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Abstract.

Let M be an B — module, and let 4 # @ be a set, let {F,A) be a soft set over M.
Then (F,A) is said to be a fuzzy soft module over M iff Wa € 4, F(a) is a fuzzy
submodule of M. In this paper, we introduce the concept of fuzzy soft modules over
fuzzy soft rings and some of its properties and we define the concepts of quotient
module, product and coproduct operations in the category of F5F5 modules.
Keyords: Fuzzy Soft Modules, Fuzzy Soft Rings, quotient module
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1.

Most of our traditional mathematical tools are
deterministic and precise in character. In the

Introduction

other hand many practical problems in
economics, engineering, environment, social
science, medical science etc. cannot be dealt
with by classical methods, because classical
methods have inherent difficulties. Molodtsov
[1] initiated the theory of soft sets as a new

mathematical tool for dealing with uncertainties.
Later other authors Maji et al. [2-4] have

e laddl) Al cluliall il

further studied the theory of soft sets and also
introduced the concept of fuzzy soft set, which
is a combination of fuzzy set [5] and soft set.

Thereafter, Aktas and Cagman[&] have

introduced the notion of soft groups. Aygunoglu
and Aygun [7] have generalized the concept of

Aktas and Cagman [&] and introduce fuzzy soft
group. F.Feng et al. [8] gave soft semirings and
U.Acar et al. [9] introduced initial concepts of
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soft rings. Ghosh et al. [10] gave the notion of

fuzzy soft rings. The definition of fuzzy
modules is given by some authors [11-13] Qiu-
Mei Sun et al. [14] defined soft modules and

investigated their basic properties. Gunduz
and Bayramov [15] introduced a basic version

of fuzzy soft module theory. In this paper the
main purpose is to introduce a basic version of
fuzzy soft module over fuzzy soft ring, which
extends the notion of module by including some
algebraic structures in soft sets. And finally
some basic properties of fuzzy soft module over
fuzzy soft ring has been investigated.

2. Preliminaries:
Definition (2.1) [1] Let U be an initial
universe set and E be the set of parameters. Let
P(U) denotes the power set of U. A pair (F,E)
is called a soft set over IJ, where F is a mapping
given by F:E — P{U).

Definition (2.2) [2] Let U be an initial
universe set and E be the set of parameters. Let
ACE. A pair (F,A) is called fuzzy soft set
over U, where F is a mapping given by
F:A = IY where IYdenotes the collection of all
fuzzy subsets of U.

Definition (2.3) [16] A binary operation
#: [0,1] x [0,1] = [0,1] is continuous t-norm if
+ satisfies the following conditions:

(i) * is commutative and associative,

(ii) = is continuous,

(iiiy axl=aforalla € [0,1],

(iv) a+*b=c+d whenever a =¢,b =d, and
a,b,c,de [01]

Definition (2.4) [16] A binary operation
o: [0,1] x [0,1] = [0,1] is continuous t-
conorm if ¢ satisfies the following conditions:
(i) = is commutative and associative,

(if) = is continuous,

(iii) a+ 0 =aforall a € [0,1],

(ivy aeb=ced whenever @ =¢c,b =d and
ab,c,d € [0,1],
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Definition (2.5) [6] Let X be a group and
(F,A ) be a soft set over X. Then (F,4 ) is said
to be a soft group over X if and only if F(a) is a
subgroup of X for each a € A.

Definition (2.6) [7] Let X be a group and
(F,A) be a fuzzy soft set over X. Then (F,4) is
said to be a fuzzy soft group over X if and only
ifforeacha € dand x, v € X,

(1) Folx-y) = Folx) « Fo(3)

(2 Fx™h) =2 F(x)

Where F, is the fuzzy subset of X corresponding
to the parameter @ € A,

Remark (2.7) F,(x 1) = F,(x).

Proof: Let x, ¥ € X, such that x~* =y which
means that y=* = x , since F,(x~1) = F,(x)
then FO M =FR0O) ., and so
Folx) =Fy) = Flx™1), and thus
Flx™1) = F (x)

Definition (2.8) [10] Let f and g be any two

fuzzy subset of a ring K. Then f e g is a fuzzy

subset of R defined by

(f o g)(z) = {mpz=x-}'{min{f (x), 9073}
0 otherwise

isexpressedas z =x -y, wherex, vz ER.

