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Abstract  
     In this paper we introduce the definition of  Lie ideal on inverse semiring and we 

generalize some results of Herstein about Lie structure of an associative rings to 

inverse semirings . 
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 حهل بنية لي في أشباه الحلقات المعكهسة شبو الاولية

 

مجيد حميد ، عبد الرحمن*رونق خليل أبراهيم   
، بغداد، العراققسم الرياضيات، كلية العلهم، جامعة بغداد  

 الخلاصة
قدمنا في هذا البحث مفههم بنية لي في اشباه الحلقات المعكهسة وعممنا بعض من نتائج الباحث      

Herstein   . حهل بنية لي في الحلقات التجميعية الى أشباه الحلقات المعكهسة 
 

1. Introduction 

     A non-empty set S with two binary operations  + and   is said to be a semiring if (S, +) semigroup, 

(S,    semigroup and  x. (y +z) = x. y + x. z   and (y + z) .x = y. x + z. x  holds for all x, y, z   S [1] .  A 

semiring (S, + ,    ,with commutative addition and an absorbing zero 0, is called an inverse semiring if 

for every element a    there exists a unique element  a'    such that a+a'+a = a  and  a'+a+a' = a'  

introduced by Bandlet and Petrich [2] and by Karvellas [3]. In previous work [3 , 4], where (S,+,   be 

an inverse semiring then the following are valid : (x')' = x , (x+y)'=x'+y', (xy)' = x'y = xy' , x'y'= xy . In 

inverse semirng, a commutator [. , .]  is defined as [x, y]= xy+yx' = xy+y'x and  commutator identities 

are used as [xy,z]=x[y,z]+[x,z]y and [x,yz]=[x,y]z+y[x,z] [5,10]. By Mary et al., [10], if  U is a 

nonempty subset of S, U is called left ideal of S if x + y   S for all x, y   I, r. x   S for all x   U, r   S 

and U≠ S (Similarly right ideal). An additive mapping d from S to itself is defined as a derivation if 

d(ab)=d(a)b +a d(b), for all a,b   . S is prime if whenever a S b=0, then a =0 or b =0, and semiprime 

whenever a S a =0, implies that a = 0, or S has no non-zero nilpotetent ideal. We called S as n-tortion 

free if na =0,     implies that a = 0. In this paper we will represent S as an inverse semiring with  

a+a'    (the center of S), and U is a Lie ideal of S, the two subsets U,V of S are however given, then 

[V,U] will be the additive inverse subgroup of S generated by the all element vu+uv' where v   

V,u     and [S,S] be the additive inverse subgroup generated by the all element ab+ba' for all 

arbitrary element a,b   .  

     In 1970, Herstein extended more of general situation results of Lie ideal on associative rings [7]. 

Our objective in this paper is to introduce the concept of Lie ideal on inverse semirings and to 

generalize these Herstein’s results on inverse semirings . 
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2.  Priliminaries 

     We need some definitions and lemmas in our arguments.  

Lemma (2.1) [6]: 

      Let    be an inverse semiring , for all       if       then        
Definition (2.2) [8, 9]: 

     Let S be a semiring, let       , the set  

Z(S) ={x            for all y    } is called the center of the semiring S. 

Definition (2,3) [4] : 

     An additive map        where S is a semiring, is called a derivation if : 

                             (     (      (          for all  x, y S 

Definition (2.4) [10] 

     Let S be an inverse semiring, let a    be a fixed element. A map        defined by   (   
[   ] for all      is said to be an inner derivation. 

 Actually d is a derivation, since d is an additive map and 

                     (    [    ]   [   ]  [   ]    (    (   ,        for all x,y    

3.   Results 

On Lie Structure in Semiprime Inverse Semirings 

Lemma (3.1): 

      Let  S  be a 2-torsion, free semiprime,  inverse semiring , let       if    commutes with all 

commutaters in this form [x, a] for all x   , then    (   . 

Proof  

     For all       , define               
 (   [   ]   

So,  d  is defined as a derivation on S that is  (     [     ] and by commutator identities, we 

get [     ]  [   ]  [   ]   (    (   . 

