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Abstract

The ground state proton, neutron, and matter density distributions and
corresponding root-mean-square (rms) of °C exotic nucleus are studied in terms of
two-frequency shell model (TFSM) approach. The single-particle wave functions of
harmonic-oscillator (HO) potential are used with two different oscillator parameters
beore and bpao. According to this model, the core nucleons of **C nucleus are
assumed to move in the model space of spsdpf. The shell model calculations are
carried out for core nucleons with (0+ 2) 7w truncations using the realistic WBP

interaction. The outer (halo) neutron in *°C is assumed to move in the pure 2sy,-
orbit. The halo structure in **C is confirmed with 2s,-dominant configuration.
Elastic electron scattering form factor of °C nucleus is also investigated by means
of the Plane Wave Born approximation. The effect of the long tail behavior (found
in the calculated matter density distribution) on the elastic form factor of °C is
studied. The calculated matter densities and form factors of stable *C and unstable
19C are compared. It is found that the difference between the nucleon form factors of
B¢ and *C nuclei is attributed to the difference presented in the matter densities of
these nuclei. Hence the difference in the matter densities of °C and *C nuclei
mainly comes from the neutron skin of the core **C and from the difference in the
neutron density distribution of the last one neutron in both **C and *C nuclei. It is
found that elastic electron scattering from exotic nuclei can provide predictions for
the near future experiments on the electron-radioactive beam colliders where the
effect of the neutron halo or skin on the charge distributions is planned to be studied.
PACS number(s): 25.60.Dz, 21.10.Gv, 27.30.+t, 13.14.Gp.

Keywords: Halo Nuclei, Two-frequency shell model, nuclear density distribution,
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1. Introduction
Since the pioneering discovery of
extraordinary enhancement in the total reaction

cross section (o) induced by unstable nuclei

on stable targets by Tanihata et al [1], a new
interesting field in nuclear physics has been turn
out. An abnormally matter rms radius for
neutron-rich ''Li nucleus was observed much
larger than other neighboring isotopes;
suggesting the existence of a long tail in nuclear
matter density distribution. Afterwards, this
leads to the definition of neutron halo [2, 3, 4].

In addition to the measurements of o, the

width of momentum distribution of fragments
produced by fragmentation reaction, the binding
energy, the spin and parity of the ground state,
and the magnetic and gquadrupole moments are
additional tools to confirm the halo structure in
exotic nuclei.

Halo nuclei are weakly bound and
spatially extended systems; they are threshold
phenomenon, as the binding energy of the last
nucleon(s) becomes small, the nucleon(s)
becomes in the proximity of the particle
continuum, the tail of the wave function extends
more and more outward the central nuclear
confining potential well which leads to the
formation of a diffuse nuclear cloud due to
guantum-mechanical penetration (the so-called
nuclear halo); in turn such large diffusivity
causes unusual spatial properties of the nucleon
density distribution, leading to nuclear sizes

deviating substantially from the R=r, A3
rule. Halo nuclei are fragile and oversized, they
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are expected to appear along the driplines, their
structure are imagined to be composed of a
tightly bound core surrounded by one or few
loosely nucleons (two-nucleon halo is called
Borromean [5]; where none of the binary
subsystems of the core plus two-nucleons are
found in bound structure). Halo nucleon(s)
prefers to occupy orbits with low orbital
guantum numbers, in s- or p-orbital; to lower the
confining effect coming from Coulomb and
centrifugal barrier which push or suppress the
tail of the radial wave function toward core;
leading to non-halo behaviour. The half-life time
for halo nuclei are in general less than one
second.

Because of the rapid decay of these nuclei,
it is rather difficult to make targets with them,
therefore, experiments have been done in
inverse kinematics (i.e., the role of target and
projectile are exchanged) with a beam of exotic
nuclei incident on a stable target at radioactive
ion beam (RIB) facilities.

The problem of determining the density
distribution and size of halo nuclei is currently
debated. The extraction of the nucleon density
distribution and nuclear radius  from
experimental total reaction cross section of
nucleus-nucleus collisions has been carried out
almost exclusively by using the Glauber model
in the optical-limit approximation. This is an
advantage of the Glauber model that relates the
cross sections of nucleus-nucleus collisions to
the nuclear density and nucleon-nucleon cross
sections. Experimental values obtained from
such treatment are subject to controversy [6],
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being sensitive to the model used to describe the
reaction mechanism.