, if =

Definition (2.9) [10] The intersection of two
fuzzy soft sets (F,A) and (G, B) over the same
universe U is denoted by (F,4)(1(G,B) and
defined by a fuzzy soft set (}, C) where
C=ANE and H:C — [0,1]Y such that for
eache €,

Hie) = {{x, H(x)):x €U}
Where H(x) = Folx) x G (x) and
H.(x),F(x),G.(x) are the fuzzy subset of U
corresponding to the parameter ¢ € C.

Definition (2.10) [10] The union of two fuzzy
soft sets(F,4) and (G,B) over the same
universe U is denoted by (F,4)U(g,B) and
defined by a fuzzy soft set (#,C) where
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C=AUE and H:C — [0,1]Ysuch that for

eache € C,

Hie) = {(x,F(x)):x €U}, ife€A—B
={(x,G.(x)):x EU}ifecB—A
={(x,H.(x)):x €U} ife€ANB.

Where Ho(x) = Folx) 0 G (x) and

H,(x),Fa(x),G.(x) are the fuzzy subset of U

corresponding to the parameter & € C.

Definition (2.11) [4] If (f,A) and (g, B)are
two soft sets, then {f,4) AND (g, B) is
denoted as (f,4)A (g,B) defined as
(h, A x B), where
h(a,b) = hop = fo A gy,

W(a,b)E AxX B.

Definition (2.12) [10] Let (R,+.,) be a ring
and E' be a parameter setand A — E. Let R be a
mapping given by R : A — P(R). Then (R, A) is
called a soft ring over R if and only if for each
a € A,R(a) is a subring of R i.e.

(i) x,yv eR(a) = x+v €R(a),

(iillx eR(a) = —x € Ria),

(iii)x,v ER(a) =x-v ER(a) .

Definition (2.13) [10] Let (R,+.") be a ring
and E' be a parameter setand A — E. Let R be a
mapping given by R : 4 — [0,1]%, where [0,1]%
denotes the collection of all fuzzy subsets of R.
Then (R, A) is called a fuzzy soft ring over R if
and only if for each a € A the corresponding
fuzzy subset R, of R is a fuzzy subring of R i.e.
Yx, v ER,

(D) R (x+y) = R (x) + Ry (y)

(i) Ry (—x) = R,(x)

(i) Ra(x - y) = Ry(x) + Ry (3).

Theorem (2.14) [10] Let (R, A) be a fuzzy
soft set over R, then (R, 4) is a fuzzy soft ring
over R if and only if for each a €4, x,¥ ER

the following conditions hold:
(1} :er (x - }} = :er (x} * :er (}}
(H} RE (.'X-' ) }} = RE (.'X-'} * RE (}}
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Definition (2.15) [14] Let (F,4) be a soft set
over M. (F,A) is said to be a soft module over
M if and only if F(x) < M for all x € A.
Definition (2.16) [14] Let (F,4) and (G,B)
be two soft modules over M and IV respectively.
Then (F,A) x (G,B) = (H, A x B) is defined as
H(x,v) = F(x) x G(y) forall (x,v) € Ax B,

Proposition (2.17) [14] Let (F,4) and (G, B)
be two soft modules over M and IV respectively.
Then (F,A) x (G, B) is soft module over M x N

Definition (2.18) [14] Let (F,4) and (G,B)
be two soft modules over M and IV respectively,
fi+M —= N, g:A — B be two functions. Then we
say that (f,g) is a soft homomorphism if the

following conditions are satisfied:
(1) f is a homomorphism from M onto IV,

(2) g is a mapping from 4 onto E, and
() f(F(x)) = 6(g(x)) forall x € A.

Definition (2.19) [17] Let (F,A) be a fuzzy
soft set over G. Then (F,A4) is said to be a fuzzy
soft group over G if and only if F{x) is a fuzzy
subgroup of &, for all x € A.