And  (    [    ], again by commutator identities, we get 

 [    ]   [   ]  [   ]  

                  (    (   ,  then d is a derivation. 

Since a commutes with all own commutators, we have  [   ]  [   ]     

(i.e)    (    (       , and by definition of d we have  ( (  )      then    (    , for all 

     
Now 

             (     (      (    
                (     (      (   (      (   

Then   (   (       Since S  is 2- torsion free implies that  (   (                 
                                           (   (     (   (     (    (   
                     (    (     

 (     (        
And by semiprimeness we get  (                       [   ]                 

(              

Then                       (  . 

Lemma (3.2)  

     Let S be an inverse semiring , and let        is a derivation , and  let 

                       {   |   (          (                   
Then   is an ideal in S. 

Proof: 

     Let                  (        (     for all     

(     (     (     (     

Then (       

Now let                we get 

  (                             (    , then       

Therefore  M is left ideal. 

Suppose that        and                    (      

Since d is a derivation ,then     (       (     
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   (       so      

Then M is a right ideal, therefore  M is an ideal . 

Lemma (3.3)  
     Let S be an inverse semiring, and let  

   {   |   (      (       for all     , then  ̅    ⁄  is an inverse semiring with respect 

to   and                

( x + M     ( y + M ) = ( x + y ) + M   and 

 ( x + M )   ( y + M ) = ( x . y ) + M 

Proof 

      We have to show that ( ̅ , ,   ) is an inverse semiring:  

Let                      ̅  such that  

( x + M )   ( y + M ) = ( x + y ) + M , and 

 ( x + M )   ( y + M ) = ( x . y ) + M 

We have to show that ( S/M ,   ) is a semigroup: 

(( x + M )   ( y + M ))   ( s + M ) = (( x + y ) + M ))   ( s + M ) = ( x + y + s ) + M =  

( x + M )   ( y + s ) + M = ( x + M )   (( y + M )   ( s + M )) . 

We have to show that ( S/M ,   ) is a semigroup: 

(( x + M )   ( y + M ))   ( s + M ) = (( x . y ) + M )   ( s + M ) = ( x . y . s ) + M =  

( x + M )   (( y . s ) + M ) = ( x + M )   ( y + M )   ( s + M ) . 

Now we have to show the distributive: 

( x + M )   (( y + M )   ( s + M )) = ( x + M )   ( y + M )   ( x + M )   ( s + M ) = 

( x . y ) + M   ( x . s ) + M . 

Let x   S , since S is an inverse semi ring, then    x'   S , such that x = x + x' + x , and  

x' = x' + x + x' . 

 So, 

For all  x + M    S/M ,               x' + M   S/M , such that  

( x + M )   ( x' + M )   ( x + M ) = ( x + x' + x ) + M = x + M . 

And ( x' + M )   ( x + M )   ( x' + M ) = ( x' + x + x' ) + M = x' + M 

To prove the uniqueness, suppose there exists y+M   S/M, such that 

 ( x + M )   ( y+ M )   ( x + M ) = ( x + y+ x ) + M = x + M . But     

Since x' is unique in S then  x' = y 

Therefore, (x'+M) =(y+M) . 

Thus S/M  is an inverse semiring .  

Lemma (3.4) 

          Let S be a 2-torsion free inverse semiring ,      , is a derivation. Let   {   |   (   
   (       for all     , then  ̅      ⁄  is 2-torion free inverse semiring. 

Proof 

     For all               ̅    
Let   (       

       that yields       
Thus    (     for  all      

And since S is  2-torsion free, we get   (                         
           (      is 2-torsion free inverse semiring. 

Lemma (3.5) 

          Let S be a semiprime inverse semiring,        is a derivation.  Let    {   |   (     
 (       for all     . Then  ̅    ⁄   is a semiprime inverse semiring. 

Proof 

     Let  ̅ be an ideal of  ̅        ̅̅ ̅̅ =0, we want to show that  ̅    ⁄  has no non-zero nilpotent ideal. 

Let N be the inverse image of  ̅ in  . 

N is an ideal in S and         
Thus  (                    
Then  ( (    2

= (    (     (       

Since  (    is a nilpotent right ideal in    which is a semiprime, then we get 

  (             (       
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Thus  (                    ̅    

Then  ̅ has no non-zero nilpotent ideal yields, therefore  ̅ is a semiprime inverse semiring. 

