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Abstract

The purpose of this paper is to prove the following result : Let R be a 2-torsion
free prime *-ring , U a square closed *-Lie ideal, and let T: R—R be an additive

mapping. Suppose that 3T(xyxX)

T(X) y*x* + X*T(y)x* + x*y*T(x) and

X*T(xy+yx)x* = x*T(y)x*? + x*2T(y)x* holds for all pairs x, y € U , and T(u) €U,
for all ueU, then T is a reverse *-centralizer.
Keywords: Prime *-Ring, Semiprime *-Ring, *-Lie Ideal, Reverse *-Centralizer.
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1.Introduction

Throughout, R will represent an associative
ring with center Z(R). A ring R is n-torsion free,
if nx =0, x € R implies x = 0, where n is a
positive integer. Recall that R is prime if aRb =
(0) implies a =0 or b =0, and semiprime if aRa
= (0) implies a =0. An additive mapping x —x*
on a ring R is called an involution if (xy)* = y*
x* and (x)** = x for all X, y € R. A ring
equipped with an involution is called *-ring (see
[1]). As usual the commutator xy - yx will be
denoted by [x,y]. We shall use basic commutator
identities [xy, z] =[x, z]y + x[y, z] and [X, yz] =
[X, Y]z + y[x, Z] for all x,y,z eR. Also we write
xo y=xy+yx for all x, y R (see [2]). An additive
subgroup U of R is said to be a Lie-ideal if [u, r]
e Uforallue Uandr € R. A Lie-ideal U on a
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*-ring R, which satisfies U*= U is called a *-Lie
ideal [3]. If U is a Lie (resp.*-Lie) ideal of a *-
ring R, then U is called a square closed Lie
(resp. *-Lie) ideal if u € U forall u € U [3]. A
left (right) centralizer of R is an additive
mapping T: R—R which satisfies T(xy) = T(X)y
(T(xy) = xT(y)) for all X, y € R. A centralizer of
R is an additive mapping which is both left and
right centralizer. A left (right) Jordan centralizer
of R is an additive mapping T: R—R which
satisfies T(x%) = T(x)x (T(A)= xT(x)) for all x e
R. A Jordan centralizer of R is an additive
mapping which is both left and right Jordan
centralizer (see [4-7]). Every centralizer is a
Jordan centralizer. B. Zalar [4] proved the
converse when R is 2- torsion free semiprime
ring . Inspired by the above definition Majeed
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and Altay [8] define, a left (right) reverse *-
centralizer of a *-ring R is an additive mapping
T: R—>R which satisfies T(yx)=T(x)y* (T(yx)
=x*T(y)) for all x,yeR. A reverse *-centralizer
of R is an additive mapping which is both left
and right reverse *-centralizer. A left (right)
Jordan *-centralizer of R is an additive mapping
T: R—R which satisfies T(x®)=T(x) x* (T(x})=
x*T(x)) for all x € R. A Jordan *-centralizer of
R is an additive mapping which is both left and
right Jordan *-centralizer. Every reverse *-
centralizer is a Jordan *-centralizer. Majeed and
Altay [8] proved the converse when R is 2-
torsion free semiprime *-ring. In this work we
will study an Identity on a reverse *-centralizers
of a 2-torsion free prime *-ring , U a square
closed *-Lie ideal. We will prove in case T:
R—R be an additive mapping, satisfies 3T(xyx)
TX) y*x* + xX*T(y)x* + x*y*T(x) and
X*T(Xy+YX)X* = x*T(y)x*? + x**T(y)x* holds
for all pairsx,y € U, and T(u) €U, forall ueU,
then T(yx)= T(X)y* = x*T(y) for all x,yeU.

2. The Main Result

We now give the main result of this paper.
Theorem 2.1: Let R be a 2-torsion free prime *-
ring , U a square closed Lie ideal, such that
U=U* and let T: R—>R are additive mappings.
Suppose that 3T(xyx) = T(X) y*x* + X*T(y)x* +
X*y*T(X) and X*T(xy+yx)x* = x*T(y)x*?* +
x**T(y)x* holds for all pairs x, y € U, and T(u)
eU, for all ueU, then T is a reverse *-
centralizers.

To proof the above theorem we need the
following lemmas.

