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Abstract 

     A graph  is said to be singular if and only if its adjacency matrix is singular. A 

graph  is said to be bipartite graph if and only if we can write its vertex 

set as , and each edge has exactly one end point in and other end 

point in . In this work, we will use graphic permutation to find the determinant of 

adjacency matrix of bipartite graph. After that, we will determine the conditions that 

the bipartite graph is singular or non-singular. 
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 الخلاصة
يقاااال للنياااا  نياااا  واياااص اصا كانااات مةااايوة و الم جااااورل واياااصل وكااا للت يقاااال للنياااا  نياااا  ثناااا   ال ج  اااة ا ا      

لنياااا  ن اااكل مجماااوس ي  منيةااال ي  و   كااال ضااالف مااا  اضااا سو لاااو ر   ةااا  اسااا اعنا ك اناااة مجموساااة ر و  ا
المجموسااة الولاااى ماا  الااار و  النياااا  ور   ةاا  المجموساااة الثانيااة مااا  الااار و  النيااا  ةااا   اا ا الناااا  ساااو  
نس خصم النيا  ال نصيل  لاساب الماصص للمةيوةة الم جاورل للنيا  ثنا   ال ج  ة  ونعص  لات ساو  نااصص ال اروا 

 .اصانية او سصم واصانية النيا  ثنا   ال ج  ةلو 
1.Introduction  
     A graph  is said to be singular if and only if 

its adjacency matrix is singular; otherwise   is 

said to be non-singular [1]. In this paper, we will 

deal with a special type of graph is called a 

bipartite graph with no loops and multiple edges 

and it is define as ((a graph   is said 

to be a bipartite graph if and only if we can write 

its vertex set as , and each edge 

has exactly one end point in and other end  

 

point in [2]. The degree of vertex is the 

number of vertices adjacent to it, on the other 

words that, is the number of edges incident with 

it [2]. Therefore, for each graph there is a matrix 

is called adjacency matrix. The adjacency matrix 

of a graph on  vertices is matrix such 

that  
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     We usually write the adjacency matrix of a 

graph [2]. So, the adjacency matrix of 

bipartite graph on  vertices is  

 

 
 

Where  is  matrix[3]. 

     In this work, we will use the perfect 

matching to decide that there is a graphic 

permutation in a bipartite graph. Let  

is a bipartite graph on  vertices labelled as 

 with no loops and multiple edges and 

assume that  

 

 
 

     Be a permutation of the numbers  so 

 is graphic permutation of  if all vertex pairs 

are adjacent in  

[3].Subsequently, we will use the graphic 

permutation to compute the determinant of 

adjacency matrix of bipartite graph. After that, 

we will determine the conditions that a bipartite 

graph is singular or non-singular.  Therefore, we 

will use the following theorem to determine the 

singularity of bipartite graph. 

 

Theorem 1.1[4, p.95]  

     A square matrix  is invertible (non-singular) 

if and only if det ( . 

 

2. Matching 

     A matching  in a graph  is a set of edges 

of  that no two of which are incident with each 

other. Note, if a vertex is incident with an edge 

of matching, we say matched vertex (with 

respect to ), on the other words, the edges of  

cover the vertex. Therefore, a matching which 

covers every vertex of a graph  is said to be a 

perfect matching [2]. 

 

Lemma 2.1 [2]  

     Suppose a bipartite graph , with vertex 

partition  has a perfect matching 

 ,then . 

 

 

 

Proof 

Suppose  is a bipartite graph with vertex 

partition  has a perfect 

matching . So, each edge of has exactly one 

end point in and other end point in . The 

edges of  are covered every vertex of   (by 

the definition of perfect matching). Therefore, 

. Since, the edges of  are not 

incident with each other.                                                                     

 

Definition 2.2 (The Hall’s condition) [5] 

     A bipartite graph  with vertex partition 

is said to satisfy the hall 

condition if and only if for every we have 

defining 

  such 

that  

 

Theorem 2.3 (Hall’s theorem) [5]  

     A bipartite graph  with vertex 

partition , has a perfect matching 

if and only if it satisfies the hall’s condition. 

Proof 

 

Suppose that  has a perfect matching  and 

let . Assume (for contradiction) that 

. Since,  has a perfect 

matching , so the edges of  cover every 

vertex in . Therefore, each vertex in has one 

neighbour in but , so there is 

some vertices in   has no neighbour (this is a 

contradiction) by the definition of perfect 

matching. 

