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Abstract

In this paper, we define two operators of summation and summation-integral of
g-type in two dimensional spaces. Firstly, we study the convergence of these
operators and then we prove Voronovskaya- type asymptotic formulas for these

operators.
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Introduction.

We start our note to introduce some works of
the other researchers. In 1912, Bernstein defined a
sequence of linear positive operators called the
Bernstein polynomials as: [1].

Bo(f %) = Zio (1) ¥ (1 =" *F (),

x € [0,1]. (1.1)

In 1932, Voronovskaya showed that the
convergence of B, (f;x) to f(x) as n = o0 is
slow but sure. [2].
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In 1950, Szasz generalized the Bernstein operators
to infinite interval[0,o2), which is called Szasz-
Mirakyan operators defined as: [3].

k
S.(F(0:%) = T2, (1) ()5
where z,, (x)= %
In 1987, Lupas generalized the Bernstein
polynomials involving g-integers which defined
as: [4].

(1.2)
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B.(f.a:x) =
x € [0,1],

n [x]
=o [l ¥ (1 =) kf([:—z])
qE (l],l] .
(1.3)
In 1998, Lucyna and Mariola proposed two

sequences of Szasz-Mirakyan operators of two
variables defined as:[5]

Bmm(f(trsjixf}rj =
Ef:uZ;;:I}zn,k(szm-’ﬂ(}rjf(z’%
(L4)

Cn (f{t; S}F X, }} = an Z Ty {x} Z?J’L-?J (}}
k=0p=0

j _jp = f(t5)ds dt .

In 2006 Aral and Gupta developed the
approximation property of the Szasz —Mirakyan
operators in g- type defined as: [6].

(1.5)

wI(fx) =
[klghyn ) ([nlgx
“‘f( [nlg )[k]na}* q( [ ]qb)
, g €(0,1). (1.6)

In 2010, Mahamudov introduced another type of
g-Szasz-Mirakyan operators define as: [7].

[k]
L (f qax] Ek I}znk(qﬂx]f([ 1 ) (17)
where
_ 1 [l . x* x
Znic(@:%) = FFO R Ca (—[n]q ﬁ)’
where g = 1,

In 2012, Ghadhban introduced a new modification
of g-Szasz-Mirakyan operators define as: [8].

A (ft?mx} 5o 20 07 (F522). (18)
By (f(t),qui)
[kH1]g/[n]
T ) L0001
oicons ) by, " FO8et

. E(01)and q, =+ 1lasn— o,

In this paper, we define two types of g-
Szasz operators as follows:
For h = 0, the space of all continuous real-

valued functions on the are [0,00) X [0, 00)
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such that  |f(t,s)| = fle,’;':*”} for some
constant A4 = 0.
Suppose that

qnff‘fn = (011]: qme‘fn —+1 asn—+ 00, and
fE Ch[[ljl,m] X [ﬂ:mj] X, ¥ E [D,m], we
define:

G (f(t:5), @i (x,¥)) =

[Klgy mh)
=0 2p=0 i (40 %) 2 (437 jf([ Mlan 3,
: (1.10)
and for (g, —1) = o([n]™%) and

(G, — 1) = o([n]™%) we define:

R(F65) 0 ) = 1) ) 2s09) 209

k=0 p=0
Ge+aly, F+dg,

[nl [nlg
Juagy" Jurg," Fts)dgsdgt.  (111)
[n.,h ["':ﬁn

We study the two above operators discusses
the convergence of these operators to the function
flx,¥) asm—co. Then, we establish a

Voronovskaya-type asymptotic formulas for the
operators G,, and R,,.

2. Notations and preliminaries.
Throughout this paper we use the standard
notations of g-calculus. (see [9] and [10] )

For neN? ,N°={0,1,2,3,..}. The g-
analogue is defined as:
l—qn , +
[nl, = — if n+0, geR"/{1}
0 if n=0
We can write
[nl,=1+g+q°+~+g" ;n=0.
The g- factorial is defined as:
] 1= {[1]q[2]q[3]q... n], sne N
4 1 n=10.

*In this work, we used the notation [n] instead
[n], where g is value or sequence.

