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Abstract 

     In this paper, we define two operators of summation and summation-integral of 

q-type in two dimensional spaces. Firstly, we study the convergence of these 

operators and then we prove Voronovskaya- type asymptotic formulas for these 

operators.  
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 اتؤثر مال حول q-SZASZ- MIRAKYAN  بمتغيرين واللد
 

 كاظمو رفاه فؤاد  محمد الأسدي  علي جاسم
  العراق, البصرة, ةجامعة البصر, ةالصرفكلية التربية للعلوم  ,قسم الرياضيات 

 
 الخلاصة
 ,أولا. في فضاء البعدين  -q  قمنا بتعريف مؤثرين لمجموع ومجموع تكامل من نوع ,في هذا البحث     

 .المؤثرين ذينله   Voronvskaya لــالصيغة المشابهة  ندرس تقارب المؤثرين ومن ثم نثبت
 

 
Introduction. 
     We start our note to introduce some works of 

the other researchers. In 1912, Bernstein defined a 

sequence of linear positive operators called the 

Bernstein polynomials as: [1]. 

 

..     (1.1)                                                        

 

In 1932, Voronovskaya showed that the 

convergence of  to  as  is 

slow but sure. [2]. 

 

In 1950, Szasz generalized the Bernstein operators 

to infinite interval , which is called Szasz-

Mirakyan operators defined as: [3]. 

   (1.2) 

   

In 1987, Lupas generalized the Bernstein 

polynomials involving q-integers which defined 

as: [4]. 
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                            (1.3)     

 In 1998, Lucyna and Mariola proposed two 

sequences of  Szasz-Mirakyan operators of two 

variables defined as:[5]     

      (1.4)   

 

                             (1.5) 

 In 2006, Aral and Gupta developed the 

approximation property of the Szasz –Mirakyan 

operators   in q- type defined as: [6]. 

 

 ,   .                                                 (1.6) 

In 2010, Mahamudov introduced  another  type of 

q-Szasz-Mirakyan operators define as: [7]. 

     (1.7) 

where 

 ,                                                        

where . 

In 2012, Ghadhban introduced a new modification 

of q-Szasz-Mirakyan operators  define as: [8]. 

(1.8)  

.(1.9)                                      

 . 

  In this paper, we define two types of q-

Szasz operators as follows:   

For , the space of all continuous real-

valued functions on the are     

such that       for some 

constant  

Suppose that 

,   and  

   , we 

define:   

;                                                                (1.10) 

and for  and 

 we define:   

 

.         (1.11)                 

     We study the two above operators discusses  

the convergence of these operators to the function   

 as . Then, we establish a 

Voronovskaya-type asymptotic formulas for the 

operators and .  

 

2. Notations and preliminaries. 
        Throughout this paper we use the standard 

notations of q-calculus. (see [9] and [10] ) 

For The q- 

analogue is defined as: 

       

We can write  

   

The q- factorial is defined as: 

 

*In this work, we used the notation [n] instead  

 where q is value or sequence.  

The q-derivative of a function  is defined as: 
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The formula for the q-derivative of a product of 

two functions is defined as:  

 

and    

The q-analogue of  is defined by:   

 

The q-Taylor’s formula defined as: 

. 

The q-exponential function define as:  

   .  

Lemma (2.1). [8] 

For the function  we have  

         

 

                                              

   

 

 
Theorem(2.1).  [11]         

      If be a sequence of linear 

positive operators of 2 dimensional space with the 

norm  and the four conditions are hold: 

 

 

 

 
Then 

 
Then  converges to  

in the same area   

 

Definition (2.1).  [12] 

        For    the -th orders of - moments 

  for the operators (1.8)  defines as       

 .                                           

Lemma (2.2). [12] 

        For the function  we have: 

 

 

 

 
 

Definition (2.2).[8] 

       For , the -th order -moments 

 for the operators are 

defined as: 

                                                              
Lemma (2.3). [8] 

        For the function we have: 
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Lemma (2.4). [8] 

 For ;  

 

 
Furthermore, for  

Is a polynomial in of 

degree  

 

 
 

3. Main results.  

         Here, we improve  the convergence and 

introduce a Voronvaskaya - type asymptotic 

formulas  for the operators  . 

 

3.1.The operators  : 

 

      Our first result shows that the operators 

, see the equation (1.10), 

converges to the function  as . 

 

Lemma (3.1.1). 

 For the operators  the following 

conditions are hold: 

 

 

 

 
Proof: 

    Using Lemma (2.1) and the directs 

computation, the consequences (1), (2) and (3) are 

hold. To evaluate consequence (4), we have:  

 

 

   . 

Therefore , by Theorem (2.1) we get:  

  

Theorem (3.1.1). 

       For , and suppose that 

 and  are exist and 

continuous at a point , then: 

. 

Proof: 

By q-Taylor's formula [11] for , about the point  

 we have: 

 

 
where  is a function in 

the space  and 

as  

thus . 
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Using Lemma (2.2), we have: 

 

 
Then  

 
To complete the proof, we must show that the 

term  

 
By using Cauchy-Schwartz inequality, we get: 

 

 

 
 

By the properties of   

we get  

=0 

Thus, from Lemma (2.2) we get: 

 

 

 

 

 
 

Therefore, 

 
Hence, the proof of the Theorem is complete.    

 

3.2. The operators : 

         We start hear with proof the  convergence of 

the operators   , see the 

equation  (1.11),  and then we prove 

Voronovskaya- type asymptotic formulas for these 

operators.  

 

Lemma (3.2.1). 

 For all and   the 

following conditions are hold: 

 

 

 

 
 

Proof: 

Using Lemma (2.1) and the direct computation, 

we have:  
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. 

By using the same technique of (2) we can get the 

consequence (3) . 

 

 

 
 

=

 

 

 

 

 
 

Then, by  Theorem (2.1) we get,  

 
Definition (3.2.1). 

For , the -th order -

moments  for the 

operators are defined as: 

 
Lemma (3.2.2). 

For the function  , we 

have 
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Proof: 
Using Lemma (2.4) and the linearity of the 

operator   , the relation above can be easily 

follows. 

 

Theorem (3.2.1) . 

 

     To prove Voronovskaya theory we need the 

moments of  from lemma (2.3). 

 For , suppose that 

 and  exist and are 

continuous at a point , then: 

 
 

Proof: 

By Taylor's formula [8]  for , about the point  

 we have: 

 

 
where  is a function 

from the space , and 

 as  thus, 

. 

Using Lemma (2.3) , we have: 

 

 

 

 
Then  

 
To complete the proof, we must show that the 

term  

[  

This fact we can do it in the same technique of the 

similar term of theorem (3.2.1) 

Therefore, 

 
Hence, the proof of is complete.   
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