 

     To prove the other direction, suppose  be a 

spanning subgraph of a graph  satisfies the 

Hall’s condition with further property that any 

edge removed from , it would not be longer 

satisfies the Hall’s condition. Let   and 

, we get . Therefore, 

it is enough to show that . Assume 

(for contradiction) that, some  has two 

neighbours say . Let   and  are 

two subgraph of  and obtained from removing 

 and  respectively from . So, they are 

both fail to satisfy the Hall’s condition. Thus, 

 there are  such 
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that , both these sets must 

contains . So  

 
Note, that if is a neighbour of some vertex 

other than , the edge  is still 

present in  and . Therefore, 

 

 

 
Note:  

= 

 
Thus . 

So,  does not satisfy the Hall’s condition. 
   

                                                                                                                                                                                                                                                     
        

3.The determinant of adjacency matrix of 

bipartite graph  

The determinant of a square matrix of order n is  

 
where  is +1 for even permutation and -1 

for odd permutations[3].  

 

Lemma 3.1 [3]  

     For a bipartite graph with  vertices 

 
     Where  the adjacency matrix of bipartite 

graph is,  is the number of even cycles and 

divisible by 4 in the permutation graph of the 

bipartite graph. 

 

Proof 

From equation (1)   if 

and only if  are adjacent in  (by the 

definition of Graphic permutation) 

So, equation (1) becomes  

  

Note,  , when  is the 

number of even connected component (with the 

respect to the number of vertices ) in the 

permutation graph. 

Therefore, equation (3) becomes  

  

Let is number of even cycles and it is 

divisible by 4. Thus,  
  

  

Note,  when i is odd for all a graphic 

permutation p of a bipartite graph  by lemma 

(a cycle is a bipartite graph if and only if it is of 

even length [2]) 

Therefore, 
  

Then 

 

 

 

 

 
Then  

  
  
  

    The proof of this theorem was found in [3] 

but the difference that e (p) is the number of 

even cycles while in this proof e (p) is the 

number of connected component. The reason of 

this difference that, if we take the bipartite graph 

G  

 

 

 

 

 

 

   

 

 

 

 

         Suppose, this permutation                                       

1    2    3    4                                                            

3     4    1   2 

     So it is a graphic permutation of G with no 

cycle only single edges. So, equation (5) which 

is a count the number of vertices, 

, if  is the number of even 

cycles. The second reason that, in this paper we 

deal with a bipartite graph with no loops and 
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multiple edges. So,  is single edge 

when i=1 (not cycle) 

 

Theorem 3.2[3]  

     The number of graphic permutation in a 

bipartite graph G is equal to , where m is the 

number of perfect matching of G. 

 

Corollary 3.3 [3]  

A bipartite graph is contained a graphic 

permutation if and only if it possesses a perfect 

matching. 
     Note, theorem (3.1) deals with a bipartite 

graph with cycle. Therefore, if bipartite graph 

that is connected and has no cycle so it is a tree. 

Thus, we can find the determinant of adjacency 

matrix of tree by this theorem. 

 

Theorem 3.4 [1]  

     let T be tree of n vertices .then  

 
Thus, from above theorems, it is clear that a 

bipartite graph is singular if it has no perfect 

matching and it is non-singular otherwise.  

  

Theorem 3.5  

     Let G be a bipartite graph with vertex 

partition  is singular if and only 

if one of these three conditions is hold 

1- G does not satisfy the Hall’s condition. 

2-  

3- -  

Note, is the number of vertices adjacent to 

it. 

 

Proof 

     Suppose G is a bipartite graph with vertex 

partition  and it is singular so by 

(the definition of singular graph) its adjacency 

matrix is singular. So, by theorem (1.1) the 

determinant of its adjacency matrix is equal to 

zero. Therefore, by lemma (3.1) G has no 

Graphic permutation. Thus, by corollary (3.3)  

does not possesses a perfect matching, so by  

(Hall’s theorem) the first condition is hold and 

by Lemma (2.1)  the second condition is also 

hold. Otherwise, if G has a perfect matching and 

the determinant of its adjacency matrix is equal 

to zero so, by the properties of the determinant 

of matrix there are at least two rows of the 

adjacency matrix are equal [6], so the third 

condition is satisfied 

 

     For the second direction, we will suppose 

that the first condition is hold. So, by Hall’s 

theorem G has no perfect matching. Therefore 

by corollary (3.3), G does not contain a graphic 

permutation. Thus by lemma (3.1) the 

determinant of its adjacency matrix is equal to 

zero. Therefore by theorem (1.1) G is singular 

graph.    

     Since, from theorem (3.5), it is clear that a 

complete bipartite graph is singular because it 

satisfies the third condition of theorem 

(3.5).While, a regular bipartite graph is non-

singular by theorem (3.5) if it does not satisfy 

the third condition. 
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