Definition (2.20) [15] Let (F,A4) be a fuzzy
soft set over M . Then (F,A) is said to be a
fuzzy soft module over M if and only if
Va € A,F(a) is a fuzzy submodule of M and
denoted as F;.

Definition (2.21) [15] Let (F,4) and (H, B)
be two fuzzy soft modules over M . Then
(F,A)is called a fuzzy soft submodule of
(H,B)if

(i)A cB

(it) For all @ € A, F, is a fuzzy submodule of
H,_.

Definition (2.22) [15] Let (F,4) and (H, B)
be two fuzzy soft modules over M and N
respectively, and let f:M —=N be a
homomorphism of modules, and let g: A — B be
a mapping of sets. Then we say that
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(f.g): (F,A)—=(H,B) is a fuzzy soft

homomorphism of fuzzy soft modules, if the

following condition is satisfied:
F(F)=H(gla)) = Hya) .

We say that (F,A) is a fuzzy soft homomorphic

to (H, B).

Note that for ¥a € 4, f: (M,F,) = (N,H, o) ) is

a fuzzy homomaorphism of fuzzy modules.

Theorem (2.23) [15] Let (F,A) and (H,B)
be two fuzzy soft modules over M. Then their
intersection (F,A)N(H,B) is a fuzzy soft
module over M .

Theorem (2.24) [15] Let (F,A) and (H, B)
be two fuzzy soft modules over M . Then
(F,A) N (H, B) is a fuzzy soft module over M .

Definition (2.25) [15] [1:=/(F:, 4;) is said to
be direct product of soft modules.

Proposition (2.26) [15] Let {(F;,4;)};c; , be
a family of soft modules over {M;};; and
{(H;,B;)}icr , be a family of soft modules over
{N:}ier and (f;, g:): (F;, A;) = (H.,B;) be a soft
homomorphism of soft modules for each

i € L.Then
(ﬂ&ﬂm):ﬂ(ﬁlﬂf} - Jewso
il il

iel 1)
is a soft hommorphism of soft modules.

Proposition (2.27) [15] 1: IFSM — F5M is

a functor.
Now, let parameter set of {{F;,4;)};;, be fixed

point. We denote fixed point of A; as ag; and let
Fi(ag:) =0. For A =Tl 4; and M = z‘é-ier'v
we define the mapping F:A—= M by
F(a) = SF(a;), for all a={a;}€A. Then,
(F,A) is a soft module over M .

Definition (2.28) [15] (F.A) is said to be
direct sum of {(F,A4;)}:c;, and denoted as
AW

The mapping : @;:A; = Iies A; is defined by

fp}-{a}-:}z la;d= EDE i;i ij :
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Also for embedding mapping g;: M; = ié‘}ME,
{G'j: fﬂj}={ﬂuﬂj} — (F,4) soft
homomorphism of soft modules.
Proposition (2.29) [15] Let {(F;,4;)};c;, and
{(H;, B;)};<; be family of soft modules over
{M;}ie; and {N;};c;, respectively, and let
(firg:): (F;, A;) = (H;, B;) be a soft
homomorphism of soft modules. Then
(ié.ifii 1_[3&) :
iel
is a soft homomorphism of soft modules.

is a

ié.i'('ﬂ: A= eé.ir(hre; B;)

Proposition (2.30) [15] &B:1TFSM — FSM

is a functor.
Let M and N be ,respectively, right and left

modules over B (ring). Let (F,A4) and (&, E) be
two soft modules over M and N , respectively.
We consider tensor product of modules as
M®N The maping
F @G:Ax B—=M & N is defined by

(F®G)ab) = F(a) ®G(h),forV{a,b) € AX B.

Proposition (2.31) [15] (F & G,Ax E)isa
soft module over M & IV .

Definition (2.32) [15] (F & G,Ax B) is
said to be tensor product of (F,A4) and (G,B)
and denoted by (F,4) & (G, B).