Lemma 2.2.[9]:If U ¢ Z is a Lie ideal of a 2-
tortion free prime ring Rand a, b e R such that
aUb = {0}, then either a=0 or b=0.

Lemma 2.3:Let R be a 2-tortion free prime ring
, U be a square closed *-Lie ideal of R. Suppose
that the relation axb + bxc = 0 holds for all x €
Uandsomea, b, c e U. Inthiscase (a + c)xb =
0 is satisfied for all x € U.

Proof: If U c Z the prove is clear, so assume
that U & Z, putting (4xby) for x in the relation
axb + bxc =0forall x € U,

we obtain,

axbyb + bxbyc =0 for all X,y € U,

On the other hand right multiplication the first
relation by yb gives

axbyb + bxcyb =0 forall x,y € U,
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Subtracting the above relation, we obtain

bx(byc -cyb) =0 forallx,y e U,

from above relation we can get two relation ,first
come by substitution (4ycx) for x and second by
left multiplication by cy, so we obtain

bycx(byc - cyb) =0 forall xy e U,

And,

cybx(byc - cyb) =0 forallxy e U,

Subtracting the two above relation, we get

(byc - cyb)x(byc - cyb) =0 for all x,y € U,
which gives by Lemma2.2, byc = cyb, y €U.
Therefore bxc can be replaced by cxb in first
relation which gives (a+ c)xb =0, x € U.

Lemma 2.4.[8.Corollary (1.2.4)]: Let R be a 2-
torsion free prime *-ring and let T: R — R be an
additive mapping such that 2T(x%) = T(X)x* +
Xx*T(x) holds for all x € R. In this case, T is a
reverse *-centralizer.

Now will give the prove of theorem 2.1.
Proof. of Theorem (2.1):
3T(xyx) = T(X) y*x* + x*T(y)x* + x*y*T(x)

forallx,y e U (1)
And,

X*T(XY + yX)X* = x* T(y) X*? + X**T(y)x*
forall x,y e U 2

i) HUzZR)
After replacing x by x + z in (1), we obtain

3T (xyz+zyx) T(X) y*z* + T(z) y*x* +
X*T(Y)z* + Z*T(y)x* + z*y*T(X) +x*y*T(2),
forall x,y,ze U 3
Lettingy =x and z =y in (3) gives

T(Xy+yx?) = TOX*Y* + T(y)x** + xX*T(x)y*+
Y*TOOX* + y*x*T(X) +**T(y)

forallx,y e U 4)
After replacing x by 3x and z by 2x* in (3) and
using (1), we obtain

OT(xyx*+x%yx) = 3T(X)y*x** + 3T(X})y*x*
IGT(Y)X* + 3XFT(y)x* + 3x*y*T(X)
ICYRT(X*) = STXY*X* + T(X)X*y*x*
XET()X*RY*X* + XFT(X)y*x* + 3x*T(y)x*?
IXFT(Y)X* + X*Y*T(X)X* + x*Fy*x*T(X)x*
X*FY*EX*AT(X) + 3<%y T(X)

forall x,y e U (5)
Replacing y by 3(x%y + yx?) in (1) and using (4),
we obtain

OT(xyx*+ x%yx) = 3T(X) x*3y*x* + 3T(X)y*x*?
+ X*T)X*Y*X* + x* T(y) x*° + x*A)T(X)y*x* +
X*Y*T(X) X*2 + XFT(Y)X* + x*y*x* T(x) x*+3
X*Y*)T(X) + 3X*FY*X**T(X)

forall x,y e U

Subtracting (6) from (5), we obtain

+ + + + +

(6)
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TEOXFY*X* + Xy T(X) — XFT(y)x* —
X*T(y)x**=0
forallx,y e U (7)

Replacing y by 6xyx in (4), we obtain
OT(CYx+xyx®) = BT(X)X*y*x* + T(X)y*x** +
X*T(Y)X*? + x*Fy*T(X)x*? + 3xX*T(X)X*y*x* + 3
XRYFT(X)XE + X T(X)Y*X* + x*T(y) x* +
X*¥y*T(X) + 3x*Fy*x*))T(X)

forall x,y e U (8)
On the other hand by replacing z by 6x° in (3),
we obtain

OTOCYx+xyx®) = BT(X)Y*x*® + T(X)X*2y*x* +
X*TOOX*RY*X* + X**T(X)y*x* + 3X*T(y)x*® +
IXFT(Y)X* + X*Y*T(X)X* + X*Fy*x*T(X)X* +
X*Y*X*2T(X) + X**y*T(X)
forall x,y e U 9)
Comparing (8) and (9), we arrive at

