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Abstract:
> A’m n _ - - _ o0
Let f(s,,8,)= D> @, ") (s; =, +it;, j=12), {4, and
m,n=1
{ N }f being an increasing sequences of positive numbers and a, , € E where E

is Banach algebra, represent a vector valued entire Dirichlet functions in two
variables. The space I of all such entire functions having order at most equal to p

is considered in this paper. A metric topology using the growth parameters of f is

defined on I" and its various properties are obtained. The form of linear operator on
the space I is characterized and proper bases are also characterized in terms of
growth parameters p .
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Introduction
1. Let

f(51, 52) — Zam‘ne(smﬂz#n) ,

m,n=1
s; =o; +it;, ] =12 where (o;,t; are real
variables ) (1.2)
Where a,, . S belong to a commutative Banach

algebra E with identity element @ with
|lo|=1 and A, s e Rsatisfy the conditions
O<A <A, <..<4,<..

A, —>®©  as

m —oo also u, Se R satisfy the conditions

O<py <p, <..<u, <.. M, —> 0 as
n — oo and

. log[a,, ,

lim sup———— = (1.2
m,n—w ﬂ’m +/un

lim supM =D <+ (1.3)
M+Nn—>00 ﬂ’m +lun

Then, the vector valued Dirichlet series in
(1.1) represents an entire function f(s;,s,)

(see [1] and [2]). In [2] G.S. Srivastava and
Archna Sharma defined the growth parameters
such as order, type of vector valued Dirichlet
series in two variables

They also obtained the results for coefficient
characterization of order and type. The concepts
of order and type of entire function (also for
analytic function) represented by vector valued
Dirichlet series of one complex variable were
first introduced in 1983 by B.L. Srivastava [3].
They also  obtained the  coefficient
characterizations of order and type. The space
Y of all entire functions represented by vector
valued Dirichlet series f(s) of one complex
variable having order at most equal to p were
first introduced in 2012 by G.S. Srivastava and
Archan Sharma [4]. A metric topology using the
growth parameters of f is defined on Y and
its various properties are also obtained by them.
They also obtained the form of linear operator
on the space Y is characterization and proper
bases are also characterization in terms of
growth parameters p . In this paper we have
extended and improve the above results to the
entire function represented by vector valued
Dirichlet series of several complex variables.
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For the sake of simplicity, we consider the
functions of two complex variables. Through
our results can be easily extended to functions of
several complex variables.

Let for entire functions defined as above by (1.1)

M(opop)= sup {f(oy+it,a, +ity)| 0 <t; <o, j=12]

—oo<'[j <0

Then M(o,,0,)Is called maximum modulus
of f(s,,s,) onthetubeRe s; =o; j=12.
Jain and Gupta [5] defined the order p
0<p<oo) of f(s,,s,)as:

loglogM (o,,0,)
log(e”™ +e%)
(0L p<x)

lim sup

01,07 —>®©

p:

Let us denote by I the linear space of all
vector valued entire multiple Dirichlet functions
f of finite order less than or equal to p .

Then every function f €I, satisfying

: m+n
lim sup =D'<w

m+n—o0 ﬂ“m + s
is characterized by the condition

(1.4)

log( A 443" _

—=m el o
log|a,,,

This is equivalent to the condition

lim sup

m,n—o0

(1.5)

LAyt
H . (Am-4 )(ﬂz]r:r:#n .’ur];/im )l/(p+£) -0 as

m,n — oo foreach £>0. (1.6)
Now foreach f eT", for & >0 , we define the
quantity

[f.p+8]= X [an,

m,n=1

(i 4

(1.7)

In view of (1.6), |f, p+&]| is well defined and
defines anormonT" . Let us denote by I'(0, ) .
The space I', equipped with the
norm| f, p+4||. This norm induces a metric

topology onI" . We can define the equivalent
metric



Hussein and Nagem

s lrweray
9= e Lt —gpr @0 ]
fger. (1.8)

Through this paper, we shall assume that T' is
equipped with the topology generated by the
metricd .

