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Abstract

In this paper we introduce the definition of Lie ideal on inverse semiring and we
generalize some results of Herstein about Lie structure of an associative rings to
inverse semirings .
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1. Introduction

A non-empty set S with two binary operations + and - is said to be a semiring if (S, +) semigroup,
(S, -) semigroup and x.(y +z) =x.y+x.z and(y+z) x=y.x+z. x holdsforallx,y,ze S[1]. A
semiring (S, +,-) ,with commutative addition and an absorbing zero 0, is called an inverse semiring if
for every element a € S there exists a unique element a' € S such that a+a'+ta=a and a'+a+a' = a'
introduced by Bandlet and Petrich [2] and by Karvellas [3]. In previous work [3 , 4], where (S,+,") be
an inverse semiring then the following are valid : (x')' = x, (x+y)'=x"+y", (xy)' = X'y = xy', X'y'=xy . In
inverse semirng, a commutator [., .] is defined as [x, y]= xy+yx' = xy+y'x and commutator identities
are used as [xy,z]=x[y,z]+[x.z]y and [x,yz]=[xylz+y[x,z] [5,10]. By Mary et al., [10], if U is a
nonempty subset of S, U is called left ideal of Sifx +y e Sforall x,yel,r.xe Sforallxe U, resS
and U# S (Similarly right ideal). An additive mapping d from S to itself is defined as a derivation if
d(ab)=d(a)b +a d(b), for all a,b € S. S is prime if whenever a S b=0, then a =0 or b =0, and semiprime
whenever a S a =0, implies that a = 0, or S has no non-zero nilpotetent ideal. We called S as n-tortion
free if na =0, a € S implies that a = 0. In this paper we will represent S as an inverse semiring with
a+a' € Z (the center of S), and U is a Lie ideal of S, the two subsets U,V of S are however given, then
[V,U] will be the additive inverse subgroup of S generated by the all element vu+uv' where v e
V,ue U, and [S,S] be the additive inverse subgroup generated by the all element ab+ba' for all
arbitrary element a,b € S.

In 1970, Herstein extended more of general situation results of Lie ideal on associative rings [7].
Our objective in this paper is to introduce the concept of Lie ideal on inverse semirings and to
generalize these Herstein’s results on inverse semirings .
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2. Priliminaries
We need some definitions and lemmas in our arguments.
Lemma (2.1) [6]:
Let S be an inverse semiring , foralla,b € Sifa+ b =0then a = b".
Definition (2.2) [8, 9]:
Let S be a semiring, letx,y € S, the set
Z(S)={x€ S, xy = yx,forally € S }is called the center of the semiring S.
Definition (2,3) [4] :
An additive map d:S — S where S is a semiring, is called a derivation if :
d(xy) = d(x)y + xd(y) forall x,y €S
Definition (2.4) [10]
Let S be an inverse semiring, let a € S be a fixed element. A map d:S —» S defined by d(x) =
[a, x] for all x € S, is said to be an inner derivation.
Actually d is a derivation, since d is an additive map and
d(xy) = [a,xy] = x[a,y] + [a,x]y = xd(y) + d(x)y, forallx,ye s
3. Results
On Lie Structure in Semiprime Inverse Semirings
Lemma (3.1):
Let S be a 2-torsion, free semiprime, inverse semiring , let a,x € S if a commutes with all
commutaters in this form [x, a] for all x € S, thena € Z(S) .
Proof
Forall x € S, define d:S—S by
d(x) = [x,al.
So, d is defined as a derivation on S that is d(x + y) = [x + y, a] and by commutator identities, we
get [x +y,a] = [x,a] + [y,a] =d(x) +d(y) .
And d(xy) = [xy, a], again by commutator identities, we get
[xy,a] = x[y,a] + [x,aly
= xd(y) + d(x)y, thend is a derivation.
Since a commutes with all own commutators, we have a[a, x] + [a,x]a’ =0
(i.8) ad(x)+d(x)a’ =0, and by definition of d we have d(d(x)) = 0, then d?(x) =0, for all
xX€ES
Now
0= d*(xy) = d(x)y + xd(¥))
= d?(x)y + d(x)dy + d(x)d(y) + xd*(y)
Then 2d(x)d(y) =0, Since S is 2- torsion free implies that d(x)d(y) = 0forallx,y €
S,Now replace y by rx wherer € S then 0 = d(x)d(rx) = d(x)d(r)x + d(x)rd(x) =
0, then we conclude d(x)rd(x) =0
dx)Sd(x) =0
And by semiprimeness we get d(x) = 0 forall x € S,then [a,x] = 0forallx € S
(i.e)ax+xa" =0
Then ax =xa thusa € Z(S).
Lemma (3.2)
Let S be an inverse semiring , and let d: S — S is a derivation , and let
M = {x € S| xd(s) = 0and d(s)x = 0 forall s € S}
Then M is an ideal in S.
Proof:
Let x,y € M then xd(s) =0,yd(s) =0foralls €S
(x+y)d(s) =xd(s) +yd(s) =0
Then(x+y)eM
Now let x € M andr € S we get
xd(s) =0forall s€S so rxd(s) =0,then rxe M
Therefore M is left ideal.
Suppose thatr,s e Sandx € M we have xd(rs) =0
Since d is a derivation ,then xd(r)s + xrd(s) =0
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xrd(s) =0 soxr e M
Then M is a right ideal, therefore M is an ideal .
Lemma (3.3)