TY*x*® — TE)X*¥y** + x*T(y)x*®
XFTR)XFy*x* — x*y*x*T(X) + XFy*T(X) —
X*Y*ET(X)X* + x**T(y)x* = 0

forallx,y e U (10)
From @) and (10), we obtain
TX)Y*X*P—x*T(x)x*y*x*+x ¥y *T(x)—
X*y*x*T(x)x*=0, forallx,y e U (11)

Replacing y by 2xy in the above relation gives

TX)Y* X —x*T(X)x*y*x* x>y *x* T(x)—
X*Yy*x*T(x)x*=0,  forall x,yeU (12)

On the other hand right multiplication of (11) by

X* gives

T)Y*X**—x*T(x)x ¥y *x 24Xy *T (X)x*—x ¥y *x

*T(x)x**=0, forallx,y e U (13)

Subtracting (13) from (12) gives

X*Y*[T(X), X*] — X*y*x*[T(x), X*]x* = 0,

forallx,y e U

Left multiplication of (14) by T(x) gives

TOX*Y*[T(X),X*]-T(X)X*y*x*[T(X), X*]x*=0

forall x,y e U. (15)

Replacing y by 2yT(x)* in (14) gives,

X*T(X) Y*[T(x), x*]-x*T(x)y*x*[T(x),x*]x*=0

forallx,y e U (16)

After subtracting (15) from (16), we arrive at

[T (), X** ]y * [ T(x),x ¥ ][ T(x),x*Jy*x *[ T(x),x*]

x*=0 forall x,y e U a7

In the above relation let

a=[T(x), x*3)], b =[T(x), x*],

¢ =—=x*T(x), x*]x* and z=y*

From the above substitutions, we have

azb + bzc = 0.

We apply Lemma 2.3 to the above relation to

obtain

{IT00X**] = X*[T(¥), X*Ix*}y*[T(x), x*] =0,

forall x,y e U,

this reduces to

{IT00, X+ + x*¥[T(x), X*THy*[T(x), x*1 =0,

(14)
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forallx,y e U (18)
Right multiplication of the above relation by x*?
gives

{ITOO XD [T(x), XT3y *[T(X), x*]x**=0
forallx,y e U (19)
After replacing y by 2x? in (18), we get

{IT0O) XD [T (), X<y *x*[T(x), x*]=0
for all x, yeU (20)
Adding (19) to (20), we obtain

{IT00, D + X2 [T(x), x*TRy*{[T(x), x*]x*?
+ X*[T(x), x*]}=0 for all x,yeU

Using Lemma 2.2, we get
[T(X),x*]x**+x*[T(x), x*]=0, for all x € U (21)
Replacing y by 2xy in (14) gives

Xy X*[T(X), X*] — X*y*x**[T(x), X*]x*= 0
forall xyeU (22)
Replacing y* by 2[T(x), x*]y* in the above
relation gives

XT(X), X y* X*[T(), x*] = X*[T(x), x*]
YOCR[T(X), x*]x*=0  forallx,y e U (23)
In the above relation let

a=x**[T(x),x*], b = x*[T(X),x*],

c= —x*[T(X),x*]x* and z=y*

From the above substitutions, we have

azb + bzc = 0.

We apply Lemma 2.3 to the above relation to
obtain

DT, X T[T (X)X Fy*x*[T(x), x*]=0
for all x, yeU (24)
Replacing y by 2x%y in the above relation gives
DT 0, x* [T (), XFIXFy* [ T(x),x*]=0
for all x,ye U (25)
On the other hand replacing y by 2xy in relation
(24) and right multiplying of this relation by x*
gives

DT 00, [T () XX Fy [T (), x*x*=0
forall x,y e U. (26)
Subtracting (26) from (25) gives

DT, X T[T () Iy <[ T(x) x*]
—x*[T(X) x*]x*}=0  forall x,yeU
Also by using Lemma 2.2, we get
X*3T(x),x*]—x*[T(X),x*]x* = 0
forall x e U

