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Abstract: 
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1m and 

 
1n being an increasing sequences of positive numbers and Ea nm ,  where E  

is Banach algebra, represent a vector valued entire Dirichlet  functions  in two 

variables. The space  of all such entire functions having order at most equal to   

is considered in this paper. A metric topology using the growth parameters of  f   is 

defined on   and its various properties are obtained. The form of linear operator on 

the space   is characterized and proper bases are also characterized in terms of 

growth parameters   . 
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 لكلية المتعددةدراسة عن اساسات فضاء متجه القيم لسلسلة درشلت ا
 

 مشتاق شاكر و نجم رعد نجم
 .العراق,بغداد ,الجامعة المستنصرية ,كلية العلوم ,قسم الرياضيات 

 
 الخلاصة

ليييييييك          







1,

)(

,21
21),(

nm

ss

nm
nmeassf

 ,)2,1,(  jits jjj  , 
1m  و

 
1n و  موجبيييي متتاليييييات متةايييييدق ميييي  ا رقييييام الEa nm ,   حيييييE  مثييييا دواا ي, هييييو بنييييا  الجبييييرا

. اوات الرتبي   الكلييةيضيا  جمييا اليدواا  درسينا ييه هياا البحي  . درشلت الكليية متجةية الميمي  لمتغييري 
ينييا ال ضييا  المتيير  باسييت ييية ّلييف ال ضييا      fخدام نمييو متغيييرات الداليية لمييد ّرن ييلنا ّلييف   والمعرن , وحصن

 . والممثا بالأساس ال عله بد لة نمو الوسيط    شكا المؤثر الخطه ّلف ال ضا  
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Introduction 
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      Then, the vector valued Dirichlet series in 

(1.1) represents an entire function ),( 21 ssf   

(see [1] and [2]). In [2] G.S. Srivastava and 

Archna Sharma defined the growth parameters 

such as order, type of vector valued Dirichlet 

series in two variables 

They also obtained the results for coefficient 

characterization of order and type. The concepts 

of order and type of entire function (also for 

analytic function) represented by vector valued 

Dirichlet series of one complex variable were 

first introduced in 1983 by B.L. Srivastava [3]. 

They also obtained the coefficient 

characterizations of order and type. The space 

Y of all entire functions represented by vector 

valued Dirichlet series )(sf  of one complex 

variable having order at most equal to   were 

first introduced in 2012 by G.S. Srivastava and 

Archan Sharma [4]. A metric topology using the 

growth parameters of  f   is defined on Y and 

its various properties are also obtained by them. 

They also obtained the form of linear operator 

on the space Y  is characterization and proper 

bases are also characterization in terms of 

growth parameters   . In this paper we have 

extended and improve the above results to the 

entire function represented by vector valued 

Dirichlet series of several complex variables. 

For the sake of simplicity, we consider the 

functions of two complex variables. Through 

our results can be easily extended to functions of 

several complex variables. 

Let for entire functions defined as above by (1.1) 
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 Jain and Gupta [5] defined the order    
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Let us denote by    the linear space of all 

vector valued entire multiple Dirichlet functions 

f   of finite order less than or equal to    . 

Then every function f , satisfying 
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is characterized by the condition 
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 This is equivalent to the condition 
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nm,  for each  0 .                   (1.6) 

Now for each f , for  0  , we define the 

quantity 
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In view of (1.6),  ,f   is well defined and 

defines a norm on  . Let us denote by ),(  . 

The space  , equipped with the 

norm  ,f . This norm induces a metric 

topology on  . We can define the equivalent 

metric 
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Through this paper, we shall assume that    is 

equipped with the topology generated by the 

metric d . 

 

2. Following Suzanne D. and Poitiers [6], we 

give some definitions. A Sequence of function 

  nm,  is said to be linearly independent if 

0
1,

,, 


nm

nmnmc   implies that 0, nmc  nm, , 

for all sequence of complex number nmc ,  for 

which 


1,

,,

nm

nmnmc   converges in   . A 

subspace 0  of    is said to be spanned by 

sequence   nm,  if 0  consists of all linear 

combinations 
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  nm,   which is linearly independent and 

spans a subspace  0   of     is said to be base 

in 0 . In particular, if nme , , 

nm ss

nm esse
 21),( 21,


 , 1, nm , then  nme ,  

is base in . A sequence   nm,  will be 

called a ‘proper base’ if it is a bases and it 

satisfies for all sequences  Ea nm , , 

convergence of 
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nmnma   in   implies the 

convergence   of  
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        First we shall prove 

 

Theorem 1.  The space  is complete with 

respect to the metric d . 

 

Proof: Let f  be a Cauchy sequence in , 
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is a Cauchy sequence in ),(  . Therefore, for 
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positive integer ),(00 NN   such that 
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is a Cauchy sequence in the Banach space E . 

Hence there exists a sequence   Ea nm ,  such 

that 
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is a normed linear metric space and  is 

complete with respect to the metric d  and 

hence it is a Frechet space also. This proves 

Theorem 1.                                        

Next we prove 

 

Theorem 2. A continuous linear function 

E ),(:    is of the form 
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bounded for all 1,1  nm . 

Proof: Let a linear function   on ),(    be 

given by 
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Therefore   is continuous linear function 

on ),(  . 

       We next prove 

 

Theorem 3. Let E,  and  nm,  be as 

above. Then the following are 

equivalent: 

(i) There exists a continuous linear 

transformation :T  with 
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an element of . Hence there exists a 

transformation  :T , such that   
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       We observe that  T  is linear 
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     Hence T is continuous. This proves 

Theorem 3. 

 

     We now give the characterization of 

proper bases. 

 

Theorem 4: Let  Ea nm ,  and   nm,  

be given sequences. The following three 

conditions are equivalent:               

(i) Convergence of 
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implies the convergence of 
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Proof: First suppose that (i) hold. Then for 

any sequence nma , , where sa nm


,  belong to 

Banach algebra E , 


1,
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nmnm ea  converges in 

  implies that 
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nmnma   converges in 

which in turn implies that 0,, nmnma   as  

nm,  . Hence (i) (ii). 

       Now we assume that (ii) is true but (iii) is 

false. This implies that for some 0  , there 

exists sequences   lk nm ,  of positive integers 

such that  
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But 
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a . 

nmnma ,,  does not tend to zero as nm,  

which contradicts (ii). Hence (ii) (iii). In 

course of the proof of Theorem 1 above , we 

have already proved that (iii) (i). Thus the 

proof of Theorem 4 is complete. 
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The following three properties are equivalent: 
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Proof: It is evident that (a) (b).We now prove 

that (b) (c).To prove this, we suppose that (b) 

hold but (c) does not hold  Hence  
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     For any given 0 , omit from the above 

series those finite number of terms, which 
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Since   11 ,  hence the above series 
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from above,
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tend to zero for this  . Hence 
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not converge and this is a contradiction. 

Therefore (b) (c). Now we prove that 

(c) (a). We assume (c) is true but (a) is not 

true. Then there exists a sequences   Ea nm ,  

for which  0,, nmnma   in   but 
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sequence km  ,  ln  of positive integers such 
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Since  2,2  . Then  nmnma ,,   does not 

tend to zero in ),(   for the
 
  chosen 

above. Hence  nmnma ,,   does not tend to zero 

in  and this contradiction. Thus (c) (a).This 

proves Theorem 5. 

 

Corollary . A base  nm,  in a closed subspace 

0  of   is a proper base if and only if it 

satisfies the condition (iii) and (c) of Theorem 4 

and Theorem 5 respectively. 
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