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Abstract

Let (X, 1) be a dynamical system, (X, f) is said to be topological transitive if

for every pair of non-empty open set
F™(U)yNV = 0. We introduce and investigate a new definition of topological

transitive by using the nation N-open subset and we called N-transitive and prove
the equivalent definitions of this new definition.

I,V | there exists 1 = 0 such that
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1.Introduction

The concept of topological transitive goes
back to G.D Birkhoff who introduced it in
1920, [1].

A topological transitive dynamical system has
points which eventually move under from one
arbitrarily small open set to any other.
Consequently, such a dynamical system cannot
be decomposed into two disjoint sets with non-
empty interiors which do not interact under the
transformation.

We will consider a discrete dynamical
system(X, f) given by a metric space X and
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continuous map f:X — X.The trajectory of a
point x € X being the sequence

x, fx), F2(x), F3(x), ...where f™(x) is the nth
iteration of f. The set of points of the trajectory
of x under f is called the orbit of x ,denoted by
O¢(x). A point x € X is called non-wandering if
for every neighborhood U of x there is a positive
integer n such that f™* () N U = @ [2]. The set
of non-wandering points of fwill be denoted by

Q(f).
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A dynamical system (X,f) is said to be

topological transitive (hereafter briefly called
transitivity),if for every pair of non-empty open
set U,V , there exists n =0 such that
U nv=0,][3].

Recently several researches were conducted
to introduce weak forms of open set and obtain
some characterization and preserving theorem of
topological properties Al Omari A. and Noorani
M. in [4] introduce new class of set called N-
open sets "A subset A of a space X is said to be
an N-open if for every x € A there exists an
open subset U, in X contains x such that U, — A

is a finite set". They prove that the family of all
N-open establishes a topology. Moreover ,they
obtain a characterization and preserving theorem
of compact space. The objective of this paper is
use the new class of N-open set to create an N-
transitive function and prove some equivalent
definitions.

2. N-Open Set

In 2009 Al Omari and Noorani[4],
introduce the concept of "N-open Set" in a
topological space, they prove that the family of
all  N-open sets establishes a topology.
Moreover, they obtain a characterization and
preserving theorems of compact spaces.

Definition2.1[4]:

A subset A of a space & is said to be an N-
open if for every x € A there exists an open
subset I, in X contains x such that I/, — 4 is a
finite set.

The complement of N-open set is said to be an
N-closed set. Clearly every open set is N-open
but the converse is not true. If X is a topological

space then the family of all N-open subsets of X
is a topological space, [4].

Theorem2.2[4]:
Let (X,T) be the topological space then the

family of all N-open subset is a topological
space.

The union of all N-open sets of X contained in a
subset A is called the N-interior of A and

denoted by A™[5].
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Proposition 2.3 [5]:

A subset A of a space X is N-open if and only
ifA=A"
Clearly, the interior of 4 is a subset of
ANA S A°M)The N-neighborhood of a
pointx € X is any N-open subset of Xwhich
contains x. Now we can introduce the following
definition.

Definition 2.4:

A subset A is said to be N-nowhere dense if
the closure has empty N-interior.

The function f:X —=Yis said to be
continuous function if f=1({A) is an open set in
X for every open set A in ¥. This definition is
equivalent to the following definition see[4], a
function f: X =Y is said to be N-continuous if
F~1(A)is an N- open set in X for every open set
AinY | if £71(4) and Ais N-open then fis said
to be N*- continuous, [5],clearly every
continuous is an N-continuous function, but the
converse is not true in general, and every N*-
continuous function is an N-continuous ,but the
converse is not true in general, for more details
see [5].

The following proposition gives the condition
on a continuous function which implies N*-
continuous

Proposition 2.5 [5]:

If f:X—=Y be continuous injective ,then
F~L(A) is N-open whenever Ais an N-open
subset of ¥ .