The electron scattering from nuclei is a
powerful to investigate the electromagnetic
structure in stable nuclei. This is because of the
relatively weak interaction of electron with
nucleus which is done through the well-known
electromagnetic force. Electron scattering from
exotic nuclei is not presently available; the
technical proposal for the construction of
electron-ion collider at GSI/Germany [7] and
RIKEN/Japan facility [8] will be a great
opportunity to study the electromagnetic
structure of these exotic nuclei in the near
future.

For one-neutron **C halo nucleus, many
theoretical and experimental studies discussed
and confirmed the halo structure in [9 - 19].

The no-core shell model (NCSM)
calculations in light nuclei were applied to halo
nuclei with poor agreement [20-23] for rms radii
and separation energies compared with
experimental data even for large model space.
This is probably related to the Gaussian fall-off
of the NCSM wave functions, which does not
reproduce the correct exponential tail. The
limitation of no-core shell model is arising from
the increasing dimensionality with mass for a
given model space, therefore, It will be a very
cumbersome and time consuming.

The two-frequency shell-model (TFSM)
approach was employed successfully on halo
nuclei [24, 25], for both valence energy and rms
radii. Within this model, one uses harmonic-
oscillator (HO) wave functions with two
oscillator size parameters, beore and by, for the
core and halo orbits, respectively. This
technique will enable one to work freely on each
part by changing Dbeore(naloy till One can get a fit
with some experimental results.

Unfortunately there is no application of
the TFSM approach on nucleon densities and
elastic electron form factors for exotic nuclei.
For this reason, we undertake the studying of
such substantial quantities for halo *°C nucleus
in such approach. The elastic electron scattering
form factors in this work are calculated in plane-
wave Born approximation (PWBA) through
matter densities obtained from the TFSM
calculations. The effect of the long tail
component observed in the calculated nucleon
densities on elastic electron form factors for *°C
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nucleus is discussed. Besides, the matter rms
radii are also calculated according to this model.

2. Theory

The one-body operator of rank AJ of
the longitudinal transition density for point
protons (with isospin t, =1/2) or neutrons

(t, =-1/2) is given by [26]:
ﬁkJ,tZ = ie(tz)@YAJ,MM (glrl< )! (1)
k=1 K
with
1+2t, (k)
e(t,)=——-"-.
(t,) 5
In Eq. (1), the superscript (L) in the
operator f)ALJ’tZ, stands  for longitudinal

component, Y,; v (Q,) and 5(r —r,) are the

spherical harmonic and Dirac delta functions,
respectively.

The reduced matrix element of the longitudinal
transition density operator, in Eqg. (1), can be
expressed as [26]:

1
)= JAz(23, + 1)

(3¢ ||k 2, (O3

> 0BDM (J,J;,A3,a,b,t,)(j, [V s ) x
ab

R, (DR, (1) )
where a and b label single-particle states for

the considered shell model space and are
specified by:

|p>:‘np|p>‘ jpmp>’

(the state p represents either a or b).

The states |J;) and ‘Jf> are
characterized by the model space wave
functions. In Eq. (2), Rnplp (r) is the radial part
of the harmonic oscillator wave function,
(Ja[¥as io ) is the reduced matrix element of
the spherical harmonic
OBDM (J;,J;,AJ,a,b,t,) is the
(t, =1/2) or neutron (t, =—1/2)one-body

density matrix element given by the second
quantization notation as [26]:

and
proton
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N ~
[aa,tZ ® ab,tZ ]

L>
V2A) +1 '

As the spsdpf- shell wave functions
(generated in the present study with WBP
interactions [27]), have good isospin, it is
appropriate to evaluate the OBDM elements by
means of isospin-reduced matrix elements. The
relation between these tripled-reduced OBDM
and the proton or neutron OBDM of Eq. (2) is
given by [28]:

OBDM (t,) =(-)" ™ fz(

o
OBDM(J,,J;,Ad,a,b,t,) =

Tf
T

z

T
xOBDM (AT =0)/2+2t,(-1)" ™ JE( Tf

x OBDM (AT =1)/2.