Definition(3.6) 

     Let  A  be a Lie- inverse sub semiring  of an inverse semiring S, the additive inverse sub semigroup 

, U   A is said to be a lie ideal of A if whenever u   U , a   A, then [   ]                  . 
Lemma (3.7): 

     If S is a semiprime inverse semiring, then Z(S) has no non-zero nilpotent element. 

Proof 

    Let a be a nil potent element such that 

        (                   (        ⁄    ⁄               (          ⁄      ⁄  
   
                                    , contradiction. 

Therefore a=0, thus Z(S) has no non-zero nilpotent element. 

Lemma (3.8): 

     Let S be a 2- torsion free semiprime, inverse semiring, and let T be a lie ideal of S. Suppose that 

[   ]                
Proof: 

     If  [   ]                                                          . 
(i.e) [        ]    then by lemma (3.1)       

Suppose then that we can find        

                                      

      (                (              
  (    ( (  )   (                  

          (          (          
    (      (      (   (      (   

   (   (              (      
        (       , so 

  [     (     ]  [     (  ]  [    ]    [   (  ]  [    ] (   [    ]
   (  (    (                  

   (      (    (     (        (                          
   (                      (             

        (             (              

Since S is 2-torsion free then        

Since S is a semiprime, by Lemma (3.7) the center of S has no non-zero nilpotent element then we get 

contradiction, so     thus           and by Lemma (2.1) we have  

                        
          

     

Lemma (3.9)  
     Let S be a 2- torsion free semiprime inverse semiring and let U be a lie ideal of S. Suppose that 

t    commutes with every element of [U,U] then t commutes with every element of U . 

Proof: 

     For          (          

Since t commutes with every element of [   ]  then by Lemma (3.1) for every   [   ]       
 (     

Now[   ]  is a lie ideal of S , 

 For            [   ]         [   ] 
Thus  (               (          (    (       (    (     

Then   (    (                                                                                   …………………..    (1) 

Then by Lemma (2.1) we get  

  (    (             [   ]                                                             …………………...  (2) 

In (2) put           (     (     

Again put      in (1), we obtain  

  (     (         
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  ( (      (   ( (      (  )     

   (       (    (        (       

By using    (    (              
 (        (    (          (     

       (  (        (        (       
     (        [   ]                      (    

 (  (         (  (                 (  (          
And since S is 2- torsion free implies that  

 (  (                [   ]                                                                …………………   (3)      

By linearizing on      (          [   ]  
  (    ( (     (          

  (      (      (       (       (      (      (       (        

Since  (           (      (      (       (        

  (  (                  
 (  (         (  (           

      (  (                      [   ]                                                ……………. (4) 

Let   {   | (                        
By lemma (3.2)      is an ideal of     

By (4) we have  [[   ] [   ]]    

Let  ̅    ⁄   By Lemma (3.3), Lemma (3.4) , Lemma (3.5)   ̅ is 2-torsion free semiprime, inverse 

semiring. 

In   ̅,  ̅ is a lie ideal , since [[   ] [   ]]     

       [[   ] [   ]]      

         (            [  ̅  ̅]   ̅                ̅  hence by Lemma (3.8) again            ̅  
 ̅       [ ̅  ̅]           [   ]     
Thus,  (  [   ]                   
Let    {   |  [   ]      as above we easily get  that     is an ideal of S . 

If                        (  [   ]    

   (         (  (                (          . 

But  (   [   ] 
       (           (   is in a right annihilator (   ) . 

But          is a nilpotent ideal of S, Hence is (0) 

Since (            , then  (                 

   (                      

Then by Lemma (2.1) we have           
So t does commute with all element of U. 

Definition (3.10) 

     If  A be a subset of S,  (   {   |                    
Then  (   is said to be the centralizer of  A;  Clearly that  A is an inverse sub semiring of S . 

Theorem (3.11)  

     Let S be 2- torsion free semiprime, inverse semiring, and let U be a lie ideal of S. If  t   commutes 

with all        , u    then it commutes with every element of U . 