Right multiplication of (21) by x* gives
[T(X), X*]x** + x*[T(x), X*]x*= 0
forall x e U

According to (27) and (28), we have
[T(X), x*¥]x** + x**[T(x),x*] = 0

forall x e U (29)
Left multiplication of (22) by [T(x), x*] gives
[TC), x*] xy* x*[T(¥), x*] - [T(x), x*]
X*Y*XP*[T(X), X*]x*= 0
forall x,yeU

(27)

(28)

(30)
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Adding relations (23) and (30) and using (29),
we obtain

{IT00 XD [T (), XTIy * X[ T (X), x*]x*= 0
forall x,ye U (31)
Using (27) we obtain from the above relation
{ITO) X [T () 1y *x*[T(x) x*]= 0
forall x,y e U (32)
Left multiplication of (32) by x*? gives

DAIT 00 [T () XT3y *x**[T(x),x*]=0
forallx,y e U

According to (27) one can replace
X*[T(X),x*]x* by x**[T(x),x*] in the above
relation. Thus, we have

X**[T(x),x*] y*x*’[T(x),x*]= 0, forall x,y € U
Hence, we obtain

x**[T(x),x*]=0 forallx eU  (33)
Because of (29), we have
[T(X), x*]x** =0, forall x e U (34)

Replacing y* by 2[T(x), x*]y* in (14) gives
XCT(), XMy* [T, x*] = xX*[T(x), x*Ty*
X*[T(X), x*]x*=0

for all x,ye U (35)
Using (33) the above relation reduces to
X*[T(X), x*]y* x*[T(x), x*]x* =0

for all x,yeU (36)
Replacing y* by 2x*y* in (36) gives

X*[T(X), x*] x* y* x*[T(X), x*]x* =0
forallx,y e U

Therefore,

x* [T(x), x*]x*=0, forallx e U (37)

Putting x +y for x in (37), we obtain
XT)X¥Ty* + X*[T(x), y*Ix* + x*[T(y),
X2+ YT, XIxx + X[T(X),y*ly* +
XHT(Y)xly*+ y*[T(x)x*Ty* + x*[T(y).y*]x*
+ YT, y*Ixx + y*[T(y).x* x> + x*[T(y),
y* Iy + y[T(x), y*Iy* + y*[T(y), x*ly* +
y*[T(y), y*Ix* =0

forallx,y e U (38)
Putting —x for x in the above relation and
combining the relation so obtained with (38), we
obtain

XFTX),y*ly*+ X*[T(y), x*]y*+ y*[T(x),x*]y*+
XFT(Y),y*IX+y*[T(x),y*Ix*+ y*[T(y) x*]x*=0
forallx,y e U (39)
After comparing (38) and (39), we have
XAT)X¥Ty* + x*[T(x), y*Ix* + x*[T(y),
Xt + y*[T(x), x*Ix* + X*[T(y), y*Iy* +
YA TO), y*Iy* + y*[T(y), x*ly* + y*[T(y),
y*]x* =0

forall x,y e U (40)
Replacing x by 2x in the above relation and
subtracting the relation so obtained from the
above relation multiplied by 8, we obtain
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XAT(Y).y*ly*+ y*[T(x),y*ly*+ y*[T(y), x*Iy*+
y*[T(y), y*]x* =0

forall x,y € Uforall x,y e U
Comparing (40) and (41), we obtain
XA[T)x*Ty*+ x*[T(x), y*]x*+ x*[T(y),x*]x*
+y*[T(x), x*]x* =0

forallx,y e U (42)
Right multiplication of (42) by x*Z[T(x), x*] and
using (33) gives

X*[T (), x*Ty* x**[T(x), x*]=0

forall x,y e U

Left multiplication of (43) by x* gives
X*[T(X), x*]y* x*’[T(x), x*]=0 forallx,y € U
Hence,

(41)

(43)

x*? [T(x), x*] =0, forallx e U  (44)
Because of (21), we also have
[T(x), x*]x** =0, forallx e U (45)

Right multiplication of (42) by X*[T(x), x*]
gives because of (44)