Let S be an inverse semiring, and let
M ={x € S|xd(s) =0, d(s)x = 0 forall s € S}, then S = S/M is an inverse semiring with respect
to @ and ® defined as
(x+M)®(y+M)=(x+y)+M and
(x+M)O(y+M)=(x.y)+M
Proof

We have to show that (S ,®, @ ) is an inverse semiring:
Let x+M, y+M, s+ M €5 suchthat
(x+tM)®(y+M)=(x+y)+M,and
(x+M)O(y+M)=(x.y)+M
We have to show that ( S/M , @ ) is a semigroup:
(x+M)@(Y+M)B(s+M)=((x+y)+M))B(s+M)=(x+y+s)+M=
(x+tM)®(y+s)+M=(x+M)D(y+M)D(s+M)).
We have to show that (S/M, © ) is a semigroup:
(x+M)O(Yy+M)O(s+M)=((x.y)+M)O(s+M)=(x.y.s)+M=
(x+M)O((y.s)+M)=(x+M)O(y+M)O(s+M).
Now we have to show the distributive:
(X+M)O(Yy+M)B(s+M))=(x+M)O(Yy+M)B(x+M)O(s+M)=
(X.y)+M®(x.s)+M.
Letx € S, since S is an inverse semi ring, then 3! x' € S, such that x = x + x' + x , and
X'=xX+x+Xx".
So,
Forall x+ M € S/M, there exists X'+ M € S/M, such that
(X+tM)B(X+M)B(x+M)=(x+x+x)+M=x+M.
Ad(X+M)YB (X+M)B (X +M)=(X+x+xX)+M=x'"+M
To prove the uniqueness, suppose there exists y+M € S/M, such that
(x+M)B(y+M)B(x+M)=(x+y+x)+M=x+M.ButxeS
Since X' is unique in S then x' =y
Therefore, (x'+M) =(y+M) .
Thus S/M is an inverse semiring .
Lemma (3.4)

Let S be a 2-torsion free inverse semiring , d: S — S, is a derivation. Let M = {x € S| xd(s) =

0, d(s)x =0 forall s € S}, then S = S/M is 2-torion free inverse semiring.
Proof

Forallx€S, x+MEeS
Let 2(x + M) =M
2x + M = M thatyields 2x e M
Thus 2xd(s) =0 for all s€ S
And since Sis 2-torsion free, we get xd(s) =0sox € Mand x + M = M.
Therefore (S / M) is 2-torsion free inverse semiring.
Lemma (3.5)

Let S be a semiprime inverse semiring, d:S — Sis a derivation. Let M = {x € S| xd(s) =0,

d(s)x = 0 forall s € S}. Then S = S/M is a semiprime inverse semiring.
Proof

Let N be an ideal of S with N2=0, we want to show that § = S/M has no non-zero nilpotent ideal.
Let N be the inverse image of N in S.
N is anideal inSand N? c M.
Thus d(y)N? = 0forally € S.
Then (d(y)N)*=d(y)Nd(y)N c d(y)N* =0
Since d(y)Nis a nilpotent right ideal in S, which is a semiprime, then we get
d(y)N = 0 henced(y)N € M.