Proof  

     Let    ,  (          [   ],   is a derivation  

Since t commutes with all        , u   

 (        (            (      (    (       

 ( (  )    (     

If               (     (    , since U is a Lie ideal, then              

Thus      (         ( (         ( (      (    (        (   

Since    (     (    , then    ( (   (    (   (      Since S is 2-torsion free . 

Then  (   (    (   (                                                               ……………  (1) 

Now suppose that        are such that      . 

Hence,    (      (      (   (      (   
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                (   (       

Since S is 2-torsion free, then    (   (       

For any                              , satisfies the criterion        

Hence by above  

 (   (                                                                                  …………… (2) 

Let  (   {   |        
Since   (             (   

             (  (         (   (         , 

  ( (  (       )   ,     

       (  (         (                                                                        …………. (3) 

In (3) write          

     Then                      (               (             
     (                    (                             
(          (        (     (               (  (         (    
    (    (  ( (     (         (   , 
 (      (   (         (  . 

But  (      (                     (   (          (  (         
         (  . 

As the same as  (  (         (      (   
The conclusion of this is that  (      (                
Hence,     (      (         (   (               (     (    
In this we can replace w  by  wu, we get : 

 (   {           (   {(                 (   {                  
  (   {(          (           

Thus  (   (          (    (          

And so  (     (     

Hence  (     (                                  
 

  (     (                                     
  (                                                                                                   ……………… (4)   

By linearizing on u in (4) where u,v    

 (        

   (      ( (    (  )
 
  (     (   (    (   (    (    

       (   (    (   (  ,        (   (     

Since S is 2-torsion free, then: 

  (   (                                                                          …………………….. (5) 

We will show that   (        (            (                  

By (5)      (   (    (  (         

 (      (       , and by Lemma (2.1) we have   (      (     

Then   (       (   , since    (    
Thus  (      (                    

And 0=  (   (   (        (   
 So,     (       (    , and by Lemma (2.1) we have     (      (    
Then     (       (  , since    (    
Thus   (    (                   
Let     (       (                    

Since U is a lie ideal of S, u    

For any       (    (   

Then  (   (                     (    (    (  , so 

   (    (    (                  , 

Hence  (  (    (  )    

Now     (  (    (  )   

 (   (    (      (    (     (   (  (  )   
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 (   (    (      (    (     (   (   (     (     (    

 (   (    (     

If             
   (    (    (    (    (    (     (   (    (  ; 

               (    (    (     . 
               (    (    (    , 

Multiply by  d(v)d(w)  from left we obtain   (    (    (    (     

By semiprimeness of S we have  (    (     

         (    (                     .                                                         ………… (6) 

In particular, for             (    (          

Now, by (5)      

 (   (    , since (                (  (          

      (  ((          (       )   , 

      (  (          (   (          ,          (    
       (  (           (  (           , 

 ( (  (       )          (  (         (  , for all           

Replacing r by rs in above to obtain: 

 (  (                                        (   

 (  (            (  (     (            (  (          (        

  (  (            (       (  (                   

  (  (          (   (       )             (   

By applying d to this 

 ( (  (          (   (       )

   (  (          (   (            (   (       

  (   ( (       )

  (   (          (  (        (    (   (  (         (    (  
        

Using  (  (            (           
   (  (        (    (   (  (         (    (       

In particular if      by using (5) and (6) this give us 

 (  (        (              (  [   ] (                                        …………… (7) 

If        (  [   ] (            (  [   ]( (      (  )     

 (  [   ] (     (  [   ]  (              (  [   ]  (     

       (  [   ]  (    ,          (      
                      (  [   ] from right side we get  

 (  [   ]  (  [   ]   , then by semiprimeness of inverse semiring we obtain  (  [   ]    

Let   {   |  [   ]       is an ideal of S 

                 (    . 

Hence  ([   ]         ([   ]  [   ]  
Thus,  ([   ]) is in M and its right annihilator, denoted by (    

This  ([   ]        this intersection is a nilpotent ideal,  hence  ([   ]   , because S is 

semiprime . In other words, since t commutes with all elements of   [   ] . 
By Lemma (3.9) , we get that t commutes with all elements of U . 
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