f)): Hom(M,, Hom(M,,4)) —
Hom(My, Hom(M,,B))
IS an epimorphism, then
Hom(M; ®M;,A) = Hom(M;®M,,E) is again
an epimorphism [5]. Also by (3.3) M; &M, is o-
small projective R-module.

4. o-cosemisimple Rings

Let M be an R-module It is known that the
Jacobson radicalof M, denote Rad (M) is the sum
of all small submodules of M [2]. Zhou
introduced the defintion of &M) as a
generalization of Rad (M) [3].

Definition 4.1 [3]
Let & be the class of all singular simple
modules. For an R- module M .
AM) =Nn{N=M: M/N =g}
Is the reject M of g.

Lemma4.2 [3]
Let M be an R- module
AM) =¥ LoM: L is &-small submodule
of M} ]
A ring R is called cosemisimple if Rad(M) = 0,
for each R-module M [4] .
Now, we introduce the following:

Definetion 4.3
A ring R is called &-cosemisimple if &M} = 0,
for each R-module M.

Proposition 4.3

The following are equivalent for an R-module M.
1) Ris d&-cosemisimple ring.
2) Every module over R is 8- small projective.
Proof:
1)—2)
Let M be an R- module, R is 8-cosemisimple ring.
Consider the following diagram
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1
v
E
A—=B-0

Where 4, E are any R-modules,
Ker(g) <« Aand g is any epimorphism,
since R is &-cosemisimple, then &A4) = 0, then
Ker(g) = 0, hence g is isomorphism.
Leth = g~te f,then(geg~t)ef =f.Thus
M is 6- small projective.
2)—1)
Let M be any R- module, let x € (M), then
Rx <<z M , therefor the naturale epimorphism

M = % splits by Rem(3.4 ) , since % is 6-
small projective, then M = Rx & K, where K
any submodule of M

, hence Rx=0, which implise that x = 0, so that
&(M) = 0. Thus R is 3-cosemisimple.
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