2713



Ibraheem and Majeed Iraqi Journal of Science, 2019, Vol.60, No.12, pp: 2711-2718

Thus d(y)N c M, implies that N = 0
Then S has no non-zero nilpotent ideal yields, therefore S is a semiprime inverse semiring.
Definition(3.6)
Let A be a Lie- inverse sub semiring of an inverse semiring S, the additive inverse sub semigroup
, Uc Aissaid to be a lie ideal of A if wheneverue U ,a €A, then [u,a] =ua +au’,isinU .
Lemma (3.7):
If S is a semiprime inverse semiring, then Z(S) has no non-zero nilpotent element.
Proof
Let a be a nil potent element such that
a# 0, a€ZS)anda™ =0, a"S =0, (i.e) a™2a™2S = 0, Since a € Z(S)then a™/2S a™/? =
0.
And since S is semiprime then a™? = 0, contradiction.
Therefore a=0, thus Z(S) has no non-zero nilpotent element.
Lemma (3.8):
Let S be a 2- torsion free semiprime, inverse semiring, and let T be a lie ideal of S. Suppose that
[T,T] € Z;thenT c Z.
Proof:
If [T,T] =0thengivent € T,tx + xt' € T for any x € S so commutes with t.
(i.e) [t,tx + xt'] = 0 then by lemma (3.1) t € Z
Suppose then that we can find s,t € T
sothat l=st+ts' # Othend € Zforx €S
letd(x) = xt + tx';thus d(s) =st+ts' = 2
d*(x) =d(d(x)) =d(A)= At+tX €Z
let § = d?(x);then d?(sx) € Z
d?(sx) = d?(s)x + 2d(s)d(x) + sd?(x)
= 2d(s)d(x) + sp since d®(s) = 0
then 2Ad(x) + Bs € Z, s0
0 = [s,2Ad(x) + Bs] = [s,2Ad(x)] + [s, Bs] = 2A[s,d(x)] + [s,2A]d(x) + [s, Bs]
= 2A(sd(x) + d(x)s") =0, put x = st
d(st) = sd(t) + d(s)t = s(tt + tt") + (st + ts')t = stt + stt’ + stt + ts't
=st(t+t' +t)+ts't=stt+ts't=(st+ts")t=At
then 2A(sAt + Ats') = 2A%(st + ts') =223 =0
Since S is 2-torsion free then A3 =0
Since S is a semiprime, by Lemma (3.7) the center of S has no non-zero nilpotent element then we get
contradiction, so A = 0 thus st + ts’ = 0 and by Lemma (2.1) we have
st=ts forallt eT,s€S.
Therefore
TcZ
Lemma (3.9)
Let S be a 2- torsion free semiprime inverse semiring and let U be a lie ideal of S. Suppose that
t € S commutes with every element of [U,U] then t commutes with every element of U .
Proof:
Forx € S,letd(x) = xt + tx'
Since t commutes with every element of [U, U], then by Lemma (3.1) for every u € [U, U], then
dlu) =0
Nowl[U, U], is a lie ideal of S,
Forr € S,ur + ru’ € [U,U], whereu € [U, U]
Thusd(ur + ru') = 0,Butd(ur + ru') = ud(r) + d(w)r + r'd(w) + d(r)u’

Thenud(r) +d(r)u’' =0 (D)
Then by Lemma (2.1) we get
ud(r) =d(@)u, forue[U,U,x €S 2)