2. Following Suzanne D. and Poitiers [6], we
give some definitions. A Sequence of function

{amyn}g I' is said to be linearly independent if

D Con@na =0 implies that ¢, . =0 vm,n,

m,n=1

for all sequence of complex number{cm’n} for

which Y ¢, a,,

m,n=1

subspace I', of I'

converges in r. A

is said to be spanned by

sequence {am,n}g I' if I, consists of all linear

combinations ) ¢, & such  that

m,n=1

D Con@nn COnverges inI. A sequence

m,n=1

{@n, f< T which is linearly independent and
is said to be base
ife, , €T,

spans a subspace I’y of I’
inl}. mn
€nn(S1,S;) m,n >1, then {em’n}

is base inI". A sequence {am’n}gr will be

In particular,

= popSn 2k
called a ‘proper base’ if it is a bases and it
satisfies  for  all  sequences {am’n}g E,

0
convergence of > a, a

m,n=1

o in I' implies the

convergence of Za in".

m,n=1

m,n=m,n

First we shall prove

Theorem 1. The space I'is complete with
respect to the metricd .

Proof: Let{fa} be a Cauchy sequence inI",

where f, (s;,5,) = D alle ™  Hence it

m,n=1

is a Cauchy sequence inI"(p,d) . Therefore, for
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given positive number ¢ and o there exists a
positive integer N, = N (&,0) such that

| £ — Va,B>N,.

L +410)
<&

Tl — 10 a, >0
, m+n=0,mn=0.
Denoting by

f (81,82) — Za(a)esl/l m+Sotin

m,n=1

, f.(8,,8,) = Zar(n,‘fzesylmwz#n _

m,n=1

We have therefore

i“ar(narz " %m,n

m,n=1

Va,B>N,.
Therefore for each fixed m,n=12,3,...

U(p+s) ¢

")

(2.2)
fai
is a Cauchy sequence in the Banach spaceE .
Hence there exists a sequence {am’n}g E such
that

limal”) =a m,n>1.

a—>x0

Now letting f — o in (2.1), we have for
azN,,

ZHa‘ii: -

m,n=1

Now we choose d;, 0 <o, <o. Then we have

m,n !

1y \1/(p+8)
) <&

(2.2)

ol < R85 0+ o

< {;‘lm/l /(p+5) 'ﬂl’:‘un /(p+5) +;tm/1m /(p+51).ﬂ’/‘n l(p+1)

n

Hence by (1.6) we have
A /‘n 1(p+0) —An (6-61) [(p+0)(p+0})
ol 1" e+ Ao :

tn (6-0) [(p+6)(p+61)

My

Since ¢ arbitrary and S, <o therefore we
obtain

)69 — 0 foreach & > 0

Zamn m,n

m,n=1

f, > f inI". Hence I' is complete. Here, I"

lim |a,.,
m,N—co!

Thus f(s;,s,) = Therefore
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is a normed linear metric space and I'is
complete with respect to the metric d and
hence it is a Frechet space also. This proves
Theorem 1.

Next we prove

Theorem 2. A continuous linear function

¢ :T'(p,0) = E isof the form
(f)_ Zamn m,n !

m,n=1

f= Zamn m,n

m,n=1
if and only if [c,, 1) e
bounded forallm>1,n>1.
Proof: Let a linear function ¢ on I'(p,d5) be
given by

(f)_ Zamn m,n ! f= Zamn m,n

m,n=1 m,n=1

where ., =o(e,,). Let ¢ be continuous.

Hence there exists a positive constant k such
that

le(f)| <k|f,p+5], forall fel.

Assuming f =e, , = we™" " T, this
implies that
[Cov| < K(Am g2 ) m,n 21,
Conversely, et f be as above
ando(f) = Zamn s where
m,n=1

‘ 1)) is bounded. Here ¢( f)
is well deflne since

Zamn m,n

= Zuamn m,n

m,n=1 m,n=1
3 [ )0 <4
m,n=1
Therefore ¢ is continuous linear function
onl'(p,0).
We next prove
Theorem 3. Let p,E and «,, €I be as
above. Then the following are
equivalent:

There exists a continuous linear
transformation T : " — I" with

(i)
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T(em,n) = am,n

m=2123,..,n=123,...,
(i) Foreacho >0,

log|e,,,; o+ O

lim su gH - P H <1 .(2.3)

mooe o log( Ay ayt) P
Proof: Let T be a continuous linear
transformation  from r into T with
T(em'n) =a,,, mM=123,...,n=123,...Then
for any given & >0, there exists 6,,6, >0
and a constants

K, =K,(9,), K, =K, (5,)depending on &,
and o, respectively such that

IT(€nn): o+ 6] < kiky e 0+ (61,6,)]

or
Ham,n Ot 5” < klk2 )%m I(p+6y) ﬂ;zn H(p+5,)
Hence
i oo 0anaip+d] 1
m .
m,n—o0 Iog(ﬁl ) p

Conversely, let the sequence {am’ } satisfy (2.3)

zamn m,n *

m,n=1

and let el with a(s;,s,) =

Then it follows that

Jim fa, [ 2 g <0,
for eacho,,0, >0.
Or
H . Yl t0) Jl b0 M (p302)
forall m,n=>N,.
Further, for a givenv,n >, we can find

N, =N,(v),N, =N,(r) from (2.3) , such

that for

log|cy, i 0 + 5H 1

l0g(s i) p+ ()
forall m= Nl,nz N,.