The g-derivative of a function f(x) is defined as:

(D f)(x) = % ,x #0,q€ RY/[1).
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The formula for the g-derivative of a product of
two functions is defined as:

D, (u(x)v(x)) = Dy (u(x))v(x) +ulg)Dy(v(x)),

D (Df); 0

and D”fZ{ a (Df)i m#

! f i n=10
The g-analogue of (t—x)™ is defined by:
(t—x)2 =(t—2)(t— gqx)(t —gq°x) .(t—
q" tx)
The g-Taylor’s formula defined as:

(e—x)

F@&) = flx J+ﬁ D, f(x) +
(t=x)% - I‘t—:r}
Wq D; f(xj‘l‘ = Ek:l}ﬁq D:;f[:Xj
;I'he g-exponential ~ function  define  as:
e (x) = Ef:u[k—]q,
Lemma (2.1). [8]

For the function z,, ;. (g,,; x) we have
(1) Zic=0 Znac(@nix) = 1
(i) x Dy, 2,150 (qi ) =
([k] — [n]x)z,
() Suppose that @, (4,5%) = ) 172, (3,12)

k=0
'tl‘].EIl ‘pn,m+1(qn:x:] = qunan,m (qn:xj +

[n]x @ (@:%);
(iv]Ef olklznx (@, %) = [n]x;

(vjz K122, (a,5%) = ()% + [

m]E[k

Theorem(2.1). [11]
If M, (f(t.w); x, ¥) be a sequence of linear

positive operators of 2 dimensional space with the
norm |l. |l and the four conditions are hold:

(i) lim ||M,, (L (xy) — 1] =0;

(if) lim ||M,,,(t; (x,¥)) — x||

¢ (@pi%) =[]’

1+ (24 g,)[n)*x* +[n]x.
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(i) lim [|M,,.(s; (=) —y] =0;

(iv) lim_) ||Mn,m(t2 +5% (x,}r]) — (x? _|_sz||
Then

“M f(t.5); (x,3)) - fx‘»’:]‘l =0 asnm—= o

Then M, . (f(t,w);x,y) converges to f(x,¥)
in the same area as 1,1 —* oo,

Definition (2.1). [12]
For n e NY, the m-th orders of g- moments
T,.m(,.x) forthe operators (1.8) defines as

(_Tnm) (anxj _H([t—qu ,qn‘x) =
Xiz0Znx (g x) (t — x) ;ln

Lemma (2.2). [12]
For the function (7, ), (4., ) we have:

(D)(Tno), (@) = 1
(i) (Tp1) (@i %) = 0
ix) = i x
(i) (Toz), (a) =
(9T, (a2 = (1

Definition (2.2).[8]
Form € N¥ the m-th order g-moments

(Tpm ). (@,;x) for the operators (1.9) are
defined as:
[Tnm) (qn,x] =B [:(t_qu !qnax) =
[k+1]/Tn]
[ﬂ’] Ek=ﬂl5n,k (qn-' 'Jr[k],-"[ 1 (t -
x) o dg t.

Lemma (2.3). [8]
For the function (T, ). (g,:x) we have:

()(To), (@i %) = (g, — Dlnlx + 1;

} o nt a2 1
(1) (Tas), (0 7) =8 2+ s
Up=0,=1 , Gat2t2,-2 1
(o) 0 == T
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_-2q3+q;’+2qn-1x3 Qat4tei-4,-2

(wJ (Tnj):(qnix] = [4]

qi+3q3+5q2+3q,—2 N
- X a—
[4][n]? [

Lemma (2.4). [8]
For me N;

nl[m+ 2
%E%Jmﬂ): (g,:%)

=10, (1), 0{T) (000004 [“]{“'q;n R

-ﬂ[(q?-
|

1 ([qnm - q;n-le - m) [Tn,m+1)1(qn:x)J :

Furthermore, form = 1,

4[]

I(Tn,m): [qnix)
1) (Tmmﬂ)l[qn;x)

1.(Tym).(@nix)1s a polynomial in x of

degree m
2.Forevery x € [0,c0),

(T, (4i %) = O([n] ™).

3. Main results.

Here, we improve the convergence and
introduce a Voronvaskaya - type asymptotic
formulas for the operators G, and R, .

3.1.The operators G, (f(t,s),q,.7,; (x,¥))

Our first result shows that the operators
G, (f, Q. G, (x,v)), see the equation (1.10),

converges to the function f(x,¥) as n = w.

Lemma (3.1.1).
For the operators &,

conditions are hold:
n—*o0 L

(2) Iim 116, (£, Gy G (2, 7)) — g, =
(3) lim |G, (5, g, G5 (2, V) _}F”"-_?- -
=+ i

the following

0;
0;
0;
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() lml1G,(¢% +5%, 4, s (59)) = (* +)lg, =0,
Proof:
Using Lemma (2.1) and the directs

computation, the consequences (1), (2) and (3) are
hold. To evaluate consequence (4), we have:

(4) ?lqiggcllﬁn(tz +5%, 4 B (£3)) — (2 + 39l
[k])?
Efﬂ}zn,k (qn:x] (m) 1::=I}zn;p

. (I
Ef:[ﬁzn,k(qn:sz;ﬂz”a?’(q”;}a (m) B

lim, ., (4,:7) +

(«* +7)

Ch
>
a1l g,
Therefore , by Theorem (2.1) we get:
16, (f (2, 5), Qo is (6, 3)) — F W)l g,

0asn—w.m

=0

_|_

1 Xx
=lim, =

Theorem (3.1.1).