3. Fuzzy soft modules over fuzzy soft
rings:

Definition (3.1): Let M be an R — module,
(F,4) be a fuzzy soft module over M, and
(R,A) be a fuzzy soft ring over R, then
(F,R,A)is

called fuzzy soft module over fuzzy soft ring if
and only if (F,4) isan (R, 4) — module.
Remark (3.2): 1) We shall denote the category
of fuzzy soft modules over fuzzy soft rings by
FSFS modules .

2) For convenience we denote the fuzzy soft
module over fuzzy soft ring (F,R,4) by
(F,A) , wherever there is no risk of confusion.
Example (3.3): Let M,,..,{]) be the set of all

n X n matrices over R, and



Alhusiny

R =4 =M,.,(R), define the function
R: A -=[01]F by
R(B) = {C -B|C € M,..(R)} for all

B € A Then (R, A)is a fuzzy soft ring over R,
now consider M = M,,...{) as an R — module
and F:4—= FP(M), defined by
FIM)={N|M-N=N-M} for all
M EM. Then (F,A) is a fuzzy soft module
over M, and (F,A) is an (R,4)—module,
which means (F,R,4) isan FSFS module.

Definition (3.4): Let (F,R, A) and (H,R,B) be two
R — F5F5 modules over M . Then (FJ R, A} is called
FSFS submodule of (H, R, B) if

(i)A cB

(ii) Forann @ € A, E, is a fuzzy submodule of H 5.

Theorem (3.5): Let (FJ R, A} and (HJ R, E} be two
R — F5F5 modules over M. 1f F, = Hg foran@a € A
then (F,R,A)is an FSFS submodule of
(H,R,B).

Proof. The
straightforward.

proof of the theorem s

Theorem (3.6): Let (F,A) and (H, B) be two
F5F5 modules over M. Then their intersection
(F,A)N(H,B) isan FSFS module over M .

Proof. Let (F,A)N(H,B)= (G,C), where
C=ANE Since the fuzzy soft set
G, =F AH, is a fuzzy submodule, for

Ve €C,(G,C)isa FSFS module over M .

Theorem (3.7): Let (F,A) and (H, E) be two
F5F5 modules over M . Then (F,A)A (H,B) is
an F5F5 module over M .

Proof. By Definition 2.7, we can write
(F,A)A (H,B) = (G,Ax B). Since F, and

Hy are fuzzy submodules of M | F, A Hy is a
fuzzy submodule of M, Thus,
G (a,b) =F, A Hy is a fuzzy submodule of M
, for all {a,b) € Ax B . Hence, we find that
(F,A)N (H,B) isan F5F5 module over M.

Theorem (3.8): Let (F,A) and (H, B) be two
F5F5 modules over M. If ANE = @, then
(F,A)U(H,EB)is an F5F5 module over M.
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Proof. By Definition 2.5, we can write
(F,AYU(H,B)={(G,C). Since AN E = @, it
follows that either c€ A — E or c€EF — A
forallceC . Ifc€ A — B ,thenG, =F, isa
fuzzy submodule of M, and if c € B — A, then
Gy = Hy is a fuzzy submodule of M. Hence,
(F,A)U(H,E)isan F5F5 module over M.

The following theorem is a generalized of
theorems 3.6, 3.7, 3.8.
Theorem (3.9): Let (F,A) be an FSF5 module
over M , and let {(F;,4;)};s;, be nonempty
family of FSFS submodules of (F,A). Then
® [)Ea0

iel

isan F5FS submodule of (F,4),

(i) /\(F:-JA:-}

il

is an F5F5 submodule of (F,A4),

(iii) IfA; N A; = @, forall i,j €1, then
| Jera0
el

is an F5FS submodule of (F, A).

Definition (3.10): Let (F,Ry.A) and
(H,Ry B) be two R — FSFS modules over M
and N respectively, and let f:M =N be a
homomorphism of modules, and let g: A — B be
a mapping of sets. Then we say that
(f.g): (F,Ry,A) =»(H,RyB) is an FS5FS
homomorphism of FSF5  modules, if the
following condition is satisfied:
fR)=H(g(a) = Hya) .
We say that (F,4) is an FSFS homomorphic to
(H,B).
Note that for Va € 4, f: (M,F,) = (N, Hy¢o ) is
a fuzzy homomorphism of fuzzy modules.