A subset A of topological space X is said to
be dense set (or everywhere dense ) inX,if the
closure of A is equal to X{A=X) [6].
Equivalently ,A is dense if and only if A4
intersects every non-empty open set inX. Now

,we can prove the relation between dense set and
N-open set in a topological space.

Theorem 2.6:
let Xbe a topological space and 4 = X then 4

is dense in X if and only if AU = @ for every
non-empty N-open set U.


http://en.wikipedia.org/wiki/Closure_(topology)
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Proof:
let A be a dense subset of X then for every

non-empty open set VX ANV = Let U
be N-open subset in X, suppose A N7 =@,

Vx €U, implies x € A but U is N-open then
there exist IV, is open set in X such that x € N,
and N, —U is finite. NyNA=90 thisis a
contradiction, ANU = @

Conversely , suppose A N UV = @ for every non-
empty N-open set of X , we shall show that 4 is

dense . if not suppose pEX and p € A , SO
pEX—A.
X—AnA=g0,

which is a contradiction to that fact X — A is
open set in X,so X —A is N-open set in X,
Hence p € A, therefore X< A € X then,
A = X(Ais dense). o

3. N-Transitive Map
In this section we introduce the following
new notion

Definition 3.1.
let X be a compact metric space and

f:X — X a continuous map. The map f is said
to be N-transitive if for all non empty N-open
sets U,V there exists m =0 such that
F™(U) NV = 0. Clearly every transitive map is

N-transitive but the converse is not true. The
following results gives an equivalent condition
for N-transitivity.

Theorem 3.2:
Let (X, f) be a dynamical system ,then f

is topologically N- transitive if and only if for

every non-empty  N-open set Uin
X,|Jf"WU) isdensein X .
n=0

Proof : Assume | J f"(U) is not dense .Then
n=0
there exists a non-empty N-open set V such

that | Jf"(U)(\V=¢ .This implies
n=0

f”(U)ﬂV:¢ for allneN. This is a
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contradiction to the N-transitivity of f

Hence| J f"(U) isdensein X .
n=0
Now, let U andV be two non-empty N-opens

sets in X .Uf”(U) is dense in X so, by

n=0

Theorem 2.6 we have [ | f"(U)(V = ¢ .This
n=0
implies there exists meN such that

fMU)(\V #¢ , hence f is N-transitive . o
Now, if (X,f) is dynamical system and f is

N*-continuous then the following condition are
equivalent.

Theorem3.3:
let (X, f) be a dynamical system and f" is N*-

continuous then the following are equivalent:
(i) f is N-transitive.
(ii) For every non-empty N-open set U in
X,|Jf"(U) isdensein X .

n=0
(ii)IfE < X is N-closed and f(E)c Ethen
E = X or E is N-nowhere dense.
(iv) If Uc Xis N-open and f'(U)cU
then U =¢gor U is dense in X

Proof:
(i)=(ii) Since fis N*-continuous and the

family of N-open set is topological space ,thus
Jf"(U) is N-open and since f is N-
n=0

transitive , it has to meet every N-open set in X
and hence is dense .

(i) = (i) Let U,V  be N-open and non-empty

sets in X . Then | Jf"(U) is dense in X .

n=0
As aresult U(M)(Jf (V) #¢ . This implies
n=0

ImeN such that Uﬂ f"V)#¢ . We
further have
fm(Uﬂ f"\V))= fm(U)ﬂV #¢. Hence
f is N-transitive .

(i) =(iii) f is N-transitive, E < X is N-
closed and f(E) c E . Assume that E = X
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and E has a non-empty N-interior . Define
U = X \E .ClearlyU is N-open , since E is
N-closed. Let V < E be N-open since E has a

non-empty N-interior .We have f"(V)cE
since Eis invariant. Then f"(\/)ﬂU =¢ for

all neN .This is a contradiction to N-
transitivity . Hence E = X or E is N-nowhere
dense .