In (2) putr = x2, soud(x?) = d(x*)u
Again put r = x2 in (1), we obtain
ud(x?) +d(x*)u’' =0
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u(d(x)x + xd(x) + (d(x)x + xd(x))u’ =0
ud(x)x + uxd(x) + d(x)xu’ + xd(x)u' =0
By using ud(x) = d(x)u,we get
d()ux + uxd(x) + d(x)xu’ + xu'd(x) =0
then d(x)(ux + xu') + (ux + xu")d(x) =0,
Since(ux + xu") € [U, U], So it commutes with d(x).
d(x)(ux + xu") + d(x)(ux + xu') = 0, Then 2d(x)(ux + xu') = 0
And since S is 2- torsion free implies that
dx)(ux+xu')=0foruelUU] 3)
By linearizing on x in (3)where v € [U, U],
dx+v)(ux+v)+x+v)u' =0
d()ux +dx)uv + d(x)xu' + d(x)vu’ + d@w)ux + dw)uv + d(w)xu' + d(w)vu’' =0
Since d(v) = 0 then d(x)ux + d(x)uv + d(x)xu’ + d(x)vu' =0
dx)(ux +uv+xu' +vu') =0
d)(ux +xu’) +dx)(uv+vu') =0
thend(x)(uv + vu’) =0,forx € S,u,v e [U, U] .l @)
LetM ={r e S|d(x)r=0 forallx € S}
By lemma (3.2) M isan ideal of S.
By (4) we have [[U,U],[U,U]] c M
Let S = S/M,By Lemma (3.3), Lemma (3.4) , Lemma (3.5) S is 2-torsion free semiprime, inverse
semiring.
In S, U is alie ideal , since [[U, U], [U,U]] c M,
Then [[U,U],[U,U]] =0,
By Lemma (3.8) we get [U, U] c Z, the center of S, hence by Lemma (3.8) again Uc
Z .Thus [U,S] = 0 and so [U,S] c M.
Thus, d(y)[U,S] = 0 forall y € S.
Let M; = {x € S| x[U,S] = 0 } as above we easily get that M, is an ideal of S.
If u € U,forally € S,since d(y)[U,S] =0
(i.e) d(¥)(ux+xu') =0,then (ux + xu') € M;.
Butd(u) € [U, S]
,thus d(u) € M; and d(u) is in a right annihilator (rM;) .
But M; nrM; is a nilpotent ideal of S, Hence is (0)
Since (u) € M; NnrM,,thend(u) = 0forallu € U
O=du)=ut+tu ,ueUteS
Then by Lemma (2.1) we have ut = tu
So t does commute with all element of U.
Definition (3.10)
If AbeasubsetofS, C(A) ={x € S|xa=ax forall a€ A}
Then C(A) is said to be the centralizer of A; Clearly that A is an inverse sub semiring of S .
Theorem (3.11)
Let S be 2- torsion free semiprime, inverse semiring, and let U be a lie ideal of S. If t€ S commutes
with all tu + ut’, u € U then it commutes with every element of U .
Proof
Letx € S,d(x) = xt + tx' =[x, t], d is a derivation
Since t commutes with all tu + ut’, ue U
t(tu +ut) + (tu+ut"Ht' =0,(l.e)td(w) + d(u)t’' =0
d(dw))+d?*(w) =0
If u,v € Uthend?(u) = d?(v) =0, since U is a Lie ideal, thenuv + vu’' € U
Thus 0 = d?(uv + vu') = d(d(uv + vu') = d(dW)v + ud(v) + d(W)u’ + v'd(u)
Since d?(u) = d?(v) = 0, then 0 = 2(d(w)d(v) + d(v)d(u)"), Since S is 2-torsion free .
Thend(w)d(v) + d(v)d(uw)' =0 forallu,vetuy ... )
Now suppose that u, v € U are such that uv € U.
Hence,0 = d?(uv) = d?(wW)v + 2d(w)d(v) + ud?(v)
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resulting in 2d(u)d(v) =0
Since S is 2-torsion free, then d(uw)d(v) =0
Forany r € S, u € U the element v = ur + ru’, satisfies the criterion v,uv € U
Hence by above
dw)d@ur +ru’) =0 foraluevu,res .. 2)
Let C(t) = {x € S| xt = tx}
Since d?(u) = 0, Then by (2)
Wehave d?(u)(ur +ru’) + d(u)d(ur + ru’) =0,
d(d(u)(ur + ru’)) =0,

hence, d(w)(ur +ru') € C(t) forueuu,res .. 3)
In(3) writer =tw, wes
Then ur + ru’ = utw + twu' = utw + t(w + w' + wiu' = utw + t(w + wHu' + twu' =

utw +t(w +wHu' + twu' = utw + tu'(w + w') + twu' = utw + tu'w + tuw + twu' =
(ut + tu")w + t(uw + wu' = d(w)w + t(uw + wu'), Since d(w)(ur + ru’) € C(t),
By (3),d(w)(d(v)w + t(uw + wu") € C(t),
dw)?w + dw)t(uw + wu') € C(t).
But d(u)t = td(u), by hypothesis so d(w)t(uw + wu') = td(u)(uw + wu'),
Since t € C(t).
As the same as d(w) (uw + wu') € C(t) by (3)
The conclusion of this is that d(u)?w € C(t) forallw € S.
Hence, 0 = td(u)?w + d(w)?wwt’ = d(u)?(tw + wt"), since d(u)? € C(t).
In this we can replace w by wu, we get :
dw)?{twu + wut'} = d(w)?{(t + t' + t)wu + wut'} = d(w)?{twu + wtu + wt'u + wut’'}
=dw?*{(tw +wtHu + w(tu + ut)} =0
Thus d(w)?(tw + wtDu + d(w)?*w(tu + ut’) =0
And so d(w)?wd(u) =0
Hence d(u)?wd(u)? = 0, for all w € S, then we obtain :