To introduce the kernel and image of FSFS
homomorphism of F5FS5 modules, let
M= ker f Define F:A—PF(M) by
F, = F,ls . Then (F,A)is an FSFS module
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over M. It is clear that this module is an FSFS (ii) (f,15):(F,A) = (H,A) ,isan FSFS

submodule of (F,A4).

Definition (3.11): (F, A) is said to be kernel of
(f.g) and denoted by ker( f,g).

And, let B = g(A4). Then for all b € B, there
exists @ €4 such that gla)=25b Let
N=1Imf < N . We define the mapping
H: B—PF(N)as H(b) = B(g(a))|; . Since
(f.g) is an FSF5 homomorphism,
f(F,) =H, g is satisfied for all @ € A, Then
the pair (H,B) is an FSFS module over V and
(H,B) is an FSFS submodule of (H, B).

Definition (3.12): (H,5) is said to be image
of ( f,g) and denoted by Im( f, g).
Proposition (3.13): Let (F,A) be an F5FS
module over M and N be an R —module and
f+M —= N be a homomorphism of R -
modules. Then { f(F),A) is an FSF5 module
over N.

Proof. If the mapping f (F): A— PF(N) is
defined by f(F).(y) = sup{F,(x): f(x) =y},
the proof is completed.

Proposition (3.14): If M is an R — module,
(H, A)is an FSF5 module over N and

f:M — N is a homomorphism of R-—
modules, then (f~* (H), A) is an F5FS module
over M .

Proof. If the mapping f~1(H): A = PF(M) is
defined by (f~* (H))_(x) = H, (F(x)), the
proof is completed.

It is clear that (f,1,): (f ~*(H),A) = (H,A4) , is
an FSFS5 homomorphism of FSFS5 modules.

We now introduce the following lemma:
Lemma (3.15): Let M and N be an

R —modules and f:M = N be a

homomorphism and (F,A) and (H, A) are two

F5F5 modules over M and N respectively.

(i) (f,1,):(F,A) - (H, A) ,is an FSFS
homomorphism if and only if ¥a € A,
Haz flE).
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homomorphism if and only if ¥a € A,
Fao=ft(Ha)

Proof. (i): (f,I;) is an FSFS homomorphism
which means

f(F) =H(1L(a))=H((a)) = H,.
Conversely f(F,)= H, , then (f,1y) is an
FSFS homomorphism.

(ii) similarly as in (i).

Now we define other algebraic operations over
F5F5 modules.

Definition (3.16):

[ [a0

il
is said to be direct product of FSF5 modules.
Proposition (3.17): Let {(F, A)};c;, be a
family of FSFS modules over {M;};<; and
{(H;,B;)};c; , be a family of FSFS modules over
{N:}ierand (fi, g:): (F, A;) = (Hi,B:) be a
F5F5 homomorphism of FSFS modules for

eachi € I. Then
(1_[ F;, n.ﬁj‘z‘) : H(qu Ai} — H(H:'J Bi}
3 3 3 H3

is an F5F5 hommorphism of F5F5 modules.
Proof. Since

[T s[4

the proof is completed.
Proposition (3.18):
is a functor.

Proof. since by proposition
(2.27),1:IFSM — F5M is a functer, and

every F5F5 module is an F5 module, the proof

is completed.
Definition (3.19): (F,A) is said to be direct

sum of {(F., A;)};cs, and denoted by ;5(F;, A4;).