Or
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i 8] < 20 5, o
m=>N;,n=N,.
Choose m>max(N,, N,) ,

n>max(N,,N,) .Then

I(p+n)
n

a

p+5H<lAm (p+6) n ~pi l(p+6) A/Lm (p+v) ,U

mn | mn'

—tn (7—=3) I(p+)(p+17)

y7a

— ﬂ;nflm (v=8)I(p+5)(p+v)

Sincev,n > o, the series

ZHam n[|[&mn P+ 5” converges for
m,n=1

eacho > 0.

Since Ham ol < Ham,n - Zam o

converges absolutely in Fand since I' is

complete we find that Zam’namn converges to

m,n=1
of". Hence there exists a
T:T'>TI, such that

an element
transformation

T(a)_ Zamn A :ﬁ

m, n=1
eacha eT.
We observe

andT (e, ) =a,,-
prove the continuity of T .
From (2.3), give
exists o, 0, >0 such that
|OgH(Zm P+ 5” 1
log( Ay .42 ) p+(5,5,)"

all mn> N =N(3,(0,,9,)).
Ham,n;p"‘5H < klkzﬂﬁm/(m@)_luétn/(mﬁz)1
all mn>0,k, =k, (6,),k, =k,(5,) .
Hence

(say) for

that T is linear
Now we have only to

ao >0, there

for

for

T(@ip+8]< Y anl

m,n=1

Ui P+

tin ()

A [(p+61)
k1k2 '/1m ' lun

< Ya,.

m,n=1
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= klkzuam,n P+ (61,6, H

Hence Tis continuous.
Theorem 3.

This proves

We now give the characterization of
proper bases.

Theorem 4: Let{a, | E and {a,,jcT

be given sequences. The following three
conditions are equivalent:

(i)  Convergence of Zamn wn N T
m,n=1
implies the  convergence  of
Zamn mn .
m,n=1
(i)  The convergence of Zamn —l
m,n=1
' implies that I|m (amn mn) =0
inT
log|at,, i p+0
@iii)  limsup gH P H , for
mnso |0 (ﬂ’m /Jn ) ,0
eacho > 0.

Proof: First suppose that (i) hold. Then for
any sequence {a } where a s belong to

Banach algebraE , Za

m,n=1

converges in

m,n=m,n

I' implies that Zamn a,, converges in

m,n=1

I" which in turn implies that a —0 as

m,n m n
m,n — oo . Hence (i) = (ii).

Now we assume that (ii) is true but (iii) is
false. This implies that for someo >0 , there
exists sequences {mk } {n,} of positive integers
such that

logle, nip+8] 1
log(Am i) p+ (1)
vm,,k=12,.. and n,,1 =12,...

Define a sequence {amvn}g E,as
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i k)
q = oA, YA ,m=m,,k=12,..,n=n,1=12,..
m,n (2.4)
0 ,m=m,,n=n,
Then, we have Since Hamn;p+§u increases as & decreases,
N PG O _ ’
‘ ey [ my oy it follows that for each 6 >0

N G L) S (7 =5) l(p+8) p+17)
™ oy ’

for sufficiently large k and | with k™, 17" <&

. Hence

: I (p0)
lim sup|a,, ,, |4

k,I—>w0

ty 1(p+0)
i =0

and therefore Zamn mn converges by (1.6).

m,n=1

a_ . does not tend to zero as m,N — oo

whlch contradlcts (if). Hence (ii)= (iii).
course of the proof of Theorem 1 above , we
have already proved that (iii)=> (i). Thus the
proof of Theorem 4 is complete.

But
la

,p+ﬂ>1

my Ny m Ny

Theorem 5: Let{am,n}gE and {am’n}gl“.
The following three properties are equivalent:
(@ Ilim (a,,a,,)=0 in I'implies that
m,n—o0 ! !