For f € C,, and suppose that
x|V Y fx NERY .
= ;.I}},f” f}} and —£—— are exist and
g Bg¥ 8 g8 gy

continuous at a point x,y € [0,2c), then:
limn —e [ﬂ’] [Gn [fr L Efn: (I, }Fj] - f(x!}rj] =

2 fee (6 3) + 5V (5, 9)

Proof:
By g-Taylor's formula [11] for £, about the point

(x,¥) we have:

flt.s) = flxy) + fley)(t —2) + £, (e, v)(s - y)
-I-%{);x[x,}r](t -2+ Uy (t=2)(s—y) + £, (x.3)(s _};)9}

+o(t sy (E- 0+ (s-y)*
where @(t,s; (x,v)):= @(t,s) is a function in
the space C([0,20) % [0,0)) and
@(t,s) = 0as (t.s) = (x. )
thus @(x,v) = 0.
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Gn (f(t,.‘i‘), an'?fn: (SC,}’))
= f(x;_?j +J€r [_’I,}Fjﬁn ((t - xjr q,

+ 2 fun (506, (= 207, 0,57) +
1 5
+ Eﬂ-y(xr}rjsn((s_ }’TJLJ Efni}rj

+6, (et NE—2* + G-y
Using Lemma (2.2), we have:
G (f(t.5), @ s (.7)
X

=) 43 8te) () 455 ()

+6, (06 N(E=21+ (59 g (09)).

Then

LGRS
= ix v (X,V] +
+ lnfnl, oW e+ 6-2) 0y )

To complete the proof, we must show that the
term

P
]G, (eﬂ(t,sh’ (t=x)*+ (s~ }?J“pqmr‘fn:(xf}’)] 20asn-a
By using Cauchy-Schwartz inequality, we get:

E}F }'}' (xf y)

G, 0t -*+ 51y (xj.v]]‘ <6, (@z(t,slqwfr’n:(xj}fl)i

X (G, ((t = 1), 4 2) + G (s — 1) i) ).

By the properties of @(t,s) =0ast—x
and s — v we get
Gu(L, G 8ni (2,3)) = % (x,3)=0

Thus, from Lemma (2.2) we get:

i (6,((t = %)%, 4,5%) + 6, ((s = )", 7))

(l—qf; —Q3+Q5) -
x
[n]

2+2qn—qi 2y 1
DA GE

+(1_ Efi _Ef: + Efi)}ra

= lim
1 —+oo

X

[n]
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B

=0

11?)

2+ 2§, — 43
[n]®~

[n]?

2

(cp(r,uw’(r —0)*+(s- :J]“,) o,
Qs G (2, ¥)
Hence, the proof of the Theorem is complete. m

Therefore,

lim [n]G,

—0o

3.2. The operators R, (f(_t,s],qﬂ, q,; (x,y]):

We start hear with proof the convergence of
the operators R, (f.q,.d,:(x.¥)) , see the
equation (1.12), and then we prove
Voronovskaya- type asymptotic formulas for these
operators.

Lemma (3.2.1).
For all n € N and

following conditions are hold:
(1j ?}ﬂllgn(qunr Efn; [x,}?j] - 1|I|‘_'h = ﬂ:

(2) lim IR, (¢, @y i (2,3)) —xll g, = O;
(3) lim IR, (5, @ G (%,3)) =¥, = 0;
(4) lim R, + 5,0, 8 () ~ 2 +99)] =0,

x,y € [0,00) the

Proof:
Using Lemma (2.1) and the direct computation,
we have:

() limy o [|R (L, @ i (3)) = 1]

= =)

LYy

k=0

20 (@) ) 20y (i)
p=0

[k41] [p41]

[n] [n]

b el ldénsdqnt—l

| [n] ch

| C 1+ [K](g, — 1)
= lim [nlzzn,,{(qnsxj( .

k=0

N L 1+[pE, - 1)
] 20p (i) (— 2 1
p=0

Ch
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= Iim (g, = D[l + 1)((G, - Dlnly+ 1) 1], =

‘ L G-t 3, atdntdg-l
= = m ||| (g, - 1)lnlx*+ 1 ih—
(2) lim [|R, (£ @ i () = x| s 3 [ —
o o ((§, — Dindy+ 1)+ ((g, — D[nlx + 1)
= lim [ﬂ]‘zzn,:{(qn:x}zzn,p(ffn:}f] B-ne+g)+3  FHas-1 1
k=0 o=0 (Efn_l)[n]};a-l- [3] F‘+ [BMR] ¥y [3][‘”}2
[x+1] [p+1]
[n] [=]
fm f@ tdy,s dg,t—x -+ =0
[n] [n] Cn G

Then, by Theorem (2.1) we get,
IR, (f(t,5), 40 dnixy) = F(x¥)llg, =0 as n— 0. m
Definition (3.2.1).