The tripled-reduced OBDM (AT) elements are

given in terms of the second quantization

notation as:
(T

[a(: ®a, ]AMT

r)

OBDM(. F.0),c0 fLAT) = — P med

Here, Greek symbols are utilized to
indicate quantum numbers in coordinate space

and isospace (i.e.,, I, =J,T,and ', =J,T;).
The OBDM (AT) elements contain all the

information about transitions of a given
multipolarities which are embedded in the
model wave functions. To obtain these OBDM
elements, shell model calculations are
performed using WBP interaction for the core
nucleons of **C nucleus.

For the ground state density distribution,

we have J,=J,, AJ=0, then Eq. (2)
reduces to the following:

Z OBDM (‘]iv‘]ivoua|b1tz)

ab

1
P, (= W
><<J'a"Yo||J'b>Rna|a(F)Rnb|b(r). (6)

Where

py, (1) = <JiH/6ALJ=o,tZ (F)“Ji>'
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As halo nuclei, are oversized and easily
broken systems consisting of a compact core
plus a number of outer nucleons loosely bound
and spatially extended far from the core, it is
suitable to separate the ground state density
distribution of Eq. (6) into two parts. The first
part is connected to the core nucleons while the
second part is connected to the halo (outer)
nucleons, i.e.:

P (1) =" (1) +p" (1). ©
where the subscript (m) in Eg. (7) denotes
matter.

Moreover, Eq. (6) may also be expressed as:

Pn(r)=p,(r)+ p, (1), (8)

where p (r) and p,(r) are the ground state

proton and neutron densities of halo nuclei and
expressed as:

core

P ()= (1) + pi(r) 9)

and

halo

() + p,

core

Pa(r) = p, (r). (10)

The normalization condition of the above
ground state densities is given by:

g :47sz9(r)r2dr. (11)
0

Here, p°(r)

densities:

represents one of the

Pu(r),  p™(n),
P (r), p,(r), p,(r). In that case, the

parameter g represents, correspondingly, one of

the following quantities: the nuclear mass (A),
the number of core nucleons, the number of halo
nucleons, the total number of protons and the
total number of neutrons of halo nuclei. The rms
radii of corresponding above densities are given

by:
2 2 Ar g 4
<re°>y :—Ip (r)r*dr.
99

following

(12)

The plane wave Born approximation
(PWBA) is used to study the elastic electron
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scattering form factors from considered nuclei.
In the PWBA, the incident and scattered
electron waves are represented by plane waves.
The elastic proton form factor is simply given
by the Fourier-Bessel transform of the ground
state proton density distribution, i.e.

Ar T . ,
F@)=—[p,(Misanridr (3
0

where J,(qr) is the spherical Bessel function

of order zero and q is the momentum transfer
from the incident electron to the target nucleus.
In the limit g — 0, the target nucleus

will be characterized as a point particle.
Accordingly, using Eq. (13) with the help of Eq.
(9), the proton form factor of this target nucleus
will be equal to unity (i.e. F(q — 0) =1).

3. Results and discussion

The TFSM approach [24, 25] is employed
to study the ground state proton, neutron and
matter densities, the proton, neutron and matter
rms radii and elastic nucleon form factors of
unstable *°C halo nucleus. The single particle
harmonic oscillator wave functions are used
with two different oscillator size parameters
b and by, . To obtain the one body density
matrix (OBDM) elements of the core and halo
parts, we perform shell model calculations via

the computer code OXBASH [29].
C is a one-neutron

(J ar_l 7J composed of the core **C nucleus
2 2

halo *

halo nucleus

(J ”T:O*S) plus one loosely bound neutron

surrounding the core; the one-neutron halo is
considered to be in 2sy, orbit. The separation
energy of the outer (halo) neutron is
S$1n=0.16(11) MeV [9, 30]. The oscillator size
parameter bgye iS chosen to be 1.785 fm, to
reproduce the experimental matter rms radius of
the core *8C. The calculated matter rms radius of
core *8C for such chosen b is 2.822 fm which
is in good agreement with experimental value,
2.82+0.04 fm [9]. While that for the outer

(halo) neutron byg, is taken to be 3.53 fm to
reproduce the experimental matter rms radius of
¥C nucleus. Adopting these values of by and
bra, the calculated neutron, proton, and matter
rms radii are 3.340, 2.627, and 3,133 fm,
respectively. It is so clear that the calculated
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matter rms radius is in excellent agreement with
experimental value (3.13+0.07 fm) [10]. The

difference between the calculated overall
neutron and proton rms radii is 0.713 fm. This
difference indicates a halo structure in *°C
nucleus.