D @€y, convergesin T

m,n=1

(b) Convergence of > a  a,, in T

m,n=1

implies that Zamn mn convergesinI'.

m,n=1
© nm{ lim infI g”“”‘j”””} .
60 [ mn—w |Og(/1 ) Yo,

Proof: It is evident that (a) = (b).We now prove
that (b) = (c).To prove this, we suppose that (b)
hold but (c) does not hold . Hence

IogHa mns O F 5”
log( A5 44" ) ,0

0—0 [ m,n—>w

Iim{ lim inf

log|ex,, n,p+5H

log( A ") p'
Hence, if v,n be a fixed small positive
number, then for each r,h >0 , we can find a

positive numbers m,, n, such thatvr,h >0, we

lim inf

m,n—o0

have m_, >m, ,n,,; >n,and

r+l
loglern o, o+ (M) 1
log( A .pi™) p+v,m)
Now we choose a positive number
v,<v and 7, <n, and define a
sequence {amyn}g E as

(2.5)

Ao (p+v))  —aty, |
. w.imfm' (p+ 1)#":1"” (p+m) m=m”r=1’2’”_’n=nh,h=1,2,,,, (2 6)
" 0 m#m,n#n,

Then, forany 6 >0

z‘am,n amn;p+5u
m,n=1

= Hamr,nh a,, ]nh,p+5H
r,h=1

For any giveno >0, omit from the above
series those finite number of terms, which

correspond to those numbers m.,n, for

whichl/r > andl/h> . The remainder of
series in (2.6) is dominated

by Zuamrvnh
r,h=1

(2.5) and (2.6), we find that

o+ (rh)” H Now by

mnh

. -1
|8, o et o, 0+ (r0) )
S/%im,/(pwl)_ r:‘”nh/(p*’h).ﬂ/fnmr /(p+V). r;:’nh 1(p+1n)
T h r h

tny (=) [(p+m ) p+77)
M,

< Al (4o )
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Since v, <v,n;, <n hence the above series

o0
zuamr!nh
r,h=1

A,y p+(rh)‘lH is convergent.

For this

sequence {amyn}, Zam,nam,n converges in
m,n=1

I'(p,0) for each &>0 and hence

converges in T" But we have,

Inl(p+8) , uta (p+5)
Ha‘m,n '/1m '/’ln

A, (p+5)
A

Uy 1(p+3)
.

[

m, Ny

—tnp 1(p+m)

— 7 %m; (1)
= Qe

mr
Yome ) | b I(p+5)
A, My,

Hap (. =0) [(p+m )(p+05)
My,

= Jme (10 o) p+0)
Now we choose v, >¢ and 7, > then

from above, [y, , |.Am " 4" does not

e does

m,n~m,n

tend to zero for this & . Hence Za

m,n=1
not converge and this is a contradiction.
Therefore (b)=(c). Now we prove that
(c)=(a). We assume (c) is true but (a) is not
true. Then there exists a sequences {am’n}g E

a . a . —0 in ' but

m,n“*m,n

for which

Z‘amynemyrl does not converge inI". This
m,n=1

implies that

j’m n
log( iy 44t

-1
log|a,, ,

Hence there exists a positive numbere and a
sequence {mk} : {n,} of positive integers such
that

lim sup

m,n—oo

>p.

log( A7 4zt

2 (p+e) :
log|a,, ,
vm=m,n=n, 2.7
We choose another positive

numberv <el/2,n<e&l2, by assumption we
can find a positive numbers i.e.6 =5(v,n)
such that
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log|e,, ;0 + 9 o1
log(Zy.44™) — p+(vm)

Hence there exists N = N (v,7), such that

oglerniip+s] 1
log(Zy.ia™) — p+2(v,m)

Ym=mg,n=n, . (2.8)

Therefore, from (2.7) and (2.8) we have for
m=m,,n=n,

lim inf

m,n—o

.am,n;p+§u

Ham,nam,n;p + 5” = Ham,n

tny I(p+21)
My,

—Hn I(pt€)

i Np+e) A (p¥20)
2 A My A

:;timk(HV)/(p%)(erZV) tny (e=2m) [(p+e)( p+217)
k Ty

—> o as k,| >
Sinceg > 2v,& >2n . Then {am’namyn} does not
tend to zero in I'(p,0) for the & chosen
above. Hence {am’nam,n} does not tend to zero

in I"and this contradiction. Thus (c) = (a).This
proves Theorem 5.

Corollary . A base {am’n} in a closed subspace

Iy of I is a proper base if and only if it

satisfies the condition (iii) and (c) of Theorem 4
and Theorem 5 respectively.
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