d(w)?Sd(u)? = 0, by semiprimeness of S we have:
dw)? =0 foraluevu 4)
By linearizing on u in (4) where u,v € U
dlu+v)2=0
0=du+v)?=(dw + d(v))2 =dw)? +dwdw) + d(w)d(w) + d(v)?
Since d(u)d(v) = d(v)d(u), Then 2d(u)d(v) = 0
Since S is 2-torsion free, then:
dw)d(w) =0 forall v €U %)
We will show that ud(v) and d(u)v arein C(t) forallu,v € U
By (5) 0 =dw)dw)=dw)(vt+tv') =
d(uw)vt + d(u)tv’ = 0, and by Lemma (2.1) we have d(u)vt = d(u)tv
Then d(uw)vt = td(u)v, since t € C(t).
Thusd(w)v € C(t) forall u,veU
And 0=d(u)d(v) = (ut + tu')d(v)
So, utd(v) + tu'd(v) = 0, and by Lemma (2.1) we have utd(v) = tud(v)
Then ud(v)t = tud(v), since t € C(t).
Thus ud(v) € C(t) forallu,v € U.
Letu = rd(v)w + wrd(v) where v,u e U,r € S
Since Uisalieideal of S, ue U
Forany z € U,ud(z) € C(t)
Then d(v)d(z) = 0 we see that rd(v)wd(z) € C(t), SO
Sd(w)wd(z) c C(t), for allu,v,z € U,
Hence d(Sd(v)wd(z)) = 0
Now 0 = d(Sd(v)wd(z)) =
d(S)d(w)wd(z) + Sd?(w)wd(z) + Sd(v)d(wd(2)) =
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d(S)d()wd(z) + Sd*>(v)wd(z) + Sd(w)d(w)d(z) + Sd(v)wd?(z) =
d(S)d(v)wd(z) =0
If x,y € S,then
0 =d(xy)d(w)wd(z) = d(x)yd(v)wd(z) + xd(y)d(v)wd(2);
In particular d(x)yd(v)wd(z) = 0.
Letx = z, then d(z)Sd(v)wd(z) = 0,
Multiply by d(v)d(w) from left we obtain d(v)wd(z)Sd(v)wd(z) =0
By semiprimeness of S we have d(v)wd(z) = 0

Andso,d(v)Ud(z) =0 forall v,zeU. (6)
In particular, forv e U ,s € S d(v)Ud(vs +sv') =0
Now, by (5)

d(w)d(v) =0, since (vr + rv’) € U thend(u)(vr +rv') =0
Thus d(u)((vr +rv)t+t(vr+ rv’)) =0,
Then d(w)(vr + rv')t + d(w)t(vr + rv')’ =0, since t € C(t),
Then d(w)(vr + rv")t + td(w)(vr + rv')' =0,
d(d@w)(wr +rv")) = 0,thus dw)(vr + rv') € C(¢), forallu,v e U,r € §
Replacing r by rs in above to obtain:
dw)(vrs + rsv') € C(t)
dw)(wrs +rsv') = dw)(wrs +r(s+s' +s)v") =dw)(vrs + rsv' + r(s' + s)v’)
= d(u)(vrs +rsv' +rv'(s'+s) =d@w)(vrs + rsv' + +rvs + rv's)
=dW)(vr + rv")s + dWr(vs + sv')) € C(t)
By applying d to this
d(d@)(r +1v")s + dWr(vs + sv"))

=d?(w)(wr +rv)s + dw)dr + rv')s) + d?(w)r(vs + sv")

+ d(u)d(r(rs + sv’))

=dw)dwr +rv)s+dw)(vr + rv')d(s) + dw)d(r)(vs + sv') + d(u)rd(vs

+sv)=0
Using d(w)(vr + rv’) = 0,d?(u) = 0, that

0=dw)(vr + rv")d(s) + dw)d(r)(vs + sv') + d(w)rd(vs + sv)
In particular if r € U by using (5) and (6) this give us
dw)(wvr + rv)d(s) = 0 that isd(w)[U,U]d(S) =0 ... @)
If x,y € S,dW)[U, Uld(xy) = 0 then d(w)[U, U](d(x)y + xd(y)) = 0
dw)[U,U]d(x)y + d(w)[U,U]xd(y) = 0 thatis d(u)[U,U]xd(y) =0

Thus d(uw)[U, U]Sd(S) = 0, since Sd(S) c S,
And by multipling by d (uw)[U, U] from right side we get
d(w)[U,U]Sd(w)[U, U] = 0, then by semiprimeness of inverse semiring we obtain d(u)[U,U] =0
Let M = {x € S| x[U,U] = 0}; M is an ideal of S
foru € U, d(U) c M.
Hence d([U,U]) € M.Butd([U,U] c [U, U].
Thus, d([U, U]) is in M and its right annihilator, denoted by (M,.)
This d([U,U]) € M n M,., this intersection is a nilpotent ideal, hence d([U,U]) = 0, because S is
semiprime . In other words, since t commutes with all elements of [U, U] .
By Lemma (3.9) , we get that t commutes with all elements of U .
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