The matter density o (r) (in fm?) of

9C is plotted in figure 1 as a function of r (in
fm). In this figure, we assume that the core
nucleons of ®C move within the
spsdpf —model space. The one body density

matrix (OBDM) elements of such model space
wave functions are obtained by performing shell
model calculations of '®C nucleus using the
realistic WBP interaction [27] with (0 + 2)aw

truncations.
In figure 1 we assume that the outer

neutron in °C moves in the pure 2s,,, (denoted

by the solid curve). The experimental data of
matter densities (denoted by filled circles) [9]
are (deduced from the Glauber model) displayed
in this figure for comparison. It is so clear from
figure 1 that the solid curve is in good
agreement with the experimental data up to 5.8
fm and beyond that it oscillates around the data.
The long tail behavior, which is a distinguishing
signal of halo nuclei, is markedly exposed in the
solid curve.

10of
10 | 1C j
1 18C (WBP)+1n in 25, |
101§ o o o MHRDERP!N 25127
10 ¢t Fitted to EXP. ]
cd0 |
~J03}
<0
QfOiu'
10 ¢
103F
10 ¢
10:g N T B T P T
100 2 4 6 8 10 12
0 2 4 r(fn) 8 10 12

Figure 1-The calculated matter densities
of °C halo nucleus. The dotted line
represents the experimental data extracted
from Glaub model [9].
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In figure 2, the calculations are repeated
exactly as in figure 1, but this time for the

proton p (r) and neutron p, (r) density

distributions of *°C. The solid curve is the
calculated neutron density of °C when the outer
(halo) neutron moves in the pure 2si,-orbit
while the plus distribution is the calculated
proton density. The long tail behavior (which is
a characteristic mark of halo nuclei) is
noticeably seen in the neutron distribution. This
behavior is related to the existence of the outer
neutron of °C in the halo 2s;,,-orbit.

The calculated proton density of '°C
shown in figure 2 demonstrates a steep slope
behavior because there are no protons found in
the halo orbits (all protons of *°C are found
within their core only). It is useful to remark that
the halo phenomenon in °C is connected to the
matter and neutron densities and not to the
proton density.

108 -1 ' 1 ' 1 1 v 1
10 19C
10 s 16C m@g )+1n in 25y,
-1E 1 l/2
0N *g@v@ﬁf |
402k ]
e -
Nr _3_ +++
SN
<roif
10 ¢t K
103F B
10 | g
106 N T B T S S
10 O 2 4 6 8 10 12
0 2 4 r(ﬁn) 8 10 12

Figure 2- The calculated proton and neutron
densities of °C exotic nucleus.

In figure 3, the matter densities of unstable
9C and stable isotope **C are displayed by the
solid and dash-dotted curves, respectively. The
matter density of unstable *°C is that calculated
in figure 2. The matter distribution of stable **C
shown in figure 3 is calculated by means of the
WBP interaction, where all nucleons of *C are
considered to move within the configurations of
the spsdpf —space  with 0+2)hw
truncations.

Iragi Journal of Science. Vol 54.N0.2.2013.Pp 324-332

It is so clear from figure 3 that the matter
density distributions of °C and *C nuclei are
diverse. As the outer (halo) neutron in *°C is
weakly bound, the matter density distribution of
9C has a longer tail than that of **C nucleus.
This can be seen obviously from the comparison
between the matter density distributions of *°C
and **C shown in figure 3.

1085 T 1'319IC' I
10 ¢
10.1 18(1:3V%/%®+1n in 2syp; |
1 . 136(W§B)+1n in 2s12
10 ¢ C(WBP)
£80 1
Ej:o:g:'
.
Toat
10 ¢
102k
10 }
10:6 . 1 N N N 1 N
100 2 4 6 8 10 12
0O 2 4 r(fn) 8 10 12

Figure 3-The calculated matter densities for halo *°C
compared with that of stable **C

To seek out if the long tail behavior of the
matter density distribution of the neutron-rich
nuclei demonstrates noticeable effects in the
process of elastic electron scattering, elastic
nucleon form factors for unstable neutron-rich
19C and stable *3C are calculated by means of the
Plane Wave Born Approximation (PWBA).