=lm
n-+m

*-1) 2, 1
(HH([] Sk H+HH)(1+( Ol

G

=lim, || (q,_4)[n]x* + %x + For m,r € N° the wu-th order g-
- moments( Ty, ;.- i (2, ¥ for  the
)1+ @G- Dl — 2| =0 (Tor )y (O s (2 30)
Ch operators R, (f, q,,. & ,: (x,¥)) are defined as:
. - - T JV! =
By using the same technique of (2) we can get the (”'m")l[q” o)

consequence (3) . o ["[:]11 [?’[:11]
D e I P 1 ST
= = 0y W oM
= lim |I[n]? Z 2, (2,5 %) Z z, (.57 Lemma (3.2.2).
moe e = For the function (T ). (@ & (0.3)) , e
[e+a]  [p+1] have )
(] [r] t2 + Nd.sd t — :_|_ 2 || [m+2][r+2][n]® _
[’p] [ s j q,n.S' In [x ¥ j [T:*:,m+1)2 [Qn: (x,}r]) -

k] Jle] “HKm+2]-1) ([r+2]-1)
[n] [n]

lxﬂq [Tn,m)z [qn:x] +

([n]Px3 4+ (24 q,)[n]*x* +

lim ” [3][ ]1 [m] (T, 1), (@i @,%) + [71] (El—q T x +

[ﬂ]x] + s ([]Px? + [n]x) +

;) (Trm), (g:) = [”] {[ -1 _
[EI][ ]2 ([ ]x] + [3][x ]z) [(qn 1:] 'n]v+ 1) + [n+1]-1 5
[(qn - 1:] [:rr,]x + 1) 1:'] (Tn,m+2 )l(qn;x] + ((qnm — q;n+1]x _

[q 1) 1.3 nl“ve T+ nfy "? V 35;’ o 1 T (n‘xjﬂ
(HH(H HE4 Ry ¢ b+ H[]m +[]J+[3][n]‘([]d] [nﬂ]_l)[ 1), (@

! 1,0
+W)—(x 7

798
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|
o it oot )

3 _][(5;1 = D)Tya) (1)

1
1 ([ﬁ; - Ef::ﬂ)v B W) (Tn,rﬂ)l[ﬁn;y)H

Proof:
Using Lemma (2.4) and the linearity of the
operator R, , the relation above can be easily

follows.
Theorem (3.2.1) .

To prove Voronovskaya theory we need the
moments of B, (f.q,,; x) from lemma (2.3).

For fecq,, suppose that
Boflxa) 85 flx) Bf (=)
Pt and =" exist and are
g% Bq}' E' E'

continuous at a point (x, }r] € [0c0), then:

o) - )
1 1 !

Proof:
By Taylor's formula [8] for f, about the point

(x,¥) we have:

F6.9) = Flx3) + 3~ 0) £, )6 )
{2426, =6 -) )5

tolt sy (E-2)*+(s-y)
where @(t,s; (x,¥)) = ¢@(t,s) is a function
from the space C, , ([0,00) X [0,c0)),
o(t,s) =0 as (t.5) = (x,¥) thus,
@(x,¥) = 0.
Using Lemma (2.3) , we have:

Gn (f(tr Sjr Qe Efni (x,}rj]

It

= f(ey)((g, - Do+ 1)((G, - Dlnly + 1)+ £ J( 2 L

IR

”f("“"]( B “mu)
1 (Zqi-qn-lx qn+2qn+2qn-3 )
1

qi-l'qn_z 1 j

+_f;x (I,}T] [3}

2
Gta, =2 1 q”+q”
+)ﬂ}-(«"€,}’]( 2] x+[2][n])(

2 *[z][n])

1 4-g,-1, @+attog,-2 1
+5f""(“"""’)( IR *[m)
£R, (0t W -2)*+ (5= 1) s o))
Then
b ) gy o) )]
{1 |

=5J21(x,1f)+i}§-y(x;ﬁ+xfxx(x,}’]+;J§)-(w1+w§-}-(x,ﬂ
a6 -1 6 o)

To complete the proof, we must show that the
term

1R, (0 (t, )/t = 1)+ (5 — )% @ G (x,7)) =
[EI a5 n— 00,

This fact we can do it in the same technique of the
similar term of theorem (3.2.1)
Therefore,

lim [n]R, (@6 (£ = 1)+ (5= 9)", 0,0 80 (1)) = 0.
#—+00
Hence, the proof of is complete.
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