(iii) = (i) LetU be non-empty N-open set in
X . Suppose f is not N-transitive ,then

from(ii) of this theorem ,Uf‘” (U) is not

n=0

dense ,but | Jf™"(U)is N-open

n=0

Define

E=X\Jf"(U) Clearly E is N-closed
n=0

and E # X .Claim f(E)cE.
Suppose f(E) is not a subset of E. This

implies f (E)(\(Jf "(U)=¢. This further
n=0

implies

f‘{f(E)ﬂGf‘”(U)}= Eﬂfjf‘"(u)w

. This is contradiction to the definition of E,
thus f(E)c E .

Since U f " (U) is not dense , there exists a
n=0
non-empty N-open

U ")V =¢. This implies V < E this
n=0

set V in X such that

is contradiction to the fact that E is N-nowhere
dense . Hence f is N-transitive .

(i)=(iv) f is N-transitive ,U < X is N-open
and f'(U)cU .Assume that U = ¢ and

U is not dense in X . Then there exists a non-
empty N-open set Vin Xsuch that

UﬂV =¢. Further " (U)ﬂV =¢ for all
neN. This implies Un f'"(\V)=¢ for all
ne N ,a contradiction to N-transitivity of f .
Hence U = ¢ or U isdensein X .

(iv)= (i) Suppose f is not N-transitive, for a
U in X, let

non -empty N-open set
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W = Jf "(U) is non-empty ,N-open and not

n=0
dense. Clearly f*(W)cW, this s
contradiction since W = ¢ is dense. This
proves that f is N-transitive . o

We can introduce the new definition of non-
wandering point.

Definition3.4:
A point x € X is called N- non-wandering if

for every N-neighborhood N{x) of x there is a
positive integer n such that
FP(N(x)) N N(x) # @. The set of all N-non-
wandering points of f will be denoted by

Oy ().

Topological transitivity and existence of a
dense orbit are two equivalent definition for
some space but is not true generally, [7, 3].In the
following we will make a connection between
the set of N-non wandering points , N-transitive
and a dense orbit.

Proposition3.5:
Let f:X — X be a continuous map on

compact metric space , f is N-transitive if and
onlyif Q (f)= X ,and f has a dense orbit.

Proof:
Suppose f is N- transitive, clearly has a

dense
orbit, i.e. ,there exits x= € X ,such that O (x-)
isdense in X, if QO ()= X then there exist
a non-empty N-open subset I/ such that
{f™(U) n = 0} are pairwise disjoint
set. Since O (x-) is dense orbit, for some
n-=0, f(x-) €U,
™ (x:) € f*(U), n= 0 which
contradiction withf™(U) is pairwise
disjoint set. Therefore Q (f) = X.
Now, suppose f has a dense orbit and
Q, (f)=X ,let U,V be two non-empty
N-open subset of X . let x € X have a dense
orbit, thus the orbit of x will enter both U and V.
Let mand mnbe the least integers such that
fM™Mx)eUand f*(x) EV.
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Assume m <-nand set k =n —m,

Then obviously F*(IN NV = @. o

Let f:A— A and g: B — B be two maps

.f. g are said to be topologically conjugate, if
there exists a homeomorphism h: A = B such
that hof = goh, [2]. Mapping which are
conjugate are completely equivalent in

terms of their dynamics .Now we can
prove the following lemma:

Lemma 3.6:
let f, g be two conjugate function , then if

f is N-transitive the g is N-transitive also.
Proof: let U&V be two N-open subset of B, since
k is continuous and one to one ,then k is N*-
continuous  (Theorem3.3), Thus h~(l))
and A~%(V) are N-openin 4.

Since fis N-transitive then there exists k& =0
such that  fF*(h~Y())n h~HV) = 0,ie,
hof*(R~UNNV = 6

goh(h~HUNNV =0

g*(U) NV = @. Thus g is N-transitive function.
O
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