In figure 4, the dependence of the squared

nucleon form factor |F(q)|2 on the momentum

transfer ¢ (in fm™) is exhibited, where the input

matter density distributions are those of figure 3.
The calculated form factors of the stable **C and
unstable °C nuclei are displayed by the dash-
dotted and solid curves, respectively. The
experimental elastic charge form factors of
stable 3C [30] are displayed by open circles for
comparison. Figure 4 illustrates that both the
behavior and the magnitude of the calculated
nucleon form factors (the dash-dotted curve) of
13C are in good agreement with all experimental
data with slight deviation around the first
observable diffraction minimum, where the
available data for *3C cover only the range of
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q<3.5 fm™. However, this comparison gives

the conclusion that the PWBA can reproduce the
experimental data of elastic electron scattering
on the stable **C. The elastic electron scattering
form factors of unstable neutron-rich °C
nucleus can be also discussed. It is so apparent
from figure 4 that the calculated nucleon form
factors of unstable *°C (the solid curve) has two
diffraction minima (located at momentum
transfer q=1.6 and g=2.6 fm™) and two

diffraction maxima (located at g=1.9 and
q=2.88 fm™) whereas that of stable **C (the
dash-dotted curve) has one diffraction minimum
(located at q=1.75 fm™) and one diffraction
maximum (located at q=2.1 fm™). The

positions of the first and second diffraction
minima of *°C have inward and outward shifts of
approximately 0.15 and 0.85 fm™, respectively
as compared with the first observable diffraction
minimum of *C.

101y

13,19
13,19C

-7 !'
18(;(W€§>

)+1nin 2s1/2

-8 f 18C,WBPy+Ln in 25
_ HBsen) 10

oF
9fO0 © Olggg\léﬁ&rge 13c
of . ,EXP. Charge 3¢

1 2 3

1 qftd) 3

Figure 4-The calculated nucleon form factors for
halo *°C compared with that calculated for

stable *C. The open circles represent the
experimental charge form factor for **C [31].

4
4

As mentioned before, the elastic nucleon
form factor in the nucleus is simply connected to
its matter density distribution. For that reason,
the difference between the nucleon form factors
of *C and that of *C is owing to the different
matter density distributions of the two nuclei.
The difference between the matter density
distributions of °C and **C is essentially caused
by two reasons; the first is due to the effect of
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the neutron skin of the core '*C and the second
is due to the difference in the neutron density
distribution of the last neutron in both **C and
3C nuclei.

To analyze the effect of the long tail of the
matter density distribution on elastic electron-
nucleus scattering, one requires identifying
which part of the form factor is responsive to the
tail of the matter density. It is recognized from

the fitting to the experimental data of *C [31]

and *S [32] that the form factors in the region
of momentum transfer 1<q<3 fm™ are

responsive to the change of the tail part of the
density distribution, whereas those at the region
of high momentum transfer q >3 fm™* are

responsive to the change of the central part of
the density distribution. It is expected that the

conclusions of *C [31] and *$S [32] work as
well for C isotopes. Therefore, one may attribute
the difference of the calculated form factors at
1< g <3 fm™ between °C and **C (figure 4) to
the influence of the long tail of the neutron
density distributions of *°C while that at g >3

fm™ to the influence of the neutron density
differences at the central parts.

4. Conclusions

The long tail behavior, considered as a
distinctive feature of halo nuclei, is evidently
revealed in the calculated neutron and matter
density distributions. Besides, the noticeable
difference that is found between the calculated
overall proton and neutron rms radii of °C also
indicates a halo structure. It is found that the

structure  of ®C  has  2s,,,-dominant

configuration. The difference observed between
the nucleon form factors of *°C and °C is
generally caused by the difference in the matter
density distribution resulting from the existing
of the neutron skin in the core of **C and from
the difference in the neutron densities of the last
neutron in °C and *C. Moreover, the difference
between the nucleon and proton form factor of
the above unstable and stable isotope at the
region 1< <3 fm™' is mainly caused by the
influence of the long tail behavior presented in
the neutron density distribution, while that at the
region of >3 fm™ to the influence of the

neutron density difference at the central parts.
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Because the difference of the nucleon form

factors between the stable nucleus and

its

neutron drip-line isotope has observable effects,
we regard that elastic electron scattering is an

efficient

tool to examine neutron-halo

phenomena in neutron-rich nuclei.
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