X*[T(X), x*]y*x*[T(x), x*] =0, forallx,y e U
Therefore,

X*[T(x), x*] =0, forallx e U (46)
Left multiplication of (42) by [T(x), x*]x* and
use of (45) gives

[T(X), x*]x*y*[T(x), x*]x*=0 forall X,y € U
Hence, we get

[T(X), x*]x*=0 forallx e U 47
From (47) one obtains (see the proof of (39))
[T(), y< P+ [T(y) x*X*+[T(x),x*]y*= 0

forall x,yeU (48)
Right multiplication of the above relation by
[T(x), x*] use of (46) gives
[T(X), x*1y*[T(x), x*] =0
Therefore, we obtain

forall x,y e U

[T(x), x*] =0, forallx e U (49)
Now, we will prove that

T(xy + yx) = T(y)x* + X*T(y)

for all x,yeU (50)

In order to prove the above relation, we need to
prove the following relation

[A(X, y), x*]1=0 for all x,yeU (51)
where A(x, y) stands for T(xy + yx) — T(y)x* —
x*T(y). With respect to this notation equation
(2) can be rewritten as,

X*A(X, y)x* =0 for all x,yeU
Replacing x by x + y in relation (49) gives
[T(X), y*]1 + [T(y), x*] =0 forall x,yeU (53)
After replacing y by 2(xy + yx) in (53) and
using (49), we obtain

XT(X), y*1+ [T(X),y*]x* + [T(xy+yx),x*] = 0
forall x,y e U

According to (53) we can replace in the above
relation [T(x) , y*] by — [T(y) , x*]. We then
have

(52)
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[T(xy+yx).x*] = x*[T(y).x*] = [T(y).x*]x* =0
forall x,y e U

This can be written in the form

[T(xy+yx) — T(y)x* = x*T(y) , x*] =0,

forall x,y e U

The proof of relation (51) is therefore complete.
Replacing x by x + z in (52) and using (52)
gives

X*AX,Y)Z* + x*A(z, y)x* + Z*A(X, y)X* +
Z*A(z, y)X* +2*A(X, y)z* + X*A(z, y)z* =0
forallx,y,ze U

After replacing x for —x in the above relation
and adding the relation so obtained to the above
relation, we arrive at;

X*A(X,Y)Z*+X*A(z,y)x* + Z*A(X,y)x* =0
forall x,y,z e U

Right multiplication of the above relation by
A(X, y)x* and using (52) gives

X*A(X, y) Z*A(X, y)x* =0, for all x,y,zeU (54)
Using (54), the above relation can be written in
the form

X*A(X, Y)Z*x*A(X, y) =0, forall x,y,z € U (55)
Therefore, we obtain

x*A(X,y) =0 forall x,yeU (56)
From (51) and (56), we also get
AX,y) x*=0 forall x,yeU (57)

Replacing x by x + z in (57) gives

AX,y) zZ*+ A(z,y)x*=0forall x,y,ze U
Right multiplication of the above relation by
A(X, y) and using (56) gives

A(X,y) Z*A(x,y) =0 forallxy,ze U
Therefore,

AX,y)=0 forall xyeU

The proof of (50) is therefore complete.

(i) IfUcZ(R)

Right multiplication of relation(2) by r A(x, y),
reR and by primness of R, we get
x*A(x,y)=0forall x,y e U

Replacing x by x + z in above relation gives
Z*A(X, y) + X*A(z,y) =0 forallx,y,ze U
Left multiplication of the above relation by A(x,
y), we get

A(X, yY)z*A(x,y) =0, forallx,y,ze U
Right multiplication of the above relation by r
z*, reR and by primness of R, we get
A(x,y)zx=0, forallx,y,zeU

By the primness of R, we get (50)

In particular when y = x (50) reduces to

2T(x%) = T(X)x* + x*T(x) forall x € U

By Lemma.2.4. We obtain T is a reveres *-
centralizer , which completes the proof.
clear from

The following corollary is

theorem(2.1).
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Corollary 2.5: Let R be a 2-torsion free prime
*-ring , and let T: R—>R are additive mappings.
Suppose that 3T(xyx) = T(X) y*x* + x*T(y)x* +
X*Yy*T(x) and x*T(xy+yx)x* = x*T(y)x*? +
x**T(y)x* holds for all pairs x, y € R, then T is
a reveres *-centralizer.
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