The mapping :
@ A;— ﬁﬂi

iel

I:NIF5F5M — F5F5M

Qg ifi#]
ifi=j
Also for embedding mapping g;: M; — ié‘}ME,
(g507):(F4;) = (F,4) FSFS
homomorphism of F5F5 modules.

is defined as ¢;(a;) = {a;} = {a

is an
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Proposition (3.20): Let {(F;, 4;)};e;, and
{(H;, B;)};=; be family of FSF5 modules over
{M}ie; and {N;};=;, respectively, and let
(fi,g:): (F;,A;) —» (H;,B;) be an FSFS
homomorphism of FSF5 modules. Then

(aé‘iﬁj 1_[9‘:') :

iel
is an F5F5 homomorphism of F5F5 modules.
Proposition (3.21): 5:FSFSM — F5FSM
is a functor.
Proof. since by  proposition  (2.30),
©:MMFSM — F5M is a functor, and every F5F5
module is an F5 module, the proof is completed.
Theorem (3.22): If {(F;,A;)};<; is a family of
FSFS modules over {M;};, then

[ [z 40

icl
is an F5F5 module over

[

iel

Prgof. Define

F: 1!‘1: — HME
“fel iel

by F({a;}) = tp;"*(F.) 4, Where

Pf=1_[Mz' = M;

iel
is a projection mapping. Since
P | [~ 0]
iel

is an F5F5 module over
[].

ied

foralli €1,

\VERAN

i€l

is also an FSF5 module over
[ ]

ied

Theorem (3.23): If {{F;,4;)};<; is a family of

FSFS modules over £M;},;, then
44]

iEI(FiJAij

,isan F5F5 module over

M. .

el i

z'é.ir(ﬁu A= eé.ir(HeJ B;)
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Proof. Define

fﬁI_Ai%iﬁmg
el

for all .

{a;}€ —[—4:‘

“tel
by
Flla) = [\ji(Be,
el

, Where j;: M; = ié‘}ME is a embedding mapping.
Since j;(F;)g; isan FSFS submodule over
&M, forall 1 €1, F({a;}) is also an FSFS
module over ;SM; .
Lemma (3.24): 1) Given modules {M;};; and
N and a family of R —homorphisms
A ={fi:M; = N}iep. If {(F;,A;)};e; are FSFS
modules over {M;}:-;, then there exist an FSFS
module ,
(1]

iEl
over IV such that forall i €1,

ﬁi&ﬂdﬁ(ﬁflm)

1)
is an FSF5 homomorphism of FSFS modules.
2) Given modules M and {N;};-; and a family
of R —homorphisms B ={g;:M —= N} If
{(H:,B:)}ie; are FSFS modules over {N:};,
then there exist an FSFS module , (F,TT:cr 4;)
over M such that foralli €1,

Qﬁ(ﬂnﬂe) - (H;, B;)

il
is an F5F5 homomorphism of F5F5 modules.
Proof. 1) Define : H:[[;c; 4; = N by
F({ﬂi}] = \.: Jﬁ‘:('FE}E['

2) Define : : F:Il;eA; = M by
Fa)) = & 972, (F), forall {a} € [, 4.
We define the concepts of quotient module,

product and coproduct operations in the
category of FSF5 modules.

Corallary (3.25): If (F,A) is a FSFS module
over M and N is a submodule of M, i: N —= M
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is an embedding mapping, then (i~1(F),4) is
an F5F5 module over V.

Corallary (3.26): If (F,A) is an FSFS module
over M and p: M = M/N is a canonical
projection, then (p(F), 4) is an FSFS module
over quotient module M/,

If {(F;,A;)}:; is a family of FSFS modules over
the family of modules {M;};;, then we can
define the product and coproduct of these
families by L(F,4,) and Z,(F,4)
respectively.

Theorem (3.27): The category of FSFS

modules has zero objects, sums, product, kernel
and cokernel.

Theorem (3.28): Let (F,A) and (G,E) be two
F5F5 modules over M and IV | respectively, and
FEGAx B—-=M ®N. Then

(F 80G,Ax E) is an F5FS module over
M®N,

Proof. Let
(F ®6)(a,b) =F, ®G,, ¥(a,b) € Ax B
[7], ¥(a,b) € Ax B,(M,F,) and (N, G,) are
F5FS modules. From [12], F, & G, is a fuzzy
submodule over M@N, Then
(F @ G,Ax B)is an F5F5 module over
M®N,

Definition (3.29): (F & G,A x B) is said to
be tensor product of (F,4) and (G,E) , and
denoted by (F,4